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PREFAC-E 

This book is intendid to proVide a five-year course* in 
Algebra which will lay a sound foundation for later, more* 
specialised study of the subject. , , 

At the 'beginning, the usual ^peratibns in Arithmetic are 
generalised with the use of tetters, 'only positi\ie nuriT!jt:rs 
being used. Negative numbers, however, arc introduced 
fairly early, as this procedure is widely followed. • ^ • 

Th(* exercises tlyoughout arc numerous and graded. • 

A certain sequence hsf^ to be adopted, and certain methods 
used in the worked examples, and several topics, e.g. Factors, 
Fractions, Ratio and y^roportion. Variation, , Indices, are 
dealt with more than once at stages of increasing; difficulty, 
but It is hoped that teachers will be able to ti&?> the book wsth* 
their own secjuence and methods. The detailed explanations 
of bookwork are included to enable the student to work as 
far as possible without frequent reference to the teacher, fn 
the treatment of graphs, emphasis is laid on interpretatior^ 
and adaptation. 

Part I deals with the usual topics, including equations and 
problems as far as quadratic equations and clanging the 
subject of a formula, and there are introductions to Quadra- 
tic Surdsf Ratio and Proportion, Variation, and Indices. 
Statistical graphs, thc^straight-^ine graph and graphs of 
quadratic and cubic functions and the function mjx are 
included.* ^ • • 

Part II starts wijh the Remainder Theorem and deals Anth 
Indices, Logaritlyns, Surds, Ratio and I’roportion, Variation., * 
Theory of«Quadratics, etc.* up to and including tljc Sifnple , 
Series. There is a clfapter dealing .with Compound Imprest 
aAd AiHiuities^and cfne dealiijg with* graphs oFmore complex 
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fi^nctwns. Logarithms are doseJjr linked with indices, and 
particiHar attentfjn ha^ been paid to cer^in topics which 
%ecm to cause difficulty, including Variation, tKe Quadratic 
^function and the sum to infinity of the Geometric Series. 

I'here are fifty-five revision papers providing just over 
thiee* hundred examples, and one hundred questions (taken 
.from tiic usual school examinations) in two sets of examina- 
tion papers, one set at the end of each part. 

The book covers Che work in Algebra for th^ Scottish 
L«.ving Cjertificates, (©rdinai^y and Higher Grades) and for 
the English Certificate of Education (Ordinary Level). 

We are indebted to the following*examining bodies for per- 
mission to reproduce examination questions; and th# blocS 
capital at the end of each question indicates tHe source of 
the question : [S] The Controller o{ Her Majesty’s Station- 
ery Office (for Scottish Leaving Cey.ificate questions); [P] 
The ScottitK Uiliversities Entrance Board; [C] Local Exam- 
inations Syndicate, University of Cambridge; [Q] Local Ex- 
amifiatmns Syndicate, University of Oxford; [L*] The Senate 
of London University; [N] Joint Matriculation Board of the 
Northern Universities; [B] Southern Universities Joint Board 
for School Examinations; [W] Welsh Joint Education Com- 
mittee; [D] Examination Board of the University of Durham. 
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PART I 


Chapter I 

THE USE OF ‘LETTERS 

In Arithmetic we know that, when any two numbers are* 
linked byithe plus sign, they arc to be,addfed, e.g. 

2\ -|- 5 means that 5 is tb be added to 2L 

Similarly, 

6 *-- 3 J mean^ that 3 1 is to be subtracted from 6 . 

4^ X 3 means that »45 is to be multiplied by 3. ^ 

9 — 2 or f means that 9 is to be divided by 2. 

In Algebra we use letters to represciit nVimiSccs, and the 
signs X, — arc used with the sarjicwneanings a^iij 

Arithmetic, fc.g. * * • 

a b means that b is to be added to a. 
d — r, means t^iat c is to be subtracted from d. 

X "A y means that x is to be multiplied by y. 

b c or ^ means that b is fo be divided by c. 

It should be noted carefully that: 

1 . ^ letter can represent any number, e.g. the letter a 
could represent 15 o} 2| or 7 . 

2. X y. y may be. written x . y^ or mdre usually xy. 

When ^ and a are multiplied, the result might be written 
4 X a or 4^. it might also be written as a X 4, but it is 
never \yitten*a4. , * 

3. In Arithme^c 43 means forty- three or 4 3,* 

j whereas in Algebra ab means a*X b. * • ... 

B, • 1 
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A NE^J COUR^ IN ALGEBRA 

4. In Algebra, as in Arithme^c, numbers within 
brackets are lobked op as single numbers, e.g. 

' 3(4 + 7) i 3(11) = 33 

c 

and a{h + c) means that the sum of b and c is to be multi- 
f [llieri by a. 

‘ Write down the following, using only letters and signs: 

Example 1 : Add a and 6, and subtract the result from c. 
a ' bi& the sum of a and 6. This is to be looked on as a single 
number, so we write it in the form {a + b). 

To subtract this number from c we write c — {a -j- b). 


Example 2: Multiply the sum of a and b 3, and divide the 
icsult b,v X. 


The sum of a and b, written as a single number, is (a + b). 
Multiplying this number by 3 we get j{a -f- b). 


Dividing this rcsjult by x we get 3{a -f- b) 



Exercises 1 

Write down, without simplifying, using only Htters and 
s'gns; 

1. 3 added to 4, 3 added to a, c added to a. 

2. 4 subtracted from 7, a subtracted from 7, a subtracted 
from b. 

3. 4 multiplied by 3, x multiplied by 3, x multipb’ed by y. 

4. a divided by 5, 5 divided by a a divided by b. 

5. The number which is 2 more than x. 

. 6. The number which is 3 less than a. 

7. The number which is c more than (f. 

8. The number which is a less than b. 

9., The number which is 3 times x. 

10.' The number which is one- half of a. 

1. The num'ber which is twice the sum of a and 1. ^ 
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12. The number ^^hich*is twice the pr(^duct of a and j. 

13. Add a and 6, and subtract th^ result from x. * 

14. Subtract a from by andcnultiply the Result by 3. • 

15. Multiply X by 4, and add y “to the result. . • 

16. Multiply a by ^3. Take b from the answer. Divi(^ 

the resulting number by 4. * • ^ * 

17. From the sum of x andy subtract the sum of a and If. 

18. Find two-thirds of the difference between x and y, if 

y is greater than x. ^ ^ ^ ^ 

19. Subtract twice x from y. Multiply the afiswcr by a. 
Divide the resulting nuq;iber by tlfe product of Zi^and c. 

* 20.* Add a and b. Multiply the answer by the siAn o/ c 
and d. Dmde th<? result by k. 

Pou'ers ^ ^ 

Since 2x3--= 6, 2^ and 3 are* factors of product 6. 
Similarly, 2, 3 and 5 are factors of the prydyct 30. 

3 X 3 is the product of the factors 3 and 3. 

Here both factors are the same, and hence the product^^is 
called a phwer. • 

Since there are 2 factors, 3 X 3 is the second power of 5, 
written 3^. Similarly, 3 X 3 >C 3 is the third power of 3, 
written 3^, and a x a X a X a is the fourth power of a, 
written a*. 

The .^all figures 2, 3, 4, which show the number of 
factors iij the power, are called wdices. Each is an index. 

3 X 3 is said to be t!ie square of 3. 

If we ^onsider a square with each side 3 units of leng^* 
its area would be^3 X 3 or 3^ (read 3 squared\ units of area. 

3 X 3 X 3^s^said to be the cube of 3. 

If we cfinsider a cube with each edge 3 units of length, its 
volume wc^ild be i X 3 X 3 or 3® (re^d 3 cubpcl) ui!its of 
^lume. 
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A NE^W COUI^E IN ALGEBRA .. 

, Note carefully, the difference lE)etW 9 en : 

ir * 

1. 2a, whi(jh meafis two times a, or a taken two times, 
i.e. a a, and which mfeans a multiplied by a,oraX a. 

2. • Sa, which means*three times a, or a taken three times, 
i.e,^ a a a, and a®, which n’lfans a multiplied by a 
mu^nphed by a, i.e. a X a x a. 

3. Ic^ — 2 X a X a X a, and (2fl)® — 2a X 2a X 2a. 


Roots 

'since 3^x 3 = 3^, vve say tfiat the square root of 3® is 3. 

This is wCitten * = 3 

Similarly, v a^ = a 

Since 5 X 5 X 5 = 5^, we say th&t the cube root of 5® is 5. 


This is written = 5 / 

Similarly, * = a 

. t r 

Example 1 : Write down the square of the sum'of a and b. 
The sum of a and h, written as a single number, is [a + h). 
,* The square of this number is {a + by. 

* }■ 

Example 2: Write down the sum of the squares of a and b. 
The square of a is s 
The square of b is />“. 

The sum ot these squares is + b-. 


Exercises 2 

if 

Write down the following: ’ 

, 1. Square b and add 3 to the result. 

2. Shbtract the square of a from 7. 

3. Add the square of a to the cube of b. \ 

4. t Subtract h from c and square the result. 
5* The cube of ^the sum of ‘a and h. ■- 

e 6. The suirf'of tl\e cubes of a and b. - 

» ) 
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THE USE OJ LETTFIIS 

7. Multiply the square of a by the square of h. 

8. The sum <#f the square of a a«d the square root of a. 

9. The square root of the «um of a and* b. • 

10. b is greater than wriW do\\n the cube .of thein 

difference. 

Write down, as shortly as possible: 
a + a a 

\2, a \ a a ^ a a • ‘ aaa 

a X a y. a X a ” 19 

14. jc X A? X a; X a; X .Y X .V ^ * a a 

^ \S, 2 X a X a • 20 ^ ^ ** 

X b X b ^ b ‘ + « + a 

17. aabb • ^ 

Write dok\n in fully.. expanded form. 

21 . 25 ! ^^2 * * 29 :’ ^tny 

22. 3^2 , 26. la^b^ • cJO. 2m^ 

23. {3af ’ 27. + Za 

24. 28. — b‘ 

• 

In Arithmetic you have worked exercises in the usual 
weights and measures, and it is useful practice to work a few 
ixarnples, using letters instead (if numbers. 


Example 1 : Express £c in shillings. 

To express /3 in shillings wc multiply 3 by 20. 

£c ^ c by 20. 

£c = 20c killings. 

• • 

Exampje 2 : A motor car runs 40 miles to the gallon of petre^. \ 
low many gallons are required for a journey of A«miles? 

Suppose we ^ut the numbef 90 in place of k. 

A joifrney of 40 miles Requires 1 gal. 
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Exercises 3 

' 1 . 

Write down: 

1. The ijijpibcr of pente in bj-. ^ 

2. The nun^b^r of shillings in 

3. « Tiie number of pence in a florins. 

4. The number of shillings in d pence. 

,'5. The number of pounds iny shillings. 

6. The number of half-crowns in y sixpences. • 

7. 'I'he number of inches in x yd. 

8. The number of feet in a: in. 

9. The number of pounds in c cwt. 

10. 'J'he number of tons in c cwt. 

11. 'I'lic number of minutes in x hr. 

12^ The number of gallons in q pipits. 

13. The nurriber of centimes es in a metres. 

14. The niynber of kilograms in k gm. 


Exercisers 4 

1.* If one apple Qosts 2(/., what is the*cost of x apples? 

• 2. If X articles'cost IOj., whaf is the cost of 1 artitle? « 
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3. If X Ib. of sugar .cost I pence, what ij^the cost of 1 Hj.? 

What is the cost<)f 1 oz. of sugar? , • 

4. A boy bas a pence and g^ins b pence.* How much ha« 

he now in pericc? Express this sum in shillings. ^ • 

5. In a school of a pu|)ils there arc b girls. How many boy| 
are there? 

6. In a school there are x boys. The number of girls is 

more than the number of boys. How many pupils are there 
in the school? • • • 

7. A boy is .v years old at present.* How old v\*»ll he*uc*in 
10 years time? 

^ 8. A boy IS 15 years old at present. How old* was he a 
years ii^o? ^ • 

9. A clocTc is min. sjow. If the time on the clock is 3.15, 
what is the correct time? 

10 . The tdtal weight of a truck ^id the coal ijp it is a tons. 
If the truck weighs k cwt., what is the wei^it ?)f1the coal, in 
cwt. ? 



Chapter 2, 

TmMVL/E AND SUBSTITUTION 

Example 1 : ^ 

A rectangle 3 in. long and 2 in. broad has an area of 
X 2 scf.' in. 

A rectangle 5 ft. lo^g and 3 ft. broad has an area of 
5' 3 ft. • ^ 

' A rectangle 6 cm. long and 4 cm. broad has an^area of 
6 X 4 sq. cm. 

* • 

and so on. 

All these s^,atements can^J^e summed^ up m the fddowing state- 
ment: * * 

.rectangle / units long ani^ b units broad Has an area of 
I X b sq. units. 

If we put A to represent the number of sq. units in the area 

then A — I X b ^ * 

or A=:=lb 

\ 

7'his is a formula which .nables us to calculate the area of any 
rectangle if we know its length and its breadth. 


Example 2 : . ^ 

A man, w^jlking at 3 m.p h^, will tra\ el in 2 hr. a distance 
. of 3 X 2 miles. j 

A ^rain, (.ravelling at 1000 yd. per mm „will travel in 5 min. 
a distance of 1000 X 5 yd. ^ \ 

^\n aeroplane, travelling at 45(i m.p.h., will travel in J br. a 
distance of ^50 x miles, < 

I 

and so on. ' . 

• * 
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All these statements can be summed np in the follo^'ing, 
formula: ^ 

S TF t't 

where S represents the number of units of distance travelled (s^ 
in miles), v representg*the number of units of speed ^(s^#n 
m.p.h.) and t represents the numlicr of units of tiftie (sajr in hr.). « 

• 

Example 3: The formula C = “^“f/^cnablegustofindthe’length 
{C') of th*e circumference of any*circlc, if we know the length {d) 
of Its diameter, eg.: , - 

Find the length of the circumference of a circle if its diameter 
j is 14 in. long. • 

C ^ -^-d 

Substitute the number 14 for d. 


• c=.- 

♦ - 44 

.*,*^Thc length of t^jc circumterentTc — 44 in. 


Example 4: If A — lh{a -f- b), find A when h = S, a = 4, 
b = 3. 

Substituting 8 foi* h, 4 for «, 3 for b in the formula, w^e have 

A - I . 8(f -h 3) 

4(7) 

28 


Exercisps 5 

1. How many pence are there in ^ 

If 5 stands for this number, give the formula connectyig 
S and k. ^ ' 

2. Find a^rmula for reducing tons to cwt. Choose T for 
the number of tons, and C for the number of cwt. ^ 

3. Fintifi ftymuk for reditcing: (a) y^rds to feet; (Zi/ yards 
to chains. Choose* your ov^ letters in^each-'case. 
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4 A room is I if. long and b it! broa,d. What is its peri- 
meter id feet? If this number is P, find the fiormula connect- 
ing P, lb. ‘ 

5. In ? school there are' a classes, each containing x boys, 
aifdb classes, each containing y girls. ■ Find a formula for A, 
the totaj number of pupils in the school. 

' If in one school a = 5, b = 1, x ~ 32, y = 30, find the 
total number of pupils ir the school. 


6,' find the values of: ' 

6. fl - 3, 

7. 3u -h 4 


9. 14 - 2a 

10. 2a - 1 

11; a - 
a 

12. {a + 2)(8 - a) 

1 ^* 6 +15 


14. _j.. 2a 

15. 3d^ — Sa ^ 

16. a^ — La 

17. a{a -f 2)(a — 4) 

18. (a — 3)(a -{-^3){a — 6) 

* « ^ 12 

20. {2af 

21. 2fl3 


If a ■■ 2, b — 2, find the ■ 'aluc of : 


22. a- b 

23. lab 

24. “ 

2b 

25. 2a ■- 2b' 

26. (2a + b)(2a - b) 

27. - + I 

a b 



1 

a 


29. 


3a + 4^ 
'^b — a 


30. 3d^b^ 

31. {3abY 

32. a^ + 2a0 -- b^ 
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. FORMULAE AND^SUBST^fTUTION 

If A' = 4, ^ = 0* find the value^of : 

33. ^ • 36.» x'^ + 2kx + * 

34. xy^ ■ * 37 . * "t- 

* X — y 

35.3x-4y .38. - 

x + 2y 

39. Complete the following table: 


. ■ • 1 1* ' *2 : 3 

• * • 

i 4 

1 • ^ 

3v : 

1 

1 

2x -2 * 1 ’ i '• 

! . • 

do. Complete tlie following table: 

a 

t 

'If! 

A' • 0 . 1 ! 2 

3 

v‘ 1 * ■*" 1 t **”* ^ 

C ' .1 . H I 


• , * ^ 1 

i } 


■'’ + 5* ■ 0 : Ip i \ M j 



41. If u -j- ft, find V if z/ = 20, y - 3, ^ = 6. 

42. If S = +-*)-■ find S when » = 12. 

43. If A = ,Tr(r + /). find ^ if = V, r = 5, / = 16. 

44. If ^ 1 + j, find A when F = a-SO, r = 4. 
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EQUATIONS AND PROBLEMS 

Exrample 1 : Wh.en you double a certain number anil add 6, the 
result is 20. What is the number? 

*^Let X ^tand for the number. 

Double the number — 2x. 

'AjJding 6 to 2 jc vvc get 2x + 6. 

But the result is 20. , 

2;c -f 6 - ^0 
' But 14 + 6 -= 20 

2x=^-H 
But 2 X 7 = T4 
A’ =- 7 

The nurr.bcr is 7. 

Note The statement 2x 6 20, i.e. that the number 

2,y + 6 is equal to 20 is called an equation. The number x, which 
at first Ave do not know, is called the unhnoion, and, when we try 
to find the number which x stands for, we are trying to solve the 
equation. 

^ = 7 is said to be the solution of the equation. 

Example 2: One boy has four times as many marbles as a 
second boy. If the first boy has 15 more than the se^ond, how 
many marbles has each boy? 

Let X stan«? for the number, of marbles the second boy has. 

« The first boy has 4 times as many, , 

The first boy has 4a? marbles. , 

The difference in the numbers of marbles is.4A^— x. 

/ 1 But the difference =15 

•. 4a. - a:= 15 
= 15 ' 

12 - 
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• But* 3 X 5 = 15 
a: =^5 

The second boy has 5 marbles. * • 

The first boy has 4x marbles^, i.e. 4x5 marbles, i.e. 2(J 
marbles. 


Exercises 6 • ^ 

1. a: is a number. I double it and add 3^. 7'he result is 9. 

I'ind jc. * * . • • 

2. a; is a number. I multijfly it by 4 and subtiact 2? "I*he 
result is 14. Find x. 

^ 3. I think of a numbert I multiply it by 3 and iidd 4. .The 
result *is 19. Find the number. • 

4. I think of a number. I divide it by 3 and subtract 2. 
The result is 1. Find the number. 

5. Whcn»5 is subtracted from 4 times a number, the result 

is 27. Find the number. * • • • 

6. 'Fom has five times as many marblesf aS Jim has. Jo# 
gether they have 42 marble5. How many marbles has t?ach? 

7. One boy has three times as many marbles as another. 

If the first boy has 16 more than the second, how many Has 
each ? * • 

8. Two boys ha\e 5^. 6d. between them. The first has 
twice as much as the second. How much has cach.^ 

9. On Monday a boy earns a certain sum, on Tuesday he 

earns 6^. 6d., and on Wednesday he earns the same as he did 
on Mon»iiiy. He earns altogether 19y. How much did he 
earn on IMonday? , • 

10. When a certain numl^er is multipljpd by 5,* and 

divided 1^ 8, the result is 2J. Find the number. • • 

11. A father is •three times as old as his son*. Th*e differ- 
ence in their is 28 years. How old is the son? 

12. I biJy a certain nunrAer of oranges at 4d. ea^h, a»d the^ 
same number of oAnges at*3r/. pach. Jf the total cost is 
5j. lOd.. how man\^ oranee.^did I buv flltoedther? 
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•13. collectian of money consisted of fifteen shillings, 
twenty-one sixpences and a certain number of half-crowns. 
?’he total sum was {^2 lOj. 6d. How many half-crowns were 
•there? . • 

f 14. I bought a certain number of jotters at Sd. each. I 
pa*id *tor them with a 10^. dote and got 3^. 4^/. change. How 
‘ many jotters did I buy? 

15. \ box weighs 5 ^b. when empty. It contains a certain 
number of tins, eachVeighiftg | lb. If the total w^e^ght of the 
bCxand it^ contents is*l stone* how many tins are in the box? 


Example 1 : Solve 




- 5 =.l 


'"- 5=1 

4 • 

But 6 - 5 = 1 

4 

T. 24 ^ 

But 6 
4 

3.V - 24 
But 3 X 8 = 24 

.V - 8 


Ext‘rcises 7 

Solve the following equations, explaining how the solu- 


tions are found: 

1. a: -f 3 = 10 

9. 

8» - 64 = Qt 

2. a; - 5 - 4 

10., 

, 16 - 3r == 1 

3. ix -f 7 =*25 

11. 

7 + lx = 9 

4. 19 -2x = 9 

12. 

.',.T -ix = iO 

5.^ = 8 

13. 

21 ^ 4* - 7 

14. 

3(A:-.5y=21 

6. fx =,4 

15. 

8 + 3a; • 

7. i:c-3=^l . 

•4 

S., 5a; = 0 
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Addition and Subtraction ^ , 

• •- • 

5 dozen -{- 3 dfjzen = dozen 

Using the letter d to stand for a dozen or 12, this becomes 
5^/ + 3d -- Sd 

Similarly, if the lettcrV stands for a score or 20 
— 4^ — 3.S 

But 3d +•5^ could not be simpliiied fifrthcr unless m/c 
substituted 12 for ^ and 20 tor s. * 

Hence Sd -f- bj' — 3d -j- 2s = Hd — 3</ -f + 2r 

= 5d 4- 8^ 

8^ -f- — 3r^ 2^ IS said to be an algebraic expression. 

So are 2x, 3x — y and 3ay -j- 46 — 5^^. 

2x is an expression with one term, 2x. 

3x — jy is an expression with two terms, 3.x: and —y. 

3ay 4-46 — 5r^ is an expression with three terms. 3ay, 
4-46 and •-Sc”. 

In the term 2x, 2 is called the humerical coefficient of,A\ 

In the expression 8</ 4- bs — 3^/ 4- 2^, M ^nd —3d are 
said to be i^ke terms, since they differ only in their numerical 
coefficients. So ^Iso are 4-br and 4-2^ like term?;. 

In the exprysion 3ab — 2c 4- 5fl6 4- 2c- 

3fl6 aifd 4-5<?6»are like fcrms. ^ 

, .3a6, '—2c, 4-2 c‘‘* are unlike terms., 

.15 
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,Note that lah^^xi6i 2ba \voul3 be like terms, for just as 
3 X 7*— 7 X 3 so a = b X a, i.e. abt= ba. 

• Similarly, ab(f = bac = eba 
« Hence 3abc -|- Sbac —*6cba — 2abc. 


Exercises 8 


Sir^plify : 
1 , a a 
i. 3a + *la 
3.^5b-,b 
70 - ib 

5 . 


* 11 . 3ab -{-'2ab — ba 

» 

12 . — 3 ;rv.v + xzy 

13. 5a + 4b~ 3a -2b 

14. \c + 3d — 2c-\-3,— d * 

15. 3jc + - 2.x* - 3y 

16. 6*+ 5v + 3x — 5j 


6 . 

7. 

8 . 
,9. 

io. 

•23. 

24. 

25. 

26. 
27. 


X X X ^2 

J.X -I- *jX 


X ^ X 


« « 


3 4 

5x: 2x; ••}- 3 

6x’ — 3x: + 4x 


17. 2(3x: -f X’) — •7x’ -f — 4 

18. 3.U-1'4- Ux- U- 
1^. 4o“ + 2a — 3«- + 5a 

20. Sx- ^ 1 2x - X^ 

21. 4x I x^ — X -j- 3x’^ 

22. ^ab Hr 3bc — ah — 2bc 


5 + 8x -)- 6x^ -- 4x’ + 

6a + h H- 4c — 4a 4h — 2c 
3s^ f 5x- + 6x ~ 4x’“ — 2x® + 7 
5^2 2 ab - a 2 j /;2 _ ab + 3 b^ 
X + X X X + X X X 


28. .a la f a ... to 1“/ terms * 

29. a — a -|- ‘a — a . . . to *18 teims 
5o. 3xi-l- 3:\ H- 3x ... to 10 terms 


31 ~ 
31.^^ 

^ 3 

• 

-1- 

‘ 3 • • 

. to 6 terms 

*a 

a 

, o. 

1 

32. 

+ 

+ .- i . 

. to H terms 

t n 

n 

n 

• 
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. THE FOU^ RULE^ 

Multiplication , * , 

3.f X 4jv = 3 X jc X -4 X 3^ 

= 3 X 4 X a; X j * 

— \2xy • 

— a » <7, and ~ a X a X i 
a‘‘Xa^ — axhxaxax at 

= i.e. ^ 

Similgirly, X a’' — a* ^ — cP • 
and X <7^ X ^ ^ 

Hence the rule: To multiply powers of the same number, 
add the indices. * 

» 

Example 1 : * 3rt-'’ x ^ 3 x X 5 x 

* — 3 X 5 X rt® X «“ 

- ]»cr^ , ; ^ 

Example 2 : AaH X 2ab^ — 4 a^x1)k?)XaXl^ • 

* =- 4 X 3 X X « X X*ly^ 

- Ucv^h^ 

Example i: • 2{d-y — 2 x X 

- 2«« 

Example 4: (2rt“)'* == 2d- / 2a^ X 2d^ 

^ 2 X 2 y 2 X d^ X X 

--- 8a® 

t 

* Exercises 9 

Show that: * 

1. a* X ^ 4. 2(a^Y ~ ^ 

2. 2^2 X 3/.^^ 6a® * 5, 3a x 2a^ x 3a® = 18a® 

3. (3a»)J 9a» 

6. MultifSIy by a^5a, 3a®, 5^»® 

1 7. Multiply by 3a: 2a, 3p6, 5a®, 4^® 
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,8. ^lultiply by 2al: ^a, lab, \aW, 

9. Multiply by 

• 

2x, |a:2, 6.^, 4~ 

9 

Jimplify : 

# 

•> 

•10. a X %'1 >: d .. . 

to 5 factors 

If . 3a X 2a X 3a . 

. . to 5 factors 

12. 2 X 2 X 2 • . • 

9 * «. 

0 

to* 4 facto»rs 

* • 

a a a 

to 6 factors 

• 

14. /z2 ^4 

27. 5(.v)‘ 

« _ a 

15. ^ x,^ 

28. {Zvj-)2 * 

29. (!-;a=i)2 

^ ■ 

. 30. 

31. {.v)toOfo'~) 

/i%. 5." X ?>• ’ • 

32.^ (2.r)(3rv')(4jii:2y2y 

18. a^ X X 

33. ab X be X ca 

19. 2x X 2x V 4,\’^ 

34. ahe X bca X cab 

20. '2 X X 2a 

35. {Ad^bc){f>ab\) . 

2V \p 

36. 3x^y X 2xy x2y 

22. 3a X 4fl6 

• 37. (d^b){ab'^){a%'^c~) 

23. |-a X 6a“Z> 

38. (a6)2 X aV- 

24. {3xf 

25. 3(^)2 



40. X yz X 4.vj’c:2 


• • 

Division * 




X a X a 




=r a X a X ^ '— «Vi-e. 
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Similarly, it can be shown that « 

. * aP i.fc. a’’~^ 

Hence the rule: To divide one» power of a number b^ . 
another power of ^the same number, subtract the 
indices. 


Example 1 : 


• 2 , • 

10«® U) X i-fc® , 

5 ^ 2 “ /x 


Example 2 : 

4 , 1 

Ub'^C Xj^ = ^A2-l ^ ih 

%c ~ > X bx / Yx'b 3 ■ 3 

3*1 * • / » 


Exampl^ 3: ^ ^ 

8 1 

X V / 8 C 2 _ 8 a 2 

. «2 y ^ 3 X ^>2 ' 2 3^ 

3 1 


Exercises 10 

Show that: 

1. -- a* 

2 . » 

3 . = 3«62 

4. (Jjy)" ^ i*y = 1 * 

5. Divide 0: 1, 5a, Oa^, 36, 2ab^ 

6. Divid^ bj 3^2 ; 6^2^ 2a, 9a26, 2 

* • •2 a 

7. ^ Divide by J/z: 1, a, a:, » ^ * 

% {I O 
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COURSE IN ALGEBRA 

, Siimplify : 

ft 

• 

8, 

20. ^aWc ^ labf 

% 

1^ 

*21. 2a2 X 6a^ - 4 

' 10. a® -r 

22. ab X be X ca 

^ 1. 6a^' -f- 2a^ 

0 0 

(>f)(18/) 

' 12. 3tf® ~ 

■ 6:9;2 

^3. 

24 


2crf2 X id 

3«2 

1^. • 

* <25 ^ 

(2«)= 

X c 

.. 16a2 

- , 6^2^^ X a 


'9flA2“x“2/; 

16. 5a2 -•- " 

{lOab^yM^b), 

•/ 4 


17. Sxy — xy 

2rv5: X 

18. -- drh . 

" # Ox-y 

19. -fiahh 



abc 


4 • 



REVISION PAPERS 1-5 

• ^ 

Paper 1 

1. Write down, without simplifying, using only letters aitdf 

signs: • , ^ * 

(i) twice the sum of a ahd h; ' 

(li) the sum of a and twice h. ^ 

€’'md tjic value of each answer when « — 4, 

2. When* x — 3 ifind the value of 3a:- — 4 a' i - 5 

3. Solve the cquatioif 6a: — 9 — 39. 

4. Simplify: 

6^7 + -| - 5 — 2^ a — *2 • • 

5. Write ^n shorter form; 

(i) a a a a (n) a a X a \ a 

(iii) 2a X 2a X 2a (iv) 2 x a X a x a 

^ • awA’ 

(v) aaad^ (vi) 

* a 

6. A boy bought a jotters at 8^/. each and 8 jotters at ^ 

pence each. Find the total cost in shillings. 

« 

Paper *2 

1. X and y are two numbers, x being less ’than v. Write^ 
down ex}*^ressions for: the square of their differenrje, twice 
the square of^fheir sum, their diflerence divided by twice 
their prodpey * , 
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'3. Solve ' A ^ * - 4 = 0 ' 

4 « 

" 4. When fl = 3, A = 2 finil the value of 

(^3 ^3) _ (a _ hf 

5. oimpli/y: ' * 

(i)3*=x 4.v^ (ii) ’ 4 ^“’ 

^ (lii) 9a^b -- ^ (iv) 

6 . Write down expressions for the following: 

Ji) tost in shillings of 4« arttcles at 3^ pence each; ^ 

' (ii) number of bottles required for 3 gal., if each bottle 
holds k pints; 

(iii) value in pounds of x half-crowns, y florins, z 

shillings; . ^ " 

(iv) the' number which exceeds 5 by as much as 5 
-^’xcccds k. * ‘ 


Paper 3 

1. When 4 is added to five-sixths of .v, the result is 29. 

,Find X. 

2 . A car travels 4.v miles in 5 min. How many miles does 
it travel in 1 hr.? How many minutes w'ill it take to travel 
(S.v^ -t- 4.v) miles? 

3. If .V — 2a, y — 5/z, find the value of: 

(i)2.v+>' (ii) -vy (ill) 2.v2>- (iv) 

4. Simplify : ^ 

5a- + 3« -f 4 -- 2a -f- — 1 - 'z - - 2 

5. Simplify: 

( 1 ) 2.v“v X 5xy^ 

(iii) 


(ii) 24.c3y2 -f- Cx^y 
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6. The marked pricp of an article is 12^ shillings, and^a 
discount of a pen(;e per shilling is giv^n during a sale. *What 
is the actual s*elling price If tl^e marked price of the article, 
was 36 j., what 'was the discount? » 


Paper 4 

1. a ^ 2, b c — 0, find tlip value, of: 

• • 

• (li) ah + be -f- c'i 

% 

2. If* 12 -r- Zt =i6, find the value of t. Hence find tlfe 

value of: • » 

fi)4+t . , 

, » • 

3. If X = r = 2a, find the value of . 


(i) 3«2 - 2/;2 -I- 2^:2 
, ... %a - hf 
2(a -f bf 


5(a’ — 2v) — 2(5 V — x) 

If the ansv^er exceeds a by 7, find the value of a. 

4. Simplify: • 

4.v2 + S.VJ -f- 7^2 _ J_ ,^,2 _ y2 .j 5^2 

5. Simplify: 

(i) X lab-' ,(ii) X 3*/ 

(m),V8W • 0v)^-2?‘ 

« 

6. y years ago^a man was y years old. His son is y years 
younger thin /lis father. Hsw old is the son at present? Jflow 
old was he 3»ycars ago? If at that time the son was 22 ^ears * 
old, find y. 
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f 

* Paper 5 * 

1. If tons k cwt. coal cost x pounds 3 ; shiKings, find an 
expression for the cost o( 1 cwt. in shillings. Find the cost of 
' 1 cwt. a = h = A, X = 35, y = 14. 

* 2. fSolvc ^^x — lx = 7. . 

3. fi. man works an 8 -hr. day for 5 days a week, and during 
the week he works 8 hr. overtime. His regular wage is a 
shillings per hour, an /1 he is paid time ani^ a half for overtime. 
How-man,v pounds docs he earn that week? 

4. A lorry can carry 6 tons of goods. It is loaded with 18 
sacks, eacf? weighing a’ cwt., and 8 a:. boxes, each weighing 1 qr. 
i low 'many more tons could it take? Find the cost ofrarriage 
for its present load at 6d. per ton per mile* for a journey of 100 
miles."' 

5. If a'‘ — c, find c’' when a ~ h — 2. t 

6 . If I ^ find the value of x, if — 3, = J. 



, Chaptlr 5 

DIRECTED N’UMBERS 

So far thcj only numbers we have bcgen coi'kccincd w^ith'havc 
been numbers such 'as 0, 1, 2.\ , 3*, 7, etc., and these have been 
sufficient for all our purposes. * * * 

Answ’crs to questions such as 65 - 4 — ? , 5 -- 5 } are 

fasily found, but no answer meantime can be* gi\cr) to 

4-6=?. 

We proceed to show' how an answ'cr can be found. ^So far 
the sign denotes addition, and the sign -■ 
denotes subtraction, bij^ there is aaotlier use for 
the signs + and — . ^ 

If we cxaijune a Centigrade theunorneter, w’c 
find that the Freezing Point of water is marked 
O'. Temperatures above zero arc marked by 
the numli*.‘rs 2, -[3, etc., while those 

below zero arc marked by the numbe. rs — 1, —2, 

— 3, etc. The sign -j- directs tjie number up- 
wards from zero, while the sign — directs the 
number dow'nwards from zero. To avoid any 
confusion with the other use of -|- and -- , 
brackets tvill be used meantime "v hen the signs 
-f and — indicate direction. 

Thus (+5)° will mean 5 degrees above zcih. 
while 5)'" ,, „ below ,, 

(-'5) (--4) (.3)*( 2 ) (-’l) 6 (-1-1) ( + 2) ( + 3) ( + 4) (f'S) 

r * , 

In the samd way, it*has been* agreed thi^t, if w'c.rnark ^:qual* 

s^cps ilong a line, "as showp. above, an^ mark any point gn 
• • • . 25 , • . 
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thp line 0, steps the right of 0 are regarded as + steps, and 
those fo the left of 0 arp regarded as — stgps. 

, There is no real reason why steps upward and to the right 
should be regarded as -\t steps, while those to the left and 
downward should be regarded as — steps. 'I’he opposite 
armn^cment would have done quittf as well, but the one 
^alreadj^ stated has been agreed on universally. 

Addition of Directed Numbem 

(-5) (-4) (--3) (~2) (-1) 6 (-M) if 2) ( + 3) (+4) ( + 5) 

I 

Exaenpie 1 : Add (+3) and (+2).* ^ » 

'VVe start at the point 0, move 3 steps tocthe ngkt (+3), and 
then move a further 2 steps to the nghc (-|-2). The new position 
IS 5 steps to the right of 0, i c. (-}-5). 

< « • ( i 3) (+2) = (+5) 

Example 2; Add (+3) and (— f). » 

We start at 0 and move 3 steps to the right (-f 3), and then move 
5 steps to the left (—5). The new position is 2 steps to the left of 0, 
i.'c. (-2). , » 

(13) + (-5) = (-2) 

Example 3: Add (- 3) and (+5). 

We start at 0 and mo\e 3 steps to the left (—3), and then move 
5 steps to the right (+5). The new position is 2 steps to the right 
ofO, i.e. (-1-2). 

A (-3) + (+5)--(+2) 

' Example 4: Add (—3) and (—2). 

We start at 0 and move 3 steps to the left (— 3^), and then move 
a further 2 steps to the left (—2). The new po'sition is 5 steps to 
theWrtof/),i.c. (-5). , ' ^ V 

■ '.•.,(-3) + (-2) = (-0 . . 
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From the above ejcampfes it is clear ihat the rules for 
adding two directed numbers are: , 

1. When the signs are fike ^i.e. botlJ + or both — j, 

add and prefix the same sign. * 

2. When the si^ns are unlike (i.e. one 

other — ), find the difference and prefix' the .*Mgn of 
the larger. * 

(*-f-6.v) (-^x) = vM-4a:) 

Here the signs arc unlike. VJg find the difiference between 
6.V and 2x, namely 4.Y,^and prcfiiK the sign of the larger, 
* nanyly 

Similarly, (— -1- (— 7«) -- ( — 10«) 

(- 43 .) -i- (+2v) (-2^-) 

'I'hiee or more directed niimbei'^ are added ^s.follows: 

\ (+^) + (-5«)-h(-:-6a)+*(-3«) ^ 

- (+«) 4- (+6«) + i-Sa) + {-3a) 

— (+7«) -f 

» = (-«] 

Exercises 11 

Write down answers to the following: 

1. { |-6>+ (+2) 4. (+3) -I- (-3) 7. (-4) + (-^5) 

2 . ( t-S) -I- (+1) 5. (--5) -l-'(-^8) 8. 0 .{- (-8) 

3. ( h3) + (-6) 6. (- 6) + (-1-2) 9. .(-7) + (+7) 

10. (+2; + ( 1-3) + (+4) 15. (+2«) + (-|-4«) • • 

11 . (-2) -i- (-‘3) + (-5) 16. (+66) + (-36) 

12. (+2) + 0 . 17. (-3*) + (-2*) 

13. (-6) 4/(+2) -|. (-3) . 18. (-2,v») + (+2.v») ■ 

14. (-.-2) + (+4) + (-3) + (+i') 19.. (!f Sa6) + (-ball) 

* 
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2Q. (-~8abc) -f (*f 2flAc) 

21. (-i-a) + (~\Aa) + {-la) 

*22. (-1-3.V) -f (— 6jf) + ( f lx) 

23. (+5«2) + (-3^2) (_2^2) 

'24* («-2^) 4- (-56) (-.36) 

25. (-6.V) 4- (-hx) + (-2^) 

26. ( 1-4^) + (-.3r) +.(-^) 

27. (^-|-5.rp + (-xf + (4-if) -h (-2.r-’) 

28. i+ab) + (-^6) + i-ab) + {-ah) 

29.. (-5^6) + (+4^6) (-2^6).+ {-ab) 

39. (— 3xy) + (-t-2Aj) -I- (+6.r>’) + (— 4.Yr) 

I • 

Subtraction of Directed Numbers , 

When svtyi,rac\ing 4 fr6m 7, we aslv ourselves what number 
must be addeil Ui 4 to give 7. , 

44iuS 7 — 4—3, since 3 mu..t be added to 4 to give 7. 
When subtracting directed numbers we proceed in the 
?nme w^ay. 

t • 

Example 1: (4-5) — ( |-3). 

Since (-1-2) must be added to (-|-3) to give (-|-5), 

( 1-5) - (4-3) ^ (-h2) 

Example 2: ( f 3) — ^ 

Since (—2) must be added to (-f5) to give (-f 3), 

. . {-] 3) - (-1-5) ^ (-2) 

Example 3: (—9) — (-{-2). ^ \ • 

Since (—11) must be added to (-f 2) to, give (—9), 

' • '-,(-9) -(4.-2) = (-'ll) 
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Example 4: (—9) —,(—2)! • , 

Since (—7) mu^ be added to (— 2) tp gi\e (—9), 

’ . (-9) - (^2) = (-7) ’ 

« 

We have seen in Example 1 that 

(+5)'- (+3) i (+2) 

But (+5) + (-3) - (+2) 

. (+5) - (+3) = (+5) +.(-3) 

• * * 

Hence, if in the subtraction spm we phange the §ign of tl^e 
number to be subtracted and then add, we get the correct 
answer. I’hus, 

Exarftple 2 

(+3) - (+5) becomes (H-3) + (-5) = (-2), 
Example } 

(—9) — (-1-2) bcbomes ( - 9) ' (—2) *-11) 

Example 4 ^ ^ 

(_9) L (_2) becomes (-9) -j- (+2) = (-7) 

Hence the rule for subtracting two directed numbers ijt; 

Change tlie sign of the number to be subtracted and 
add. ^ 

Thus, 

(_ 6 .^) _ (-2x) = (-6x) + (i~2x) 

- (-4.V) 

(-^3a) - (-la) = (-3a) F ( f 7«) 

= (-f 4«) 

(-^’)-(+2y)^ (-'^y) + (-'^y) • 

» (_6j) 

Similarly, ^ 

(+3a) --- fJ-ia) - (+2a) = (+3a) + (-f 4«) 4^ (-^2a) ^ 

^ ' ^^(-\,7a)-U(-2a)- 
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« 

Exercises 12 

What must be addeJd to: • . 

1. (4-3) to give (+7)? 4. (—3a) to give (—7fl)? 

2. (—3) to give (4-5)? 5. (—4/;) to give 0? 

*• 3. (4-4) to give (-6)? ^ 

Write down answers to the following: 

6. ' t+9) - (-3) .19. (+3:ti>) - (+6^:^) 

7. (-3) - (-6) ■ 20. (+6j') - (--4>-) 

•8. (4-4;- (4-7) • 21. (~5abc) - {-abc) 

9. (-9) - (+4) ?2. (-h2:r) - (-f x) - (+3*) 

10; (I -‘•(+6) 23. {+3y) - (-~2y) - (- 45 -) . 

11. (-5) - 0 24. (-Sa) - (-.3fl) - (-f2<}) 

12. (,f5*) - (-f2x0 25. (-6*-), 4- (+2*“) - (4-**) 

13. (- 6 a) - ( 4 - 3a) 26. (- 6 ai) 4 - {-5ab) - (-ai) 

14. (4-4a) (-2a) 27. (-3a^) - (-2a“) 4 ^ (-a^) 

15. (-5i) - (- 4i) 28. (-a) 4- (4-«) - (+ 0 ) - (-a) 
16., ( -3.e) ~ (-^3,^) 29. (-3A) - (-56) -f- f4-2A) 4- (- 6 ) 

17. (-H7a'^) - (-3a“) 30. (-flv) - (-(-3a-) - (-2*)- (-*) 

18. (—lah) — {-{-Sab) 

Multiplication of Directed Numbers 

West , East 

--i 1 1 1 1 1 1 1 1— 

(- 200 ) (- 150 ) ( - 100 ) ( - 50 ) 0 ( 1 - 50 ) ( + 100 ) ( + 150 ) (+ 200 ) 

Let the above line represent a railway running East and 
West through a place situated at 0. The dista^'ces east of 
0 arc regarded as 4 - (posidve) and the distances west of 0 arc 
regarded as 7 - (negative). 

* I. Consider a train travelling east fi.e. in the pofitive direc- 
tion) dc 50 m.p.h. Its velocity is (4-50) m^D.h. Let it reach 
0 at noon. Let times before noon be regarded as negative 
and times after noon be regarded as positi^) '. ' Thus (—3) 
hours would be 3, hours befoVe noon, Snd (4-^j hours would 
<be 2 hours afier neon. ^ 
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(1) 4 hours after noon tW distance of the train from () 
would be 200 nyles east of 0, i.e. (if 200) miles. But the 
distance in miles is got by multiplying the' velocity of the 
train (-f 50) by the number of ho’irs (+4), 

(+5(J) X (-f 4) = (+200) ^ , . 

(2) 4 hours before noon the train would be 200 miles 
west of 0, i.e. at the point (—200) miles. 

But the distance = (+50) y, (—4) 'miles, 

... X (-4) = (-200) ^ * ' 

II. Consider a train travelling wtst (i.c. in the , negative 
direction) at 50 m.p.h., i.c. its velocity is (—50) m.p.h.' Le^ 
it reach 0 at 'noon. ’Let times before noon be regarded as 
negative and times after noon be regarded as positive. 

(3) 4 hohrs after noon the tram is 200 miles west of 0, 

i.e. at the point (—200) miles. * 

But the distance — (—50) x ( , 4) milds, * , 

... (__50) X (+4) - (-200) 

(4) 4 hours before noon the tram is 200 miles east of 0’ ■ 
i.e. at the point (+200) miles. 

But the distance — (—50) X ( -4) miles, 

.-. (-50) X (-4) - ( i 200) 

Similarly, (-h«) X (+^) = (+«/^) 

. +h«z) X i~h) ^ (-ah) 

(-a) X ( j-A) -= i-ab) 

(-a) X (-h\ - (-\-ab) 

Hence the I'^ule: In multiplying two directed nun^bers, 
like signs give f , unlike signs give — . 

Continued Prot+c/s < > 

(+a) X (+^1) X (+r) ^ (-^flb) X (^c) = (+A) 

» (^a) X (—h)' X i—c) = i+ab) >< (— iJ) = (—abc) ‘ 
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i-a) X i+b) X i-c) = i-ob) X (-C) = i+abc) 
(-fa) X (-b) ,X (i-c) = (-ab) x (+ f) = (-abc) 
(-a) X i-b) (-C) X (-f^)== (-fai) X (-cd) = (-abed) 
(—a) X (-f^) X (—c) X (—^b) X — (-faW) 

Hence: 

(1) If the signs are all positive, the product is 
positive. 

(2) If there is an odd number of negative signs, the 
product is negative. 

(3) If there is an even number of negative signs, 
the product is poshive. 

Exercises 13 i 

1. f 1-3) X (-fS) 7/(-3) X 0 

2. ( 1-7) X (-3) 8. (+2) X (-7) 

3. (-4)x(-f4) 9. (-3)x(-4) 

4. (-3)X<-6) 10. (-+-6) X (+.5) 

5. '(-l)x(-l) 11. (-8) X (-;-2) 

6. 0 X (-+-5) 12. (-2) x (-6) 

,13. (-1-2) X (-3) X (-1) 

14. (-1) X (-1) X (-1) 

15. (-2) X (-fS) X (-1-3) 

16. (-t-3) X (-2) < (-5) 

17. (4-1) X (-1) < (-1) X (-1) 

18. (-1) X (-2) X (-3) X (-4) 

19. (-2) X ( t-3) X (-H) X (-1-4) 

20. (-1-2) X ( 1) X ^-.5) X (-2) X (-3) 

21. (-|-3a) X. (-^2) 28. (-(-») X {-y) 

22. (-4a) X (4-3) 29. (--|-3*) x (4-v) 

23. (-,-5a).x (-2) 30. (-4a) ^x) -t-24) 

24. ( -3x) X (-4) 31. (-3a)_x (-24) 

25„ (-51) X (4-4) 32. (4-2in) x.(^-3m) 

26) (-a) X (4-4) • 33. (-, 3*) X Vt-'b’) 

07. {-m) X (-4 ' > 34. (4-..-)(4-y)(-4 , , 
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35. (-a)(-A)(-c) 

36. (_r)(+s)(-/), 

37. {+2a)(-b)(-2c) 

38. (_2*)(-33,)(+=) 

39. (+4*)(-5:,0(+3^) 


40. (+a)(-A.)(-f)(+i) 

41. (_3i)(_l)(+2a) 

43. { ^a)(-a){+a)(-a) 

44. (-2.v)(-2.v)(+2.v) 


Potcers of Directed Nutnbers • 

(+a)^ = (+a)(+fl)(+a) = +o^ 

(+a)« = (+alH «)(+«)(-t:«)(-|-'^)(+«) = 4a* 

(-«)= = (-a)( -«) = -),«= „ ■ 

(-af = (-a){-a)(-a) -= -a’ 

(-“)* == (--a)(“-a)(-a)(-fl) ^ -{ O' 


“H 


ence: 


1 


(1) all powers of positive numbers are positive; 

(2) even „ negative „ positive; 

(3) odd „ negative „ negative. 

The followint? examples should be noted carefully: 

' 2 {-af ^2 y {~d^) --= - 2 a^ ■ , 

( - 2 af - 

3{-ay -- 3 X (+«*) -- 3rt^ 

(-3a)^= ma* 



Exercises 14 

1. (42)2 

6. (-])^' 

2. (- 3)2 

7. (-)-2)« 

3. (43)* 

8. (-1)2 

4. (-1)* 

9. 3)2 

5. (-2)'< 

10. (-2)2 


11. X (+«) X (+<?) 

12. i-b) X {--b)^X i~h) X i-b) 

13. (—x){—x){ -x) 

,14. (-a)(-P)L-a){-a)(-a) 

15. (+a)3 -J • 17. (+x)' 

16. (-0)2 ■■ 18. {-ay 

c 
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19 . (—mf 

20. (+>-)“ 
21. (-\-xf 



25. 2(-af 

26. 

'27. (-3^)2 

28. 'Z(-xf 

29. (+2.'«)’ 

30. 2(+/;)''' 
?1. *(+*)*■ 
32'. a(-a)’ 
33. a(A-2af 
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*35. X 

36. (-Ay} X (-Ay) 

' 37. (+3a) X 6 X (-2a) 

38. (-»)= X (-y)^ 

39. ’.y(-y)“ 

40. *(— y)’ 

41. (+ai)= 

42. 2(— ai)® 

43. (-a)2 X (-a2) 

44. (— Ar^y)(Ay®) 

45. 

46. 

47. ' (+3jt:)(— 

48. 

49. ^(-5^)(-1)(+25) 

50. (-«2)3 , 


Division of Directed Numbers 

When dividing 15 by 3 we ask ourselves what number must 
be multiplied by 3 to give 15, and since 5 is the number 

-15 3 - 5. 

We proceed in the same way in the division of directed 
numbers. 

Example 1: (-[- 15) -r (4-3). ‘ 

<^ince (-1-3) has to be multiplied by (4-5) to jive (4-15), 

... (4-15)4-(-b3)=<4-5) 
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Example 2: (+15) 3). , 

Since (—3) has to be multiplied by (—5) to give (+15), 

(+15)-(-^3) = (-5) ' 

Examples: (-15) (:t-3). 

Since (+3) has to be n.ultiplied by (—5) to give ( >-15), ^ 
(-lS)-(+3) = (-S) 


Example 4: (-15) - (-3). . 

Since (—3) has to be multiplici by (+5) to give (-45), ■* 


(-15)-^(-3)==.(|5) 

*Hence, in the division of one directed number by another, 
the quotient is posiilve if the signs arc like, and negative if 
the signs are unlike. 

Therefore m both multiplication and division: 

Like signs give plus, unlike signs give minus. 

I 

/' 

Exercises 15 


Simplify: 

1. (+9)4-(+3) ’ 

2. (+16)-!- (-4) 

3. (-16) - (+2) 

4. (-12) - (-3) 

5. 0 4- (+5) 

6 . (- 10) -4 (- 1 ) 

7. (-)-3x) 4 (-t-3) 

8. (- 14a) 4- (-2) 

9. (+1061 4- (-5) 

10. 0 (-'3*) 

11. {+12a) 4 (+6a) 

12. (-8a) -• ( f4a) 

13. (+15*) ^f(-5*)‘ 
14..(-}8>.) 4 (+3^) 


15. ( l-6a6)4-(-2a) 

16. (-1/.?) 4- (-pq) 

17. (+a») (+a) 

18. (-8a“) 4- (-2e) 

19. (-16a26) 4- (+4a6) 

20 . 0 4 - (- 2 **) 

21. ; -20*j/) 4- (+4^;) 

22. (-14b6) 4- <-l) 

23. (+8*>') 4- (— 4*ji) 

24. (+6a») 4- {+2a) 

25. (-21*’*) (+3*) 

25. (+**) 4- (—}?) 

17. (-*5) - (-*2) 

28. (-2^0) + f+/) 
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2, (+*=/) 

(-^) 

. (-«*) 


32. tl-l”)* 

— 4w 

„ {+2aA)^ 


^2(-3*y 
^ ' ‘“12^ 


In the addition of directed numbers it has been shown that 

(+3)-mV2)-(+5) . 

* But +3 + 2 =? -f-5 

(+3) + (t2) = +3 + 2 

• . , . * *' 

^ Si/iiilarly, 

^ (+3) + (-2) = +1^ * 

But +3-2 = +1 
/, (+3) + (-2) = +3 - 2 

Also\^-)) + (+2) = -l ‘ 

But-3 + 2 = j-l 
... (_3) (-1.2) = -3 + 2 

(-3) + (-2) = -5 
But -3 - 2 = -5 
... (_3) (_2J = _3 _ 2 


Hence in the addition of directed numbers we can omit the 
+ sign connecting the directed numbers, write the numbers 
without brackets and deal with the numbers in accordance 
with their own sign. , 

Note that (+3y) may be written as +3y or 3y. 

' (— 3>') is writtch as —3y. 

« 

In the subtraction of directed numberait has been seen 
that * 

f+5)‘-^ (+3) f= (+S) + (-3) = ,.>-5 - i ‘(as shown 
. ' i • . abpve) 
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(+3) - (-t-5) --P (+3) + (-5) = i4-3 - 5 (as shown 

• * above) 

(-9) - (+2) = (-9) + (-2) =? -9 - 2 (as shown * 

shiJwn 
above) 

Hence in the subtraction of direclcd^niimbers wf caikomjt 
the — sign connecting the directed numbers, and write the 
numbers without brackets^ provided we change tl^c sign of 
the number to be subtracted. 7’hus, • 

• • 

(—6x) — ( — 3.V) ~ — 6.V -1- 3.Y — — 3.V ' 


(_9) - (-2) = (-9) + (+2)'=- -9 + 2 ^as 



Example :^Simplify 2^ - 3^ -j hh -- la — , 3r • 

2a — 36 66 — 7fl ~ 3f - - i 2a 7a — 36 f ^6 — 3c 

. =-- - 5// r 36-*3r* 

(since ~\-2a — 'la — —5a ant!*— 36 , 66 — ' 36) 


In the multiplication and division of directed numbers wb 
can also drbp the brackets and dtal with the numbers in 
accordance with their own signs, as tlie following examples ’ 
show : 


Example 1: (— 3vy) x (— S.v^) may he written 
—3xy X —5x- — r 15.v’‘y' 

. • 

Exampl^2: (H-12a''’6“) (— 3fl6) may be written 

^12^3^2 - -3fl6 - -4^26 

Hence, whcA dealing in futu/e with directed numDers,*wc 
can^omit the brackets and no^confusion ^yill a/ise. • 
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« 

Exercises 16 • 

Simplify : 

I 


1. 

-\-3a + 5a 

*8. 

5a — 2a + 46 

‘ 2. 

+56 - 26 

9. 

-6a A- 3b -2b 


-i-6c — 8c 

10. 

Aa ^ 6b — 3a — 26 

4. 

+‘6a 

^ 11. 

—2a + 56 — <2 + 26 

" 5. 

— 7fl + 7/2 

12. 

3a — 36 + 2a + 46 

6. 

— 4jc — 5x ' 

13. 

2x^ — 3x — 3x^ + 5a[: 

7. 

% 

-86 4- 36 

•14. 

—x^ -\-'2x — 3x '+ 5x^ 


15. —Aa + 26 — 4-*3fl — 6* 

16. 3jc^ + 5jc — 6 — 7jcii — 5jc“ 

17. ‘9u2-3-4«2^6t7-5 • 

llj. — 2x -{- — 6 — 4 

19. flH- b — c — 2a -{- 3b Ac ‘ 

20 . - 2^2 ^ 3^2 _ 5 ^^ _ 5^2 ^ 2 fl 6 

21. — 3. 26. “ “1~3 


22. —3x X -y 2^ 
'2^.\-Za X + 3 ' 
24. A-2x X +3jc 


27. ~Sa - -A 

28. -\2x~ +2.* 

29. +9fl - - H-3fl 


25. — 3/72 y __s« 30. — 8/z2~- — 4/z 



Chapter 6 
^RACKETS I 


We have already seen that numbers inside brackets are to bt 
regarded as single numbers, e.g^ 10 ^*(5 -f* 2) means that i 
more than 5 is to be added to 10. Hence, after adding 5 to i( 
we must also add 2. 

i 

• , 10 + (5 + 2)=10 + 5 + 2 . -(i). 

Similarly, 10 -f (5 — 2)» means that 2 less than 5 is* to be 
added to 10. Hence, after adding 5 to 10 we must sub- 
tract 2. * , . ; , 

10 + (5-2)= 10 + 5-^> . . {2\ 

• . * ^ 

Again, 10 — (5 -f 2) means that 2 more than 5 is to be sub- 
tracted from 10. Hence, after subtracting 5 from 10 we mu^t 
also subtriyt 2. , 

.'. 10- (5 + 2)= 10-5-2 . . (3) 

and 10 — (5 — 2) means that 2 less than 5 is to be subtracted 
from 10. Hence after subtracting 5 from 10, we must add 2. 

.-. 10 - (5 - 2) = iO - 5 + 2 . . (4) 

The results in (1), (2), (3) and* (4) can be stated generally 
follows : * , * 

(b-\-c) = a-\-b-\-c 
a-}- {b — c^ = a-\-b — c 
^ + c) — • c — 6 — c, ^ • • 

a —•{b — c)f= a — b -\-,c 
• ® . 39 
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Hence the following rules: * * 

1. When a -f sigr precedes a bracket the brackets 
may be remfoved if the mgn of each of its terms is 
' not changed. * 

« 2. When a — sign precedes a bracket the bracket 

mafr be /emoved, if the sign of each of its terms is 
changed. 

Example 1 : Simplify \3a 7b) —{2a — 46). 

,Conr,idci; the first part of thc^ expression +(3a + 76). Inside 
the bracket there are two terms, -\-2a and -\-7b. Since the sign 
preceding the bracket is the bracket may be removed, if we 
do hot change the signs of these terms. 

+(3a + 76)= -f3fl+*76 

4 I 

Consider the second part of the expression —{2a — 46). Inside 
the bracket there are two terms, -\-2a and —46. Since the sign 
preceding t'ne bracket is — , the bracket may be removed, if we 
ch'njige the sigh of» each of these terms. * 

-{Za - 46) -- -2a -f 46 

Hence, (3a -j- 76) — (2a — 46) = +3a -f- 76 — 2a + 46 

= -l-3flb— 2a -]- 76 + 46 
= a+ 116 

Example 2: Simplib : 

-{3x- f- 7x - 4) - {-2x- - 5x + 3) - {7x + 2) 

Expression = —3x2 _ ^ -f 2x- 4 Sx — 2 —^7x — 2 

= —3x2 _j. 2r‘- _ -f 5x — 7x -j- 4 — 3 — 2 
= — x2 — 9x — 1 

I Exercises 17 * 

Simplify: 

\,y + (a — 6) 4» (a — 6) — (a X- 6) 

2. a - (2fl + h), . • 5. -{(f- b) -P(2a - 36) 

3. — (x + y)‘— 2y 6. (x — 1) — (1 + x) 
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7. l-(.r-l) 11. (2a + 4^>>-(3fl-^») . 

8. 3a + (3/> - 4a) 12. (p ^ 2q) - (-p - q) 

9. 4b - (3 - b) 1.1. -(3.V - 2j) + (33^ - 2x) 

10. -{2x + 3>^) 4- 6x 14. (le- x) + (x - 1) - 1 

15. {2x -J- 33’) — {3x — 2‘y) + 

16. (2 -|- x) {x — 2)^ (2x — 1) 

17. (2a’2 - 3x) ~ {Sx + 2) + {x^- 3x) 

18. (a' — 3; — ;3r) — (3’ — -f- x) 

19. —{x — y) — (y •— s) — (z -r a) 

20. (a 4' b ~ c) y- (b 4- c — a) ~ {c a — b) 

21. (6^ - 4) 4- (Ss - 3) - (4s - 5) 

22. -{3a - 4b) 4 - (Sa - 2b) - {6a- 1) 

23. (3jt’“»4- xy) — {2xy — 3y^) — (jc- — 3'“) 

24. (,a- - (Sy + 3^} - .(3a2 - 5*^) , 

25. 2a:^ — (3a:^ — xy — y^) — {3xy — 4x^) 

26. -(2^2 3^2) ^ (^2 „ 2c^ - 3«2) _ (c2 y- 3/;2 - a^) 

* # • 

Complete tjie following: 

27. a4-b -4 c = a-\-{ * ) 

28. a -4 b c — a -{- { ) 

29. a — b -\- c = a — { ) 

30. a — b — c — a — { ) 

31. -3a 4- 2/; - r --- -( J-c 

32. x-y-z^ -{ ) * 

Using brackets, write the following statements, and 
simplify : , 

33. Subtract 3a — 2b from a 

34. From the sum of 2x 4- 3jtand 2y — 6 a: subtract a; — 3 '. 

35. h'ind»the sum of 5a — lb and 2b — 3fl, and thp sum * 
of 6a — 6b and b— a. Subtract the first result from the 
second. 

« 

We know tb^t 


3(5 + 4) -r 3(9) = 27. 
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Bilt 3 x*5 + 3 X 4 = ’15 +.12 = 27 

3(5.+ 4) = 3 X 5 + :^ X 4 

Similarly, a(i + c) means that each of the terms inside the 
bracket is to be multiplied by i.e. +6 and +c are each to 
•bft multiplied by +a. ^ ' 

-\-b X +^^ = -\-ab and +t X +« = +ac 
. i^(b + c) = ab -i- ac 

, In* the r>ame way , , 

a(h — c) = ab — ac 
—a{h + c) = —do — ac 
—a{b — c) -- —ab + ac^ 
x(x + jy — rr) = jcjc +, — xz 

— x“ xy — xz 

Exam]:tie*. Sifnplify •' 

. —2x{x — 2y) — y(x^ — 3y) + (x^ -.5^) 

Expression = — + hxy — yx + 3y^ -f- x^ — 3y^ 

— -3x^ + ^* + (>xy — yx 3y'^ — 3y^ 

— —2x^ + 3xy • 


Exercises 18 

Simplify: 

1. 10 - 2(4 ~ 3) 10. x(2r - z) ^ 

2 . l{a + 6) — 4a . 11. {x + y)z 

3. 3(2fl - .6) + \h 12. 3fl + 2(a - b) 

4. 2(jic + >>) + 3(.\: — y) * 13. 3(a — 2b) — 5a 

5. 3\x: —2y) - ^(2x - y) 14. -3(1 x) - l(x - 1) 

6. l(\x + 6) 15. 4(a + ?) - 3(2 - a) - 5 

7f ^-(l^jy — 9) 16. x(x -j- 1) — X 

8. j(2x—4)-. i(8x-^ 12) 17. x(2x + 3)U a;® 

9. a(b + r)‘ * . «18. 5^^ a|. ^(3^ _ 4), 
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19. 5{a + 2b) - 3(a - 2b) 

20. l(4fl - 6Z») - J(4fl + U) 

21 . x(2x — 3y) — y{3x — 2y) , 

22. a{a - b) b(2a - 3b) 

23. b{3b -a)- a{3a 2b) 

24. x{2x - 3) - 4(3 -•\) 

25. — j) — 3jy(jc + y) 

26. 3:v(2jif + Sjy) + 2x(3x — 2y) 

27. ^xlx 2y) + 5(jc2 — 2xy) , 

28. fl(a — ^ 4 - i:) — — 6 f) 

29. a{b + c) — b(c — a) — c(a — b) 

30. 3a{3x — y) + + y) 

3V 2xlVc — 2y) — 3y(^x y) — 2(x^ — 2y'^) 

32. 3^2 _ 2t(c - TA) - 3d(c - d) 

33. {a - 2b)b - {2a + b)a + 2(^2 + b^) 


34. a\b b\c - a) c{a^ - h^) 

Complete the following: 

35. 4a + 8 4( ) , 

36. 3jc - 18 = 3( ) 

37. X 2y 2z = X 2{ ) 

38. 3a — 3& + ) + ^ 

39. ab ac = —a{ ) 

40. a:2 3a; — jy — a:( ) »“ >' 

41. 9a2 — 3a — —3a{ ) 

42. x'^ + 2x a = x{ ) + a 


43. 3x 3y ax + ay = 3{ ) -f- a( ) 

44. ma — hib na — nh — m{ ) + ”( ) 

45. 3^"^ - 2a:2 + 15a; - 10 = a’ 2( * ) -f 5( 

Using brackets, write the following statements and sim-, 
plify them: ^ . f 

46. Subtract x from y and multiply the result by a. 

47. From ‘three times a; subtract the sum of 3 ; an<j x. 

48. Take h fcmes the sum of 'a and ^ from.seven- times the 
producUof a and b. • 



Chapter 7 

$ 

.THETFOUR RUCFS WITU DIRECTED 

* NUMBERS 

Addition « , 

•Example: Add Za -V Ah - 2., 3c - 2b - Aa, ~3b + 5c. 

Method I « 

. i3a + Ab - 2c) + (3c - 2A - Aa) -f {~3b -|- 5c) , ' 

= 3a -t- Ab — 2c 3c — tb — Aa>— 3b + 5c 
• =3a- Aa + Ah- tb - 3b- 2c + 3c + 5c 

— —a — A 4- 6c 

Method 11^ * ' * 

• • * ' * 3« + 4^ — 2c 

' ‘ -4^z-2^*-|-3c 

-- 3h -4 5c 

—a — ^ 4- 6c 

t 

1 

Arrange the like terms in three columns as shown and add the 
terms in each column. Note that 4- 3c is written in the second 
line, not 3c. 

Exercises 19 

Add: 

' . 1. -f-S.x’, — 8:c 4. -\~ab, —3ah ^ 

2. —ix, 4 * 6 : 1 : 5. —Sabc, -^Sabc 

3. —2a\ —3a^ 6 . la, — 

7. .•-If, 

8 . —5a 6 ^ 1 —.7a 4 ", 3a ' 

• 9. 4^2 — Ix^ + 2j:2 — Sx^ 4- 
' . 44 
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10. — 5a2 _ 2ji2 + I0fl2 4- 

11. —lab — lab + Zab — Aab + aj 

12. -l-253t - 0^75* - 0-25.«;,+ 3* 

13. 4- Ix^ — \x“ 

14. \a — la-\- a — -^^a 


15. 3a - 4ft * 

20. 6a - 36 4- 4c 

— a4- 

. —5a 4- b — 2c 

16. —3a: *+ 2y 

» • 

21. '3x 2y — Sz 

—5 a: — 5y 

• -*4* +3y-’z 

17. 4/. -7? 

22. L*- 3* + 2* 

-Sp +. 9? 

2x^ 4“ 7a; — 3 

18. 5a:^ — 3a: 

23. 4a2 - 3a; 4- 1 

— 6a’2 2a; 

• - 3a’^ 4", 2a;^*— ^ 7 

2a:2 4- a: 

--a;2 — 5^*4“ 6 

19. -3a - 

24, 3a'^ 4" '2'Xy — y^ 

2a 4- 86 

— Zxy 4- 2y 

-a -2b 

• • 

— a:“ -{-’5xy 


25. 3a 2b and 5A ~ 4a , 

26. 5.V — 4jy and 3:c + 2y 

27. —2a-{-4b and 3a — 2b 

28. 3(2:v — 1) and 2(1 — 3x) 

29. x{y — •jc) and —y{y — x) 

30. a r b — Cy a — b Cy c — b — a 

31. \a — Zb — 5c, — 2a -I- b -j- Zcy a — b — c* 

32. a — (S + c), b — (2a — c)y c — (b — 2a) 

33. 2(3a - i - 3(a - 2A - c), 4(2a - 6 + 3c; 

34. 2(*2 -ic + i), -3(2**.- 3* + 1), 5 - 3** 

35. Zx^ -6 - 1 - 3a:, —& 2xy Z — 7x^ 

36^ a(a^— h + c), bija — c), f^b — a) 
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.37. fc(x — 2y) + 3x^ — y(2y — jc),*— 2 ^^ _ y 2 

’ 38. 2J){c — a)y a(a + 6) — c\ —c(2b — c) ^ 

Subtraction * * 

# ♦ 

Example: Subtract 3a^ — 2a — 7 from — 3a — 5. 

Method J ' 

’ (fl2 _ 3a - 5) - (3a2 - 2a.- 7) 

, = a2 - 3a - 5 - 3a2 + 2a + 7 
‘ =» a2 - 3a2 -.3a + 2a - 5 + 7 

• = ■*-2a^ — a -f 2 

Method II 

' » * a- — 3a — S 

Ja2 -la -7 


$ 

4 

Arrange liktf terlns in the same column; mentally change 
/he, sign of eadi 1 /;rm in the lower line and add. 


Exercises 20 


' Subtract : 
yl. 5a from 7a 

2. 6a from 3a 

3. 2x from — 5 jc 

4. —3x from ^x 

5. —.V from — 2x 
10. 3a — 2b 

-r-a f-46 


fl. —5x + 3y 
—2x — 7y 


12. i'tc?' 

- 5 a* - 34 * . 


6. 

\c^ from \c^ 

7. 

—ab from 0 

8. 

— 3y2 from —3y^ 

9. 

gjc^ from — 

13. 

2a 4^ — 5c» 


3a — b — c 

14. 

.v- — 3x 2 


—3x^ -1* 5a: — 8 

lb. 

—3ab + 2hc'— ca 


— ab — 3dc + ac 


V 
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16. From 4x — fyy take 2x — Zy. 

17. From —^a + 46 take 56 — ,2«. 

18. From 0 take 2a — Sh» 

19. F rom a b — c take c — *a — b. 

20. Take 2x^ + Sj^'from 7 — 3 a: -f x^. ^ 

21. Take 2ab — 6^ from 6^ ~ fl6 + a^. 

22. Take — 3 :j^ + 2y — ^ from 4a: — 5jv + 

23. Take ^x — , \y -f J;s frpm x -*■ hy + Jxr. 

24. Take Sa:'*^ — 3a:^ + from*2A:2 — 4 a:j Sy®. * 

25. Take a:® — 2x^ -[- 3a: from 5a:® — 7a: + 2. 

I 26. Subtract the sum’ of 3a + 46 and a — 26*froiifi t). 

27. * Ad^l 2 a:^ 3^ and 4 + 7 a: — a:® and subtract* the, 

result from 4 a: + 2a:® 4 4. » ^ 

28. Tal^e the sum of a b — c and b c — a from the 
sum of £: 4- ^ — 6 and a -r 6 r. * j * 

29. Subtract a:(3a: — 2y) from 0, and a^d«<he result to th^* 

product 0? .3a: and (a’ — jy). * J * 

30. From 2 a®(a® — 2a + 3) take 3 a®(a — 2a® + 2). 

Simplify : . 

31. 3i2a - 3) - 2{3a - 2) - 4{a - 3) 

32. a(a — y) — 2x{3y — a) + 4 (|a 7 — Ja®) 

33. Sab — 3a(2a — 56 -f- r) + 6a(c + a) 

34. l(}a + Sb) - J(6i - 2«) + 6(3 - * j 

35. 2a(3a — 2y) — 3y{2x + j') — 3 (a® — 2y^) 

Multipliiation ^ 

Example: {3xy — 2a + 5) x — 2a. 

Each of jhe three terms -f,3Ay, —2 a and +5 must be multiplied 
by -2 a. ! . . . • 

.'. Expression —()x^y + ^a®*— *10a 
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A NEW* COUR§E IN ALGEBRA 

" Exercises 21 ' 


Simplify: ^ 

2a X —3 

2, ~5ax -2 

3. —3^ X 2b 
fi. 4a: X —y 

5. —2x X —2x 

6. 2fl2 X 3a 

7. -(-3a)»‘ 

8. (2/)2 

9. 2'(- -(«)'•= 

10 .’ (- 2 ot )2 
n. a —b X —c 

12, —X X —2y X —z 

13. ~2a X‘'-}'2a'X +2a 


14. {-3xf 

15. (—a)^ X a^ 

•! 6 . (—2ay X a^ 

17. 2{-mf X ni- 
ls, ^x X —xy 
1 '?. —3ax —2ab 

20. *" 2a:^ X 3A;y 

21. —3x^y^ X — 2xy 

22. 2a:5'^ X —Sx^y 

23. —xy X -* yz X lx 

24. 2ah x —3a^b^ X aV) 

25. 4a:‘‘^jv^ X Ixy X 2y 


' .26. . Write dowfl the squares of : 

2fl, —36, — 4a6, 3a62 


27r. Write down the cubes of : 

—2a:, 3y, —Sab, — 


2a 

3b 


Multiply: 

28. 4a - 3 by -2 

29. -a + 6 by -1 

30. 2a: + 3y by a’ 

31. 3a ~ 2b by —b 

32. 3a 2 - 1 by -3 

33. 4 — 1 5x^ by —2 a 

34. X — y — z by —x 

35. 3r2 — 4 a + 5 by 2 a: 

36. A^ — 3xy by — 2Ay 

37. 2a2 - 3a 4- i by -3 a 


38. a^ -j- ab -j- b^ by —a 

39. —2a + ^ “ 2a ^ 

40. 1 — A + 3x^ — 2a^ by —a 

41. a - 6 + c by —ab 

42. ^Za^b-2bc^ by -be 

43. — 2a^ -5- 3a + 2 by a^ 

44. 1. — A -[- 2a^ — 3r* by — 2 a^ 

45. a^ 4- 2a% — a^ by 
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Division % 


Example: — ^3') -r 

Each of the three terms +6a?*3'“, —4xy^ and — 8y must be 

divided by —2y. 

f 

-^6xY ^ 3 

— 27 - . 

2xy -*-’'=+4 
-2y -2y 

6r|y‘^ — 4xy- — 8v 
*-2y. . 

= -3^V + 2xy^+ 4* 

ExeA'cises 22 

Simpfify: • 


1 . 8a -f -4 

* 7. -6ab^ + +3a 

2. —6a — 1 

8. 4 8.vv2 + _2j-2 

3. -10:^2 ^--5 

• 9 . -13*-’ • 

4. -\-\2ah -\-4a 

10. 12>i-+^2r 

5. 6x -: — 3x 

*11. — 14a:2j2 -\-2xy 

1 

1 

’-e 

12. 30fl2/;2c2 ^ _(,ahc^ 

Divide : * ’ 

13. 6a — 12 by 2 

17. ab — ac by a 

14. 8a; — 4 by —4 

18. 6/;“ + 8/; by -2h 

15. -10a: 2+ 15 by -5 

19. 4ab — 2a by —2a 

16. 9fl2 _ 6 by 3 

20 . ahc — ac ac“ by ac 

21 . k\ak -hk 

26. —^b^bx — 6hy — 3bz 

22 . — fl| 2 flA; — 4ay 

27. kyi^c - 2abc - 3bV 

23. ^1^3 +3/2-1 

28, fl6j— f/3^3 + _ ^ '^2 

24. -5110 20^2 

, 29. -h 2a;2 « 

25, 3a;|3a: — ^a:2 — 15a;3 

30. — 2fl2|_4a# + 2c^ — 6d^ 
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.Simplify: 

6/2 + 8/ 

■ 2t • 

Ah - 87*2 + \2h^ • 

-Ah 

- '—6x Y + 2 y 2 

-2y2 ■ 

I5a%^ - 17aW 

~ ■ - 

6a^^- Ud^b • 

' -Aa^b - 

cm- 2abc^ - 3a^b^c 


37. 3^2 X (2^2)3 12^4 

'' 38. (~2^c^)2 X -3(^2^)2 ^ -(^2^.)“ 

• Axr^ — 2x‘‘ . 3x^ — 6.^2 

- 3 ^- 

in' -^?y!‘ 


X 



Chapter 8 

SUBSTITUTION \VlTH DIRECTED NUMBFiRS 
Example: li a = -\-2>y b = —2, c — +4, find the value of: 

t • 

(i) {3a + 2bY; (h) + 3^6 - * / 

When a — +3, b = —2, r»= -]-4. * 

« (3a + 2A)»-[3(+3) + 2(-2)P 
= [ t. ^ - 4]“ 

“ [+5? 

= 25 

k ♦ » I 

(ii) 26»,+ 3aA - ^ = 2(-2)» 4- H-l-3)( >-2j - 

= 2(-8) -18 + 2 
= -16- 18 + 2 
= -32 


Exercises 23 


When a — -\-2, b = 

+3 find the value of: 

1. 2fl + 3i 

9. 2a^ — Sab 

2. (a + hf 

10 

3. a2 /,2 

• b — a 

4. (a - h'f 

11. (+2af 

5. a2 _ 

12. (-2«)» 

6. 3a — 2b ^ 

, 13. 2(-a)» 

7. < 

14. 2a“ 

8. - 3ab 

4 > 


» 
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JVhen a — —l,b— -\-2, c = — 3 $nd the value of: 

15. 3b — 2a 

16. 4« — 26 4- {' 


24. - * ' 

b — c 


' 17. a6 4- 6c 4- ca 

1 8. 26c — 3<zc 

19. ' 4- 62*4- c2 

'20. 3(-af 4- (26)2 

21. (-3af - 2(.^26)^ 

22. 3fl6c 


25. 3fl2 _ 462 ^2 

26. 3^(6 4- 0 

27. (d- 6)(6 - c) 

28. fl2 _ 26c 4- c2 

29. a(b — c) — c(fl 4“ 
— b^ 


23. 


ilC 


30. 


fl2 4- a6 4- 62 


31,1-^- 

a c 


Wl)pn = —2, 6 = --3, c = 471* 0 hud the value 

of: 

32. 26 


3d 

33. 3c - 26^ a 

34. v'26f^ 

35. ab 4- 6c -h cd 4- da 

36. (2a - 36)2 

37. (36 - 2c)2 ‘ 

38. 362 - 2c2 

cd 

39- r A 

a 4- 6 

40. 3a2 ~\- Sab — b“ 


b + c 

42. a(b -f c) — f;(c — d) 

b-c + i-a 

44. a® -f- 62 4- c2,-|- 3ahc 

45. a2 62 — 2a -f 26 
a2 4- 63 


46. 


a — b 


Exercises 24 

i 

Prove that: 

1. 3a:2 4- 6a: — 9 = 0, when x — —3. 

2. (. ’ — 3)2 — 7(a: — 3) — 6, when x — 9. 

3. 3a: 2 -f 14a; — 17 = 2a: — 2, when JC = —5. 
^ 10 a;(^ 4 - i) — 9 (a: 4 - 2) — r24, when a; ~ 2. 

5. - ^ ^ -1 4^ 3i- = 0, when x — j! 

jc— 2 a;4-<1 • 
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6. When a = 3, 6 —1, find the value of ^ 

. — ab 0 - 

• ^ • 

7. When x = 2, v = — 3, fiild the value d^ 

-i- 3xy -i- 6y- , 

8. If - -f- - = find / when m = 36, = — 12. • i * 

u ' V f • 

9. If 2x — 3y — 5, find the value of x when y = 2, and# 
the value of y^ when x — — 2. 

10. If d — —3, b — find the valaes of: 

(i)a»(ft-2) (ii)*i2+-5’+ 1. 


2x + 3 


2x 


11. Sf X- = - 1, Jirove that 3 " + ^ + 1 O' ’ 

12. If jc = —2, prove that at* — 3a:^ — Ax + 12 =-* 0. 

13. Complete the following table: 

* - V - p- 

.1 2 


X 

:.i2 :__-i 

0 

_ _ - 

2x^ 

^ r 

1 -10 ! 

1 

-1 5a: 

1 

+3 

, + 3 1 -f3 

1 +3 

2x^ + 5.Y 

-i-.3 , 1 



-I 3 


,» a 

i +3 


Draw up tables similar to the above, and find the value of 
the following expressions from .v — — 2 to x = +2: 

14. .v2 f 5.V H 6 17. 1 - 4 a; - 3a’2 

15. — x‘‘^ -|- 3a: — 4 18. xi^ — 2a;^ — 3.v -b 7 

16. 2a’2 V 4a: — 5 , 

19. Find the values of — 8x for the following values 

of A’: —2, pi, — 0, 2, 1. ’ ,1 

20. Find the values of (2a + 1)(3a ~ 5) for the fr^llowing 

values of a: — 1> — 0, 2, 1, I J. 

21. Find^the values of for the following viJues 

k '* a(a'*- 2) . ^ 

of^: -r2, —1, 1, 3,'4. 
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2^, When x = «-3, jy = —1, a — 2, find the value of 

x^ — 1 

^ X -fy *x — a 
# • 

23. If = 2y — 7, and a — 3vV 2, find the value of a 
whdn = 4.1 . ♦ 

* 24. If a; = f - 7—^1 and a = — 4, find the value of a 

4>^ + 1 2 

when y — —4. • ' i 

»25. If a*= X Zy and b Zx y^ find the value of 

+ ab when x — —3, y = -f-4. 



REVISION PAPERS 6-10 

i 

^ K • 

Paper 6 

1. When je = 2, V = — 3, find the value of: 

• • 

(i) 3x + 2y * (iii) (lx + yf , 

(ii) 2(x — y)^ * (iv) \3xY — 3y^ 

2. Simplify (2a - 3b -|h c) - (4a + 3b - 4c) -*2(a^- b). 

3. Complete the folIoA\ing: 

'• * 

(i) 2a + 4A - 2( ) 

(n)^xy-xz = x( ) 

(lii) —3a -h 6 =Ts _3( ) 


ab^ -b -b 

(ii) — f X — 3- — 

^ ' —b a® a 


4. SimpUfy: 

5a ^ /I00a2 ' 

3b^ ■ ~ 

5. If 3jt = 4a: + and y = 2 when x = —2, find the 
value of k. Use this value for k in the equation to find the 
value of y when x = —5. 

6. A man bought (a: — y) articles at 6s. each, and (a: + y) 
articles at 5s. each. He sold them all at 8r. each. Find his 

profit in pounds. 

♦ 


Paper 7 

1. Add^3A:2 — 4 a: — 5, —4x^ + a: + 3, 11 — 5a* -f 3x^. • * 

2. Simplify 3(5 - 2x) - 2(6 - 5a) - (7 -f- x). t 
What is the vajue of the answer when a = —3.? 

3. A maa buys a articles^ at (b — 3) shillings eacji. A'lJ but 

4 are sold at ^ shilling each, tile 4 being solcj at- half this price 
eaph. Find his profit in shiVings. • ’ * 

55 
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4^ If a = —2, h — —1, find the valve of; 


(i) fl’ - d^b - ^ (ii) — 

5. Simplify: 

' ^ ; (i) 3i/A2 X -2a^ X ah 

(ii) (-6a)2 4- -2fl2 

(iii) (—2a ,+ 3A — c) x — 

/iv) + 2/y 

'< ' — Zigr 


6. Ifjy =1 


y- - and 

2 X 


= 3j(2 -T .r), find z when x ~ —4. 


I 


I 


Paper 8 ' 

1. Simplify 3(2 - 3x ~{- 5x^-) - 2(x^ - 2a: - 1) , - (8 + 5a’). 

2. \Vhen‘fl'= -*-2, h ~ —1, find the value of: 

- . ^ (i) 2(3d-’\bf (ii) 2(3fl3 _ 

3. Simplify: 

(i) (-2 a:)3 X 3.v2 

(li) —2x^ X Sx"^ X —X 

(iii) (1 - 3 a: - 4.v2) X -2 a:2 

(iv) (j,’^ - 2x'>y + X ^2 

4. Two- thirds of a certain number exceeds 6 by 4. Find 
the number. 

5. X — — 2b^ and y = (2«)“ — b^y find the value of 

^ when a'= 2, h == - 3. ^ 

'x-y ' 

6. A Irain due to arrive at x min. before roon was delayed 

and arrived at x min. past b o’clock. Find an expression for 
the number of minutes it was late. * 

If it arrived between 2 ana 3 o’clock, 140 * ninutes late, 
find exactly when it was due to arrive. ' * 
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* Paper 9 • 

1. By how’muc^ does 3x“ exceed the sum .of 2 — 5.v + jc- 

and 2x^ + 3a: 1 ? # 

2. Simplify b{a -f- b — c) — c(h — c — a) — a[c + 6)- ^ 

3. Simplify: • •. • * ' * 


(i) {-2af ~ -2a 

(ii) -2a^ -f- -2a 

(iii) \-3af X' 3fl2 {-af 


(iv) (2d~b ■ 
.4. When a; = 


ab^ - 3aby-^ -ab* 
-2,y = 


3x 4. 2r 
’ 2.V - 3v 


a: — V 

ifc 


.V -f y 10‘ ^ 

Find the value of a.* 

5. A silver collection consisted of a: half-crowns, 2a: dorins 
and 3a: shillings. What was the value in sixpences? 

If the value was £9 ,10^., how many half-c^tc^wns were 
there? ^ !• 

6. A man bought a lb. terj at A' shillings per lb., aAd,^lso 
X lb. tea at a shillings per lb. lie mixed them and sold the 
mixture at 8 shillings per lb. Find his gain per lb. If a -- 7„ 
a; = 5, fmdpthe gain per lb. 


Paper 10 

1. If s = ut Ift-y find j if M — 10, /= —3, t = 

Then ^x\6. v \i 2fs. 

2. If a ^ 2x — 3y, b ^ 3x — 2y\ find the value of 
4rt — 3b — 2(x — y). Then find the value of the answer if 
x=y=:^-2. 

^ X^ -I- A''^ 

3. Simplify 

Find the valpe of the answer when a' — —3. 

4. Simplify^ , , . / ' 

. 3ai2a - 5^) - '2b(ib ~*a) - 2{a^ — %ah‘-\- 3b'^) 
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fi, (i) What number is less than r, by as much as y is 
greater than x? , ^ 

(ii) If b is gijeater than c^by 4, and c is greater than the 
, square, of a by 3, find ^z'when b = 16. 

^ 6. The side of a square is 2x yd.^ long. A rectangle v. ith 
the s^me perimeter as the square is IOj: ft. long. What is its 
I breadth? What is its area in sq. ft.? 

By how much does the area of the square exceed the area 
of the rectangle? Answer ic sq. ft. 



Chapter 9 

H.C.F.—LfC.M.— FRACTIONS F 

Degree 

The term xy has two letter factors. Tt is said to be a term 
of the second degree or a term of two dimensions. Similarly x^, 
i.c. xxy is a term of the second degrfje or of two dimensions. 

• Zx^y^ Sxyz are each sdid to be of the third decree,* 6V of 
three dihien^ions, s’^ice each of them has three letter factorS. 

The term Is^y'^z is thus a term of the sixth degree oi*of six 
dimensions. 

When adding or subtr^acting algebraic exyres^ejns such as 
3jc“ — 5 -f- 7 x — 4x^ and 6^ -f 2x^ - 5x^ — 7 , we found it 
convenient t6 arrange the terms in these two expression^ In 
one of the following two orders: 

1. . -4^=^ + 3x2 + 7.v-5’ 

+2r* - 5.x:2 _ 7 

where the terms are arranged in dei>cend{ng order of the 

powers of x. 

2 . -5 + 7x + 3x^ - 4x^ 

—7 + 6x — 5 x’ + 

• * 

where t^e terms are arranged in ascending order of the* ^ 

powers of jc. « > 

I 

In later w'fi»rk it will be foimd useful to arrange the ternws in 
algebraic exprrjssions either in ascending order or in descehd- 
ing,ord^r of the powers of orve of the letters in’ use. 1 
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9 

•' Exercises 25 • 

1. State the degree of each of the following terms: jc, 3 a:^, 
7x, ab, 2c, ^r^<cr, 5x^y, xy^, 2xy\ 

’ 2. Arrange the following expressions in descending order: 

' ' ‘(i) 3x„+ 2 4- 5x^ , 

(ii) 3 — 7x^ + 

.(iii) Sx^-x-{- 2x^ — 4 
(iv) 3 a4 — 7 + 

— 2a^ + 5^^ — 3^ 

(vi) 2b - 3^2 _|. 7 ^'J _ 8 

3t /Vrringe the follovving exprecsions in ascending order- 
* (i) 3a2 + 7 - 2a 

(ii) -3 4 - 2x^ — 7x 

(iii) x^ -f 2x’'* — 3x 4- 5 a-® 

(iv) 3 ^a^^— 4- 2a2 — 7x 

(v) 76 4- 1 - 2b* 4- 362 

’ ,(\i) 6x(l -‘a2) - 2(3a" -5) 

Highest Common Factor {H,C.F.) 

' ’ Consider the expressions a'2j; 2 and xy ^ : 

x~y“ = xxyy 
xy* — xyyy 

There are 5 factors common to both, namely x, y, xy, y^, 
xy^. Of these 5 factors x and y arc each of the first degree, 
xy and y^ are each of ^he second degree, while xiy^ is of the 
third degree. The comnfion factor of the highest degree is 
therefore xy^* which is thus said to be the Highest Common 
Tactor (H.C.F.) of the expressions xy^ and xy^. c 

^ ^ i 

Example 1 : Find the H.C F. of abh, bc^dr abed^. 

Tile only letters that occur in all* three expressioni are 6 and c, 
an^ineacVi.case the first power is the only «ne comicion to all three. 
The H.C.F: IS 6t:, ' «. * . . 
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Example 2: Find thg H.C.F. of SxY, 12xy^ 20xy. 

, TVe H.C.F. of 8, 12 ar?d 20 is 4 
„ is A? j 

The H.C.F. of the, three expressions = Axy "^. , 

Example 3: Find the H.C.F. of + 1), + 1)^ x\x + 1). » 

x(x 1) contains two factors x and (x 1) 

(x+l)2 (x+ l)and(x-ir 1), 

x2(x+l) „ three x,*xand(x + l) 

The only factor common to all three Is (x + 1), whif,^ is tbpre- 

fore the,H.C,F. . 

1 

Exercises 26 

Find the H.C.F. of: 


1. 

a, «2 

10. 

5x, lOx, 15x 

19. 

l4x2_V-, 21x2y 

2. 

b\ 62 

11. 

2x, 4x2, 5 j|,3 

20. 

^YqXy \(ipr 

3. 

6«, 9a 

12. 

Aaby 6a-b^ 

21. 

2x2, IfyyZ ^ 

4. 

8x, 12x 

13. 

a^by ab^ 

22. 

9a2x2, 15flx2 

5. 

xy, xz 

14. 

ab^y a^b^ 

23. 

d^y «2 

6. 

ab, be 

15. 

mhy a^l^c 

24. 

abc, bedy eda 

7. 

ab^, a^b 

16. 

9aWy \2a^b^ 

25. 

x2y, 2xy, 3y2 

8. 

a^y a^ 

17. 

15x^2^ 18x^y2 

26. 

8a2, 12a6, 20a62 

9. 

a, a^y a^ 

18. 

12, 3<3, bob 

27. 

6.V*, 9x2, 12x2 


28. 2ah, 6bc, Sbed, lOabc 

29. 6a% Sfb^ \2ab\ 10^* 

30. xV» 

31. x\x 4- 2), x^, x{x + 2)2 

32. x{x + 11)^ Ax + 1), Ax + 1)(^ + 2) 

Fractions 

In Arithrretic, to simplify a fraction such as we diride 
both numeratriT and denominator by the H.C.F. of 30 and 48, 
i.e.i6. I 
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30_^^6_.5 

•• 48 48-^6 8 , 

< This is usually shown 'thus: 

Jrf _ 5 ’ 

8 

8 

, Similarly, in Algebra to simpHfy a fraction such as 

divide both numerator and denominator by the H.C.F. of 
ah^ apd i.e. ab^. , 

ab^ ab^ ab^ • h 
'' ac^ 


i 

This is uspally shown thus: ■ 


' I b 

(tl^ _ 1 ^ A 

flxTxc* ac* 

a 1 


With experience the intermediate step 
omitted. 


_1 

a X I X 


may be 


Example: Simplify 

4a*s 

6- ^ 

9xy^ 

-2b 
' 3y ■ 

1/ 


' 

2 X 

J^b 

1 1 

Expression 

— 


¥ 

-HJ' 

« 


1 

3 1 .V , 

1 1 


2 X a 

X X 

X b X 1 X 

1 


1 X 3 X 1 

: y X ~1 X 

1 ' 


2axb 

•> 

>1 


— 

“~3y 

■ 
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« Exercises 27 


Simplify:, o 


1. 

2a 

13. 

' . 

i 

25. 

(xyf _ 


46 

—x^ 


xy 

2. 

6a 

3 

14. 

X 

26. 

{■-2ab)^ 

2ab^ 

3. 

—5x 

15. 

—x^ 

3x^ 

27. 

xy + xyz 
xy 

4. 

66 

—3a 

16. 

\2}^y * 

3xy 

28. 

— 'Sa^b'^c 
—abc ' 

*5. 

ax 

bx* 

17. 

46 

-2(3^ 

29. 

— 3abc 

6. 

y 

18. 

a 

Sa^ 

30. 

a^bV ' 
(abf 

7. 

—ab 

—ac 

19. 

^x 

31. 

5 <*'+>’) 

• 5 

8. 

2xy 

5A:_y 

20. 

—xy 

xy 

32. 

3jr(fl + 6j 
—6x 



2L 

2(-2x) 

33. 

fl + 6 


y 


6x 

-(fl+~6) 

10. 

a 

22. 

6x 

34. 

(a’^bf 

a%'^^ 


x^ 

23. 

5^2 



11. 

—xy 

-5«2 



12. 

Sab ^ 

24. 

3aW 



r6 

12^26 




Exercises 28 
1. Write down the reciprocals of: 
‘ . 1 . . a 1 


5 
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Jrimplify: 

^ 1 

2. XX - 

X 


X^ X 


4. ^ X — 


—a’ X. 

6. X ir ^ 

’ - X 


17. 


X 

a 

X 

1 *>7 

2«r^“ 


19. 


2 X 

8 . 2 


Zed 


Icd^ iab 


' 

a b 

22. 

— A’2 


7. 

L X 


~r — 


b ' a 


5’- 



d- 

23. 


2a 

8. 

1 X 

b <? , . 

146 " 
1 

" 762 


-a^ - 62 

24. 

ab 

he 

9, 

-1 X 

- X 

- X 

,6 a 


c 

a 


4x ■ 

20. 2aV)^ -r 4a-b 

21..8:c -X - j- 

• 2x 

X 

y 


ca 

b 



— a 6“ 

25. 

a b 

r 


10. 

-I X .. 


— 


6 


6 e 

a 


11. 

-a-2 - 

— X — . 

y X- 

26. 

a^b 

-62f2 

— c 
X 

a 

3 .. -< 

a 

12. 

a^b X be^ 
abc 

27. 

(-xf 

y 

-L 

X ’ 
X 

13. 

(2w2)(4w) 

28. 

4 1 

2 



~{-2mf 

a 26 

' ■ c 



— 36 

29. 

2Sa^b 

Zb 

. '46 

14. 

■ W ^ ?.ac 

1562c ^ 5a ■ 

• a2c 

15. 

6.^1 
{ 6x 

30. 

(-2xyf 2(-xf 

-3*2 X V 

16. 

1 

31. 

6c 

156 

26^2 
3? ■ 

4a 

X 96c 

, 

i • 

' 32. 

4 



. 

^ \y^ 


-y 

6x^ 
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Lowest Common Multiple {L.C.M.) ■ , 

Consider the expressions and 

Any expression containing as a factor^fis a multiple of 
x^y^, e.g. x“y^ X x, i.e. or x^y^ X i.e. x^y^z, or 

y, 2 y 2 2y^, i.e. 2xy^, tc mention only three. , , i 

Similarly, any expression containing xy^ as a factoi* is a 
multiple of xy^^ e.g. xy^z or 2:>^y^ to mention only three. 

A multiple common to both x^y'^ and xy^ must contain the 
factor and also the factory*, h hr exanaple, x^y^, 
x^y*, etc., are all common multiples of 'x^y* and xy*. These 
multiples are of degree 5, 6, 7, 7 resppctivcly. The coihmon 
multiple of lowest degree is x“y*, which is said to bo ihe 
Lowest Common Multiple (L.C.AI.) of x^y^ and xy*. 

Example 1: Find the L.C M. of 18xy^^ and 12x“y. 

The L C M. of 18 a?d 12 is 36 . / , 

, X and x“ is x- , 

y-andy^isy'- ' . ^ ' 

and the L.C.M. must contain the factor z because is a factor 
of 18xy2;r. 

The L.C.M.’ of 18xy“;x and 12x2y is 36x“y“^. 

Example 2: Find the L.C M. of x(x d-1), (x 1)^ 

The icquired L.C.M. must contain the factors x and (x -f- 1), 
since it is to be a multiple of x(x -j- 1). 

Since it is to be a multiple also of (x + 1)“, it must contain the 
factor (x + l)^, and similarly, since it Js to be a multiple of x^, it 
must contain the factor X“. 

I 

The required L.C.M. is x-(x 1)^. 

9 . . . ' 

Example 3: Express the following fractions with lowest 
common denominators : 

» * a 3b ' 2c ^ 

' y Si 3a 

D 
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A N^W COVRSE in algebra 


.The L.C.M. of the three denominators, 5r, 3a is \Sabc. 
Each fraction is now e^^oressed with \Sahc as its denominator. 
The denominator h of the first, fraction must therefore be multi- 
plied by \SaCy and so, of course, must its numerator. 


, on JO A Juu yuu- 

Similarly, ^ Tl =, c^T. 


a 

a X 15ac . 

ISaV 

b 

b X 15ac 

^5a6c 

3h 

3h X 3ah 

9a62 

3c 

5c X 3ab 

15a6c 

2c 

2c X She 

106c2 

3a 

3a X 56c 

15a6c 


Exercises 29 


1. State any 3 multiples of 2a, ^ah, ^ahc. 

2. State any 3 multiples of a\ 2a^, 6aV), 

3. State any 3 common multiples of x, and xy. 

4. Stat^ rny 3 common multiples of 2x^, and 6xy. 

Find the L.C.M. of: 


5. a, 2a 

6. 2a, 3a 

7. 2a, 3b 

8. ix, 6y 

9. bx, \Sy 
10. 9x, 15.V 

23. a^b, ah^, ac^ 

24. xy^, x^y^, 

25. 4^’*^, x^y^, (ixy^ 


11. 2x, 4.V, 6a’ 17. 3a, 15a^ 

12. 3a, 66, 9c 18. 4a^, 6a6 

13. a, a2 19. 12^6^, ^a^b 

14. 2a, 3a’" 20. ^xy, \^x^y^ 

15. 6a2, 9a* 21. ab, be, ca 

16. x^, 3:x:, 2x^ 22. 2ab, 3bc, Oca 

26. (x -j- 1), (x + 2) 

27. x“, x^, (x 1)2 

28. x^{x -f 2), (x + 2)2, ^ (x+2f 


Express with lowest common denominators: 


'29. 


30 . 


a a 

3’ 5 

32. a. 


a 


3^ 4 
ia’ a6 

33. 5^, 

a ab 

"j 

2 3 

jc’ *2 

34. 


b a 
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35 . 


36 . 


37 . 


38 . 


3a 5 

be 

c a • 
Uc 

2x _5_ 
2>y^' (>xY 
1 2 3 
a a^' 
n A 


40 . 1 , 


nhc 


ft 6 c ^ 

2/* (3'':cj;)2'^ 
1 2 


42. . — : 


39 . ‘ ^ 

b c 


43 . 


44 . 


a; A? -(“ 1 

^ i 

x+l\{x + '\Y 

• 2 • 3 


i(jc +.1) ^“(^ + I.)*** 


Addition and Subtraction of%Fractionl 
• . ■ 

In Algebra, to ad(^or subtract fractions, we proceed in tht 

same way as we do in Aritjimetic, i.e. we express the fra»tions 
with a common denominator, usually the lowest commonT 
denominator? ^ . 


■1 - 1 - \ 


3x4 


M 


1 

a 




1x41x3 

, _ 1 X 1 X a 

3 X 4 4 X 3 

a X h, b X a 

4* 3 . 

b , a 

3 x ^'^' 4 X 3 

j ab ba 

4 + 3__r71 

1 • h -f- a 


ah 


2 X 


.2 I 4 
*S T- 5 


3 X 5^5 X 


X 3 
3 

2 xj5 + 4 X 3 
3 X 5» 

■10 -f 127 
i-iV] * 


a X 

bxd'^ 
ad cb 
bd db 
ad cb 
> "~bd~^ 


c 

d 

i X b 

dxb 



►8 ' A N^W COyRSF IN ALGEBRA 

2 4 ' 3 

‘Example: Simplify ^ 

The lowest cd amon denommator is 3 xy. 

2 _ 4 3 _ 2v . 12.V 9y 

3 x y .V 3:^3’ * 3 ji: 3' 3:^3 

2y — 12x -I - 
3.VV 

_ Hr - 1 ?a: 

' < 3^-~' 


Exercises 30 

Complete the following: , 

.a 3a 


9a 3a 


4 " 8 


12a 4y 

2. ^ = -2 = 7-- io- 

a lax 

^ 4a: 3^:^ ' o 


y yz 

. X 2x 

■ 3>'‘~ “ 3j 

_ a ~a 

h = - 

. a --a 

-h “ 

— a a 

«• :^/7 


3a:2 _ ' 

11. 

2«“ - - T, 

A3’- 



Sx- -2x 

12., 

1 — a: 

3x2 - - 


13. 

4x — 2x 


6v 


—\2a%c 

15. 

9xy 

(-2«)^„«« 

\6a^‘b 


^^implify; 

17 ^ 4- - 


3 4 



69 



30. 1 - " 
b 

2 3 

47. 

«-' + 
5 2 

5 

2a 

3 

31. “ 1- 
a b 

^ 5 i 

48. 

3/ + y " 
4 3 

~2v 

2 

32. - - 

.vv y 

49.' 

3a 4a 


4 5 

• 

2 3 

4 

33. , - - * 

X 

h 

50. 

— 

.YV X 

3 5 

y 

2 

34. a-- 

a • 

51. 

lx X 

X 


• 

1 1 , 

1- 

35. - 4- • 

, 2a- 

ft 

52. 


cy 
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1 


53: 

54. X + 


3 

ab ^ 6 


u- 3 _ 2 , 1 

al 'c ica ■*' cab 

'56. .i_?? + 33: 

xy _y '.or 
2x 

59. 1.+ 


a 

2a 


Aft “ I ^ 


4^ 

i2k 


61. 




62. 


63. 


64. 


" 1 

^.-1 


1 


' y — 

, 1 ^ 
h 
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a 


b 

a 



..Chapter 10 
BRACKETS II 

The rules on pages 40 and 42 should be revised. 

In Chapter 6 we have considered the*use of single bjackets 
in expressions such as Za — 2(x — If we try to express 
with letters, signs and brackets, fivet^es the excess of 3fl over 
^(jc — j'), we find that we Require to use two sets of brocKets, 
thus: “ * 

5(3-^-2(^->0) 

To avoid confusion it is^better to use two diflfe/eiU forms of 
brackets and write the above expression thys : • 

5{3a - 2{x — y)} 

£xampl<«l>: Simph/y 2(5a — ly) — {3a — l[x — j)} 

Expression 10a — 4y — pa ~ 2x 2y} 

— 10a — 4j — 3a -j 2x — 2y 

— 7a 2x — 6y 

The different forms of brackets are : 

Single bracket (a — b) 

Double bracket (a — ^»} » 

SquAe bracket [a ~ b] 

Vinculum a — b 

• 

0 f ^ ^ 3 

Note that the line in ihe fracticci — ^ or r -in aSdition to 

indicating division, serves as a Vinculum. * 
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* - is the same as — A) 3 or J(a — b). 

_3 

r a -]~b 

♦ V/htn two pr more forms of brackets‘pccur, the best plan is to 
removt the innermost first.* 


is the 4‘Lnc as 3, -f- {a -f- b). 


Example 2: Simplify ,3[2ji!: — 4(2y — x ~ jy)]. 

,,ExpB:ssion = 3[2x — 4(2y — at + 3')] 

= 3[2a: - Sy + 4a - 4y] 

— 6a t 24jv 12a — 12y 
= 18a — 36y 


Exercises 31 


6 . a(x — 2) + 3(a — x) 

J, x{2x - 3) - 3a(5 - 2a) 

8. x(y — z)— y{x + z) 

9. fl — 


Simplif3r:,^ < 

1 . 5a -h (3ai— 2) 

2. (2a -f- ’S) 

3. a — a — b. 

* 4. a — b — a-]- h 
5. 3(a 4- Th) - 2{2a + b) 

11. 2{a + 2b) -I- 3(2b - a) - 4(3« - h) 

12. a{b — f ) — b(c — a) — c(a — b) 

13. Sa 4" {3a — (zz — 2b)] 

14. '(3a — 23 ;,'' — {2a — (2a — 3 ;)} 

?5. 2[(a - 23;) - 3} -- 3(3a - y) 

16. 2aipM - h) - 2b[b -(a- b)] 

17. 3[2(a^j-~1)] 

is.fit[3t-i 2] - 6f2 • 

19. 5a — 3[2a (a — 2a — j)]. 

‘ Find the value of the answer when a —2 , 3 ~ ‘1. 
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2/z2'* 

20. 3(fl2 - 62) _ 

» i 

Find the value of the answ<?r when a = — 1. 

21. ?[2a + n -ld]. 

What is the value *of the answer when n = 10, A — 1, 
d=-2} 


22. 

a{a + b - 

-a}- b{b - 

~ a — 

b). 

^ » 

P'ind the value of the answer* 

when a ^ 2 

Complete the follow’ing 

m 


• 

53 , 

x — y + 

Z ~ X — ( 

• 

) 

* 

24. 

X -y y — 

= A’ + ( 


) 


25. 

5a^ + 

-6 4= 5^:’+ 3( 


. ) 

26. 

3a“ — 

+ 4 =- 3^^ - 

-4( 


) 

27. 

ab A- 36 -j- 3c — 

a( 


) + 3(, 

28. 

ab — ac - 

- 3b + 3c*~ 

a{ 


)-3( 

29. 

^3' + *v - 

■2y 2 ^ 

i 


)-2(. 

30. 

ab - 

- ac ~ be 



)-< 



Chapter 11 

SIMPLE 'EQUATIONS 

In Chapter 3 we^saw one way in which to solve easy equa- 
tions. Since the unknown number we -were tryihg to find 
was alWays of the first degree in the equation, the equation 
was called a simple equation. We now proceed to show the 
general wty in which such an equation can be solved. , 
«In an equation such as 3jr — 2 = 8 — .v, we speak of the 
two pjrts, on either side of the si^p =, as the sides of the 
equation. 

The left side is the number Zx — 2. 

I’he riglit 'side is the number 8 -- .v. 

«l'he equation states that these two numbers are equal. 
\^nen two numbers are equaF, if we: 

, « (1) add the s{ime number to each, 

(2) subtract the same number from aich, 

(3) multiply each by the same number. 

(4) divide each by the same number, 

then, in each case, the resulting numbers will be equal. 
Thus : 

(1) If a: = 8, addi'^tg.^ to each side will leave the rcsult- 
in'g numbefs equal. 

» + 2=-8 + 2 ‘ 

(2) Subtracting 2 from each side w411 also leave the 

rcsultirg numbers equal. ^ ^ 


X — 2 8 — 2 ' 

74 
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(3) On multiplying both sides by 3, the resulting num- 
bers will l^e eOjUal. * 

3jc = 8 >; 3 
i.e. 3x = 24 

I 

(4) On dividing each side by 2, the resulting numbers 

will be equal. . * 

, X 8 ' 

2~‘2 

* 

“ ^ A * 

i.-c. 2 = 4 _ 

♦ 

Example A : Solve* x — 5 -- 11. 

•jc-5 = 11 ' 

Add 5 to (ifech side. 

4 * » • 

[Note. Any number could nave been chosen. 5 is chosen so that we 
ivill be left with x on the left-hand side ] , * 

x-5+*5=l\ -1-5 
i.c. .V = 11 +5 
= 16 

?heck (or Verification) 

When x==\(). 

Left side of equation, i.e. oc — 5 -- 16 — 5 

= 11 

Ri^ht side of equation ==11 

Left side = Right side 

jc = 16 is the correct solution. ,, 

# 

£xample*2: Sqlve 3 jc + 4 — 14 — Zx;. 

. 3:r + 4 = 14 - Zv 

Add lx to each side. » 

.* 3x-]-\ -f Zv =*14 Zc + 2:t 
* i.e.’ 5x 4*— H * 




« • Solve, showing all the steps, and check your solutions: 


1. 

aH- 

3 = 

7 

6. 

4a - 

16 ' 

11. 

20 - - 

-4a 

2. 

A — 

5 =- 

9 

7. 

3a- 

0 

12. 



3. 

31-] 

- A - 

- 8 

8. 

8a - 

24 


5 


4. 

A — 

3 = 

-4 

9. 

3a — 

-15 

13. 

ix=- 

-2 

5. 

A — 

1] 

- 61 

10. 

-2a 

- -12 

14. 

},x = - 

-2^ 


15. 3x - 1 - 2 -- 15 21- i)-2x 3 i 

16.. 5x - 3 - 22 " 22. -2-5:r = 6-25 

17. 13 = 3a* + 1 . 23. 2x ~ 1-5 - 5a 

‘18. 8 - 2a = 3y + 23 24. 6a - 17 = 4 i- 3 a 

19 . - 7 = 3 25. 6a - 1!) - 2a -[- 25 = 0 

20. 4 - 2a - A - 2 

0 

Vl’onsider the equation « 

• ' • 2a - 5 =1 9 + A ' 


(*1) 
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In solving it we fir^rt subtract x from eatili side. » 

:! 2a; — 5 — = 9 + rr — a’ 
i.e. 2.v-5-*--.y 1‘J . . . (2) , 

If we compare equa,^ion (2) with equation (1)» \\e sl^ iha^ 
equation (1) has two terms on each side, whereas equation (2) 
has three terms on the left side and one term on the right* 
side, and also that equation (2^ coukl hal^e been obtained 
from equation (1) by moving the term -1-a; from the right sieje 
to the left side, and at the same tin/e changing its sign. 

If to each side of equation (2) we -add 5, we get ^ 

A 

, 2v.-5-^.vH 5^-9 + 5 

i.c. 2x -- .V --- 9 -f 5 » (3) 

Equatiori*(3) could have been obtained from equation (2) 
by moving the term — 5'*from the left side to tAe right side, 
and at the same time changing its sign. * , ^ « 

Hence any term of an Equation can be moved from 
one side of the equation to the other, provided the 
sign of th^ term is changed. “^Jhis moving of a term from* 
one side to the other is called iransposmg the term. 

Note: If in the course of solving any equation we obtain an 
equation such as 16 == 4a’ we can write down at once 4a; — 16. 

Example: Solve 8a — 10 — 5 + 2a. 

• Sx — 10 5 + 2a 

Trinsposc the a term to the left side, and theiconstant term 
to the right ^ide. 

8v-2v = 5-fl0 
6a - 15 
• 15 

•= 2J 
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When X =■- 2-J, • , 

^ , Left sicle*= 8 X 2J — 10 
* = 20-10 
= 10 , 

Right si^e = 5 -1- C X 2^ 
= 5 + 5 
■ = 10 

Ldft si^e = Right side 
X = 2\ is the correct solution. 

C 

c . Exercise^ 33 

« Solve, and check the results in each case: 


1 . 3il + 4= 10 
•‘ 2 . 2jc - 5 = 7 

3. 3 + 7^v.= 10 

4. S:v + i(i,= 0 

d-Jt.- 6 = 0 * 

6. 2n + 5 = « + 7 

7. 5« — 3 = 4« + 8 

' ’8. 7 - 3jc = 2jc + 12 
9. 5 + 7jif = 8 — Sjc 

10. 3a: + 4 = 4 — 9a: 

11 . 3a — 9 = 21 — lx 


13. ‘r2A — 5 = 6a — 14 

14. 5a + 12 = 3a — 5 

15. 4 + 3>; = 2*- 53; 

16. '15 + 6a ~ 19 = 3a 

17. 2(a + 3) = 10 
‘18. 5(1 - 2a) = 15 

19. 3(^ - 2) = 0 

20. 4(5 + 3a) = 2a 

21. 1 4- 2(a + 3) = 7 

22. 3(7a - 4) + 2a = 11 

23. 5 + 4a = -11(5 + a) 

24. 4(2 - a) = 5(1 - 2a) 


12. 18 + 5a = 8a + 33 

25. 7a - 6(a - 5) - 42 = 0 

26. 3* -f- ( 2 x - - 5) — (3* + 2) = 0 • 

27.. 2(x - 1) - 3(2* - 5) = 3 

28. 3« 4- 5(8 - <) = 24 - 
•29. 10(2* 4- 3) - 8(3* - 5) 4- 5(2* - 8) = 0 « 

30. 6(!c 4- 2) - 3(* - 2) = 18 

31. 2(y + 3) = 3(2j-5)+5(:»-- f) > 

32» 9* 4- 4(1 - 3*) = -4 - 6(* - 1) 
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35. 3{2x - 3) - 2(5 ^ 4jc) = 2a: - 1 ' 

36. 5a: - 4(.y + » = 8 - (2 - 5 a:)* ‘ 

37. 6(a: - 3) - 4(^ - 2) = 37 - 3(a: +ii); 

38. 2(x - 1 J)‘= 6a: + 30(a: - 12)* 

39. 3(2a: - 1) - -{^•3) = 2(4 - a:) 

40. a:(2a: + 5) — 2a:(a: — 3) = 22 

Prove that : 

41. 4a: + 8 = 3a: -f- 10 when a: = 2 ^ 

42. 19 6a = 2a + 7 \yhen a = — 3 

43. 6a — 13 — 12 — 5a — , wheif a ~ I j 
4^. 4(Aj— 3) = 6(2 a — 1) when a — — J 

45. 24 - 4(‘a - 2) = 18 •- 2a when a - 7 

46. 3(20 -|- 3a) ~ 5(2a + 13) = 0 when a = —5 

47. 6 — 3(^— y) = 10 — 2(3y — 1) whenj» =»2^ 

48. 2(w — 3) = 2u -|- 27*— 6(2 — n) when u 3J- 

49. ^ — 1 = 2(3 — <) — 6 — 2/ when t = I • • • ' 

50. 6(3a — 5) + 5(6 — 5a) = —9a — 12 when a “ —6 


Equations with Fractv^ns 


Example: Solve 2a + 7 = 

We begin by clearing of fractions, and to do this multiply both 
sides by 15, the L.C.M. of the two denominators 3 and 5. 


2a 15 + 7 X 15 


5 

4 a + 5 n 
*^-1 



3 

15 

1 . 


1 !• 
30a + 105 = 5(4a -I- 5) - 3(a - 5) 
• 30a;+ 105 = 20a + 25 - 3a + 15 


Transposing, • 

30a*- 20a + 3a =*25 -f 15 - 105 
/3 a = —^5 • 

* A =-- -^5 
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Che^k. 

When a; - -5, 

LeftV:Je = ^(-5)‘+7 

= -10 + 7 

^ === -3 

„■ U -J 4(-5) + 5 '(-5)-.S 

Right side = - ^ — ^ 

, ,-20-1-5 -10 

*■" S 5 • 

‘ —15 * 

= -5 + 2 • 

= -3 

Left side = Right side 

jc = — 5 is the correct solution. 


Exercises 34 


StVe: 

•‘ 2^3 • 

2, ^-^" = 2 

• 3 4 

3 ^ - 1-1 

3. 4 + 2 ~ 1*2 

4. lx-lx=-l 

X X ^ _ A 

* . 2 “ 3 ~ 4 

6. 2a: -1^=7 

‘ 7. \x - I a; - 2a: = 18 

9 /|* H. 41 = 18 - 5 * 

,10. if — , =bl—x 


n. l -f 


4 - S 


3*2 * 

12 . ^ = 5 

a: X 

13. =6 

X X 

U*-2=5- 
3 .V 

6 a: + 3 ^ 

15. ^ - - U 

y le “ 2y ^ 

17 ^ 1 — 

’• '4 “ *3 ' 


OC I H 
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19. = 3 * 21. 

4je , *4 

20. * 

4 6 

22. :1(4a; - 9) - J(5jc * 1 - 12) = 3x 

23. i(^ - 4) }^{2x - 3) + iCx + 4) = 0 

X + 2 X — 2 _ . 2x • 

"'3 . 2 ~ 3 ^ 

25. ?*’-l_* + '^=.v-2‘ 

a6. 3*7"-=’ ^'* + 5 


2 


27. 


3 — 


= i3 


3 - 7x. , 

3x “ 2 

1 

-fo + 

'5" 

10 

J'-l ^ 

> 3 ; ~h 2 

7 

4 

5 

" 20 . 

4x- 1 

2x - 3 

9x — 6 

4 

10 

~~ 5 

2 x — 1 * 

3x -f 4 

x-4 

_ 

15 

30 


29. 

30. 

31. 


32. 

3:v — 7 ^ — 3 _ 4x 

" 10 , “ 3 ■" 9 

34 3* -:.l 2/ + 3 _ 

'**■3 3 . 

35. 3* + ^ + I = 0 


36. T- 11.= 2d-?- 7 , 


2x 

3 


Si: — 1 *5 + jc •_ 2x — 3 

37.^—^ 31 - 


X _ 11 • 

3 “ 15 
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38 /«"^y- 4 : 


7(^4) 

■ . 10 " 


3 

5 


2u — 4 2fvv-r 26 - ‘ 3 m + 5 

39. ^-3- - 5 - - -2- - 

40. . + J) - HI - 2x) = J(2^ 1) 

5^-2^ 1 -4* '; ,1 

41- '• 3 - +X = --2 - + 4 

42. 1(3* - 1) + 1(2 -5*) _ !-(* + 5) ,+ 4 = 0. 

43. 0-2. - 3-5 = 2-8 - 0-5i . 

44. l-2(3-5 - 2*) = 0-6(3.v - 7) 

45. 0-.r>(2* + 3) + 2(0-3* - 0-8) •= 7-4 
^ X — 2 4x — 6 

"54 - d-S -=29 . 

4r. 0-5(23; - 0-3) = 0-3(33; + 0-7) + 0-54 
48. i(^~i).-K3^-2) = K^-ll) 


Lhe^l Equations ^ 

Example: Solve =. 2. 

In such an equation we legard x as the* unknown/ and we try 
to find its value expressed in terms of a, b, c. An equation like this 
is called a literal equation. In such equations the unknowns are 
usually letters from the < iid of the alphabet, while the other letters 
are fiom the beginning of the alphabet. 


a{x - _ 2 

t c 

Multiply both sides by c, » 

“(*-*) X 1 = 2 X 
1 

» • a{x — h) — It 

*, ax — 'ah = 2c * 



Transposing, 


Check. 


SIMPLE EQIiATIONS 


ax =• Ic + ab 


• 2c + 2c 


When X = - b, 
a 


Left side = 




Right side — 2 

2^ ^ 

/. X = - ~\‘ b iS the collect solution. 
a 


Exercises 35 


Solve : 

1. jc + 5 — a 

2. X — 7> = b 

3. bx — a 

4. ax b ^ ^ 

5. f? = J ‘ 

a 

6. ~ — b c 

3 • 

7. a b $ 

8. 3a: — c ab 

^ X — b » 


10 . -2-'- + ' = c 

a 

11. ^(a: — b) = be 

, 2 . ^+''=^+1 
* a a 

.13. “ + * = !• 

a: 

14 . = • 


a 



REVISION PAPER.S 11-15 

^ « 

Paper 1 1 

1. Simplify, and arrange the result in ascending order, 
3 ji ’ 2(2 - x') - 4x{x -- 3 ) -» {2x-^ - 5 ). 

*' What IS the value nf the answer when a.’ — - — 1 ? 


2*. ,Sinlplify: 

, , ah rt- 
• r ^ be . 

(ii) ^ (an,f 


... , 6r^ -^ h 

-(-hf 


4 

‘ \ 

3. Solve: « 

‘ • (i) 3x + 7=2 - ♦ 

(li) 5{t - 3) - 3(5 - 3t) - 8(+ - 5) 


9a 

b 


4. Simplify: 

0) 9 H- 

(n) + 


a a 
'3 ~ 4 
3a , 

■ 4 '■ 


4a 

5 


« 


(hi) 1 - 


3« + 2 

15 


a 

3 


5. Simplify : . 

(i) 5^3^: — 2 (:j£: — j)] , 

(ii) 5[3(v-2^-v)] 

I 

6. A man sets out on a journey of 100 'miles. He travels 
foii5 hr.fat a m.p.h. What must’ his speed be in m.p.h. if he ‘ 
is to complete h's journey in i hr. ? If his speed is 30-2' m.p.h., 

’find the value of a* 


84 
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Paper 12 

1. Simplilfy 6x — 3[2a: — 4^5 — (a: — 3)} -f- 15J- 
Find the value of the answer wllcn .r —*—2. 


2. Simplify: 

, • 3a: .V 1 


3 2 5 

(hi) H- - ; 
a ill a- 


3. Solve: 


• 3v 

(') \ - 1 


2 - 3.«,- 


(ii) J(4 .v-|-5)-J(2-5,v) + 8 = 0 


4. Simplify: * 

, - d^b X -hc^ 

(') 

(u) X 7 X -’■ 

' t r“ . 3x X 




5. If y 5 -| 2.V — 3x% complete the following table 
giving values of r for various values of v: 



• I 

6. A man buys, a: jotters for a shillings, and sells them at 
b pence each. Find an expi*ession for his gain in pfjnce.*. 
What fractipn is thhs gain of* his ^ost Pric^?/ 

¥ind*the value of this fraction if x = 60, a = 30, b — S. * 
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*' Paper 13 

1. If X = 3ay y = —2a, find, in terms of a, the value of: 

(i) {2x -i» (^ ^ y) ,..-v 6:c +. 3j^ 

^ ^ ^ (ii) V(x — yj(3x -i- 2y) ^ 1x—3y 

2. fiolve:' 


(i) X — 0*3jc — 1*4 

(ii) J(3*.-2).- J(f-3)= 1 

3. Simplify: 


’ - 2 + 

3n n 




4. From the sum of 5a^ — Aab 2b^ and 3ab — 2a^ — 3lr 
take the sv.iV of Sb‘^ — 2a^ and 6aft, — 3b^. 

5. If X == *-2, y — —3,z~ 1, find the value of: 

‘ ' (i) (3j' — zY -r (2jf)® , (lii) x^ y^ — xy — yz 

(u) y^ — 3xyz 


' 6, If tea costs x shillings per lb., and coffee is 2 shillings 
per lb. dearer than tea, find an expressibn for the cost of 5 lb. 
of tea and 6 lb. of coffee. If the total cost is ^£5, find the price 
of 1 lb. of tea. 


Paper 14 

1. When a = —3, b — 2, c = —1, find the value of: 

(i) F ab — be - - ca 

‘ .... 

" a -I- b Tc - 
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3. Two sides of an equilateral triangle are respectively 
(3^ — 11) inj, and (22 — 3x?) in. • 

Find the perimeter of the triangle, in inches. 

4. Solve: * ** ' . 

(i) 5-6.r - 1*9 3-2^ + 3-7 ... 

(ii) 0-5(* - 0-25 - l-5(2Jt'- 04) = 2-5^3* + J) 

5. \i — Zx a = —2 when .r 1, find a, and then"* 
find the value of the expression pn the Jcft-Tiand side, when 

X = —A. * , 

. . .• • * 

6. Milk is bought at fi shillings* per gal., and sold at h 

pence per pint. Find an expression for the gain, in^shilliygs, 
oh c quarts. * 

^aper 15 , 

1. A rectangle is (2x -{■ 3) in. long, and (3x — 5) in. broadt 
If its perimeter is 2 ft. 2 in., find the value of x.* , 

What are the dimensions of the box^ 

Q , 2x -(' 3 3x ~ 4 . X 

2. Solve - — . • — 1 - 

5 4 3 

3. Simplify: , . , 

( 1 ) a{b -|- c a) — h(c a — b) — c(a — b ~ c) 

(ii) 3.\’(.\- — 2x + 1) — * 5) — 3(^r — 2) 

• 

4. (i) A wire / in. long has a part cut off and a length a 
in. remains. What fraction of the whole wire was cut ofi .? 

(ii) To a: gal. of milk, y gal. of water are added. What 
fraction of the mixture is milk? How much milk would there 
be in 2 gal. of the mixture? 

5. If 3(2:c — jy) = 4 — y{x .h 9) when y =^2, find the ^ 

value of 1 t- 2x — 3x^. • ■* 

6. A man buys'*x articles at s shillings each. He «sells a 

quarter of them at ’double their cost price, half of them at one 
and a half tirhes their cost pr^ice and the rest at half their cast 
price. Find an* expression for tfie total gain in shillings, and 
simplify* it. * 



Chaptkr 12 

■ SYMBOLICAL EXPRESSION 

it 

Example 1 : is an even number, write down the next two 

even numbers greater than x, ,and the next two even numbers less 
than jc*. , ^ 

If may help you to solvt a problem, such as this, if you think of 
any, even pumber in place, of x. ^ 

, Sufipose, for example, you think of 8. I’hc next two e\tn 
numbers greater than 8 are 10 and \2, anrf you know that 10 is 
8 + 2f, and that 1 2 is 8 -j- 4, so that the next two even numbers 
greater than 8 can be got by adding 2 and 4 to 8. If you now 
replace 8 the next two even numbers greater than x will 
be got by adding 2 and 4 to x. Therefore they are (jc + 2) and 
(r + 4). 

In exactly the same way, the ndxt two even numbers less than 
8 are found to be 8 — 2 and 8 — 4. Therefore the next two even 
• numbers less than x arc (x — 2) and (a: — 4). The five even 
numbers beginning with the least would be (a; — 4), {x — 2), 
.V, {x + 2), {x -1-4). 

Note: This method of w'oiking with a known number in place 
of a letter is often helpful at the beginning. Even so, only with 
experience will you get to know a suitable number to choose. For 
example, in the problem above it would probably not have been 
helpful in the second part of the problem if you had chosen 2 as 
the .even number ' 

Later, of course, you will he, able to w'^ork such problems using 
•!ette’-s only. , 

I 

Example 2 : If ^ exceeds a certain number by x, what is the 
niAnberi*® 

Think of the oumber 1>2 say for y, and 5 for X. The question 
now reads: If 12 exceeds a certain number by 5, what is the rium- 
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ber? Now 12 exceeds 7 by 5, so that the numbfer is 7, and 7 is got 
from the two numbers 12 and 5 by subtrjycting 5 from 12. 

Replacing 1^ by*_y and 5 by tlic answer to tjie original ques- 
tion is therefore- (jy — jr). • • / 


Example 3: A man b’iys a case pf apples containing x stones* 
for y shillings. He sells them at b pence per lb. Find his gain in 
shillings. 

To find tjie gain we must find the total cost price and the total 
selling price. * * 

'^Fotal Cost Price — y shillings 
Selling Price of 1 lb. — ^*pcnce ^ 

,, 1 stone 146 pence 

^ .Vj stones = 146 aj pence 

* N-ir- • 

= shillings 

^ Gain Selling Price - Cost Price / i 

146.V , , ,, „ 

~ shillings - V shilliijgs 

1 ^ » 




Exercises 36 

1. Write down three consecutive whole 'numbers (i.e. 
integers), if the least one is x. 

2. Write down three consccutivo integers, if the greatest 

one is V. ^ • 

3. Write <Jown three consecutive odd numbers, the kast^ 

being x. Find their sum. j 

4. Write down three consecutive odd numbers, the great- 

• est being x. * ‘ » ^ > 

5. Write dovfn three* consecutive integers, tihe. middle one 
bein^ n . » Find their sum. 
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f 6, If w — 4 an even number, if/hat is the next higher 
even number? r ^ 

7. Write daw/i three caisccutive even numbers, if the 
middle one is w‘— 1. 

« f 8, If n is any integer, what kind, of number must In be? 
9f If n is any integer, ^hat kind of number must (2n-{-\) 

* be? 

10. If the surr. of two numbers is .v, and one of them is 7, 
what ;s the other? 

11. If the difference 'of two numbers is jy, and the smaller 

one is 3, what is the other? 

* * * . 

12'. If the sum of two numbers is x, and one of them is y, 
whatsis the other? , < 

13. X is greater than a certain number by 8. What is the 

number? , 

14. What number exceeds x hy*y} 

^ 15. The fjroc^uct of two numbers is 15. One of them is x, 
\\^A't'is the other? «. 

16. When 20 is divided by a certain number, the answer 
iy q. What is the number? 

17. When a certain number is divided by 5, the quotient 
is a. What is the number? 

18. (i) What number, divided by 3, gives a quotient 5 and 
a remainder 2? 

(ii) What number, divided by 3, gives a quotient q and a 

remainder 2? ^ 

(iii) What number, divided by a, gives a quotient q, and a 
remainder r*) 

10. If a number n is multiplied by 3, and 5 is«added, what 
is the» result? ' 

20. Think of a number w. Add 3. Double your answer, 
aiii^ div/de the result by 5. Wh’at is the final aliswer? 

21. Think of a number w. Double it. Adi 3, and divide 

the answer by 5. What is the 'final answer? * ' 
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22. Subtract 3 fronr/jc, multiply the ansvter by 5, add 8, to 
the result, and divide the answer by 2." 

23. What fraction is obtaincxi by subtracting 5 from the 

^ ‘tit 

numerator, and from the denominator, of the fraction ? 

24. The number 34 = 3 X 4. * » 

What is the number which ha& 3 in the tens place, and x 

in the units place? [Note that this cannot be written 3:v.] 

25. What is the number, if x it in the tens place, ai\d y in 

the units place? • , * * 

26. What is the numfier which [las x in the hundreds 

place, y in the tens place, ^*in the units place? ' • 

27. If' a npmber r is in ^ the units place, and b in the tens 

place, what is the numbcY? * , , * 

What nuniber would be obtained by reversing the digits^ 

28. In a school with x nupils on the roll, ther^f nre b boys. 

How many girls are there? How many more boys arc there 
than girls? , , > ' 

29. A man does a journey of y miles by walking x miles, 
travelling z miles by train and taking a bus for the remainde;* 
of the journey. How far does he travel by bus? 

30. The average of a set of numbers is k. If there are n 
numbers in the set, and the number 10 is withdrawn, find the 
new average of the remaining numbers. 

31. If tvYp boys have x shillings between them, and one 
has 5i., how much has the other? • 

32. £1 is divided among threje boys. One gei% x shillings, 
the second 3,x shillings. How many shillings has the tim’d 

33. Coffee costs':ic pence per Ib., and tea y pence ^er Ib. 
Find, in shillings, the cost of a Ib. of tea and b Ib. of coffee. 

t 34. Coffee^costs x shillings per Ib., and tea half as much 
as coffee. Find,* in shillings, the total tost of a half-lb. packets 
of cflffet* and b quarter-lb. packets of tea. 
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35 . A man buys a 1-cwt. bags of 'potatoes, at ^ shillings 
per bag. lie sells all th'e potatoes at ^ shillrngs'per lb. F'ind 
his gain in shillings. * 

t ,36^ A motorist reckons that his, car docs h miles to the 
gallof.1 of petrol, the petrol* costing per gal. He estimates 
that other charges amount to j pence per mile. Find, in , the 
total cost for a yourncy of 480 miles. 

37. ^ A Inan buys x applet at a for a shilling, and sells them 
at h pence each. FinVl ,his gitm, in shillings. 

38. A boy has enough money to buy 20 bars of chocolate 

at A’ pence per bar. How many more bars can he buy, if the 
price of each bar is reduced by 1^? ♦ t * 

39. I’he total number of tickets sold for a concert is 6x. 
Of these vA cost 5^. each, 2x cost 3^. 6d. each, arjd the rest 2s. 
each. Fitid thc'total drawings, in,jC. 

4^/A mjfii n;;iixes two kinds of tea, x lb. at 5 j. per lb. with 
It .'at 45. per lb. He sells alkthe tea at 65. per lb. Find his 
gain, in £. 

41. A single ticket to a certain place costs x shillings, and 
a return ticket times as much as asinglc ticket. Find, in 
shillings, the cost of: 

(a) 6 single tickets and 4 return tickets. 

W 4 „ „ 6 

42. Divide £100 between 2 men, A and B, so that A gets 

£x less than B. , 

43. Divide £x between two boys, so that, for every 2s 6d. 

• onp.gets, the other gets 2s. ,, 

44.,, A man bought a articles at £x each. He sold | of them 
at £1 .Ja each, and the remainder at half their cost price. 
F^hd hi? total profit, in £. * ' < 

45. Divide £3x among A,' B and C'so that A gets £10 more 
than B, and B £10 more than' C. ^ * ‘ 
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46. A collection, amounting to £10, consisted of florins, 
shillings and six|iences. There wen ‘x florins, and half that 
number of shillings. I low maioy sixpences were there? 

47. A man buys an article for jf^Vand seifs it for £5. What- 

fraction of the cost pr.ice does he gain? ICxpress thi^ ijS'n 
percentage. , ' ' • 

48. In his will a man left half his estate to his wife, 1 to 
each of his two sons and the rest to charity. If £x W'aS left 
to charity,' what wan the value of the estate? 

49. For the loan of books a library charges 4r/, per volume 
for the first week, and 2^/.pcrwTck thereafter. A man borrows 

books, and, when he retuYns them, has to pay A* shillings. 
For ho’./ many weeks did he keep the books? Check your 
answer by putting v — 5. . ^ ^ 

50. 1 wd boxes weigh x lb. One is 5 lb , hca'iier than the 
other. Find the weight of each. 

51. A truck, loaded with 1-cwt. b,i 4 S of coal, w'cighs x toi s - 
altogether. If there arc y bags of coal in the truck, w'fiat is 
the w^cight of the truck, in tons? 

52. A crate contains ^-Ib. tins of cocoa. The weight of 
the crate and its contents is y lb., the crate alone weighing 
X lb. How many tins of cocoa ary in the crate? 

53. A bottle contains x oz. of wuter. If 1 pint oF wutcr 
W’cighs lb., w'hat is the capacity of the bottle in pints? 

54. g gal. of milk are sent to a school, v\herc there arc x 
pupils. Some of the pupils get I pint milk each, .ind all the 
milk is used. How many pupils do'not get milk? 

55. A clock gains x min. every 24 hr. If it i^y min. slow' 
at present, ‘n how^ many hours will it show^ the correct ihne? 

56. A rcctangle'is twice as long as it is broad. If it is x ft. 
broad, find its perimeter, in yd. 

57. What length of wire (^in miles) will be required to^put 
a four-strand wire fence round a square field, the length of 
each side of the field being JO.v chains? 
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58. The scale Of a map is 1 : 10560. What is the actual 

distance, in miles, between two places that are x in. apart on 

the map? i i- 

•• 

f 59. From a pifcce of cloth y yd. long, 24 pieces, each y in. 
lrong,,are cut. What length (in ft.) r/imains? 

60. * A metal bar I ft. lon^ increases* to a length of I ft. x in. 
*when its temperature is raised 100 Centigrade degrees. By 
what fraction of its original length does it expand, for 1 Centi- 
grade /legtee rise in temperkture? 

61. If 25 litres = 44 pints,'how many gallons are equal to 

2Qx litres? , 

• f ( 

^ 62/ The perimeter of a rectangle is 2x yd. Its length is 2x 
ft. Find its breadth in inches. , • • 

, 63. Two rectangles' have the sanie perimeter. The first is 
5jr in. long and 2x in. broad. The second is Ax in. long. 
Find the hiterence in their areas. 

^ 64. X c.c. 6f a«Uquid which weighs 1-4 gm. per c.c. is mixed 
wifh^i c.c. of another which wolghs 0*8 gm. per c.c. What is 
the weight of 1 c.c. of the mixture? 


65. A man is x years old. How old was he 5 years ago? 
How old will he be in 5 yeurs? 

66. A boy is x years old. How many years ago was he 5 
years old? 

67. A boy is 3 years older than his sister. If he is (x — 5) 
years of age, in how nia,ny years will she be x years old? 

68. A man is 24 years older than his son, who is x years 
old, . J^ind the sum of their ages. 

69. f\ man is 3 times as old as his son,'>vho is x years old. 
Find the difference of their ages. 

Ir 10 years a man will be 3 times as old as his son is 
now. If his f OK is x years now, find the father’s present age. 
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71. A man travels x miles at 30 m.p.h. How long does his 
journey take? 

72. A man takes y hr. to travel 50 mile^ Find his speed, in 
miles per hour. 

73. How many minutes will a man take, walking, at 
m.p.h., to walk J mile? ‘ 

74. How many miles will an aeroplane travel in 36 sec. if ' 
its speed is x m.p.h.? 

75. A man walks for x min. at 4 m.p.h. and rims for the 

same time at double that speed. Fine the total distance hb 
covers (m yards). " 

^76. An aeroplane travels *800 miles due East. Ih stMFair 
its speed' is x m.p.h and the wind is blowing from West to 
East at 30 m.p.h. How long will the journey take? HoV long 
will the return journey take if the wind remains constant iu 
speed and direction? 

77. How long (in seconcls) will it take a train, travelling at 
45 m.p.h., to pass a signal, if the train is x yd. long? 

78. A man expects to do a joiirnc) of x miles, at an average 
speed of 30 m.p.h., to just keep an appointment. His average 
speed is actually 2 m.p.h. less than he expects. How many 
minutes late is he? 



Chapter 13 

'pRc'iBLErvIS INVOLVING SIMPLE EQUATIONS 

Example 1 : A club’s anilual subscription was ^10 for town 
mcirbcrs and country members. If there were 90 more 

town members than country 'members, and the yearly income 
from subscriptions was! ^^2100,’ how many town members were 
there? 

Let X = number of town members 
Then (jc — 90) — „ country membefs 

Tot^l yearly subscriptions of town members 

=^10 X a: =- ^IOa; 

Total ycarl^r subscriptions of country members 

^ ^,6x (x~ 90) - £6(x - 90) 

Total yearly subscriptions — £10a? -|- £6(x — 90) 

But this total -- ;^2100 
£\0x 4- £6{x - 90) - ^2100 
lOx + 6(x - 90) 2100 

IOa- + 6r - 540 =--- 2100 

/. 10a + 6a - 2100 4- 540 
16a 2640 

/, A = 165 

Number of town members = 165. 

Example £: A collection consists of half-crowns and florins 
Qind .'^mounts to 3^8 2s. 6d. ’I'lie number of florins W{>s double the 
numbe^ of half-crowns. How many coins '-were there of each 
kind? 

' _ Let A — nurr*ber of half-crouns 

' ^ 2a = „ ‘ florins. 

Total collection =- a half-crowns 4- 2a florips , 

96 
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But „ * =£S 25. 6d. 

X ^lalf-crowns + 2x florins '■*= £8 2s. 6d. 

5x sixpences + 8 a: sixpences — 325 sixpences 
5a: -1- 8jc*— sTS ' 

, 13:v--325 

• .'t.x ~ 25 

* Number of half-crowns — 25. 

/. Number of florins = 25 X 2 — 50. 

, » ^ » 

Example 3; An aefoplane did ascertain journey between two 

owns at an average speed of 500 m.p.h. ,(>i the return journey it^ 
Lverage speed was decreased by 100 m.p.h. If it took 45 min. 
o^ger on the return journey, fold the distance between /^Te tfjvvns. 

Let • X miles — distance between the towns 

• ^ % 

• X % 

Time taken for journey df a: miles at 500 m.p.h. r= hr 


n 


” M , ». 400 ,f V 

X X * 

hr. is greater than hr. b\f 45 min. 
400 • 500 


-'hr.- * hr. = 2hr. 


400 


500 


hr 



3 

4 


Multiply both sides by 2000, 

/. 5a: - 4a: - 1500 
a: 1500 

Distance between the, towns = 1500 nfiles. 


Note: In solving^problems : 

1. Choose a letter, say x^ to stand for a number in jhe 
problem wfiich is unknown. Do not let the letter stand fftr 
a number of ^hingSj i.e. a quantity*. For irAtance, in Ex- 
ample aJ)Ove it would be wrong to say: Let a: == the 

E * • 
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•distance between the towns, becaiise the x might refer to 
miles or furlongs or'yards, etc. Similarly, if in a problem 
the question wjs “Find the cost of the tea”, it would be 
wrong to say :* Let x = the cost of the tea. 'Fhe x must refer 
‘ • ta pounds, shillings or pence, et^:., and the weight of tea 
mlist be stated. A correct statement would be: Let x shil- 
lings — the cost of 1 lb of tea. 

2. As shown abo,ve, in Example 2, 

■ ‘ • 

X half-crowns + 2x florins = /8 2^. 6d. 

* t 

is a correct equation, but, before proceeding to solve it, we 
»j?fprc43 all the terms in the same unit: 

5a: sixpences -)- 8.v sixpences “ 325 sixpences 

and then* we can Vritc an equation containing numbers 
only, namely: 

' ''' ' 5a: -I- 8a: =: 325 

) 

Exercises 37 

1 . The sum of two consecutive numbers is 33. Find them. 

2. I’he sum of three consecutive numbers is 54. J'ind 

f 

them. 

3. A certain number is .doubled and 6 is added. The result 
is 30. P'ind the number. 

4. From fl'^e times a certain number 10 is subtracted. 
The result is 55. hind the number. 

5. The sum of three consecutive odd numbers is 63. Find 
thsm. 

6. Two-thirds of a number e.xceeds a quarter of it by 15. 

■f nfd the number. ‘‘ 

7. "The sum of two numbers is 63. The first is 6 times the 
second. Find the numbers. 

* 8. 'Fhe result of subtracting ’19 from three times a certain 
number is the same as subtracting the ntmber from 37. 
Find the number. 



PROBLEMS INVOLVING SAMPLE EQUATIO]^S 99 

9. sum of three numbers is 66. THe second number 
is twice the first, and the third exceeds the second by 6. Find 
the numbers. » » 

10. A certain number is multiplied by 3 ahd 13 subtracted 

from the result. The ayswer is now divided by 7, an,{i the# 
final answer is 5,. Whai'is the number.^ * • 

11. The difl'erence of two numbers is 13. Their sum is 35 ^ 
What is the smaller number? 

12. From the numerator and dcnomiViator of the fraction 
I \ the same number is subtracted ar\d»thc resulting fractioil 
is J. What IS the numbci*? 

^13. What number added to the numerator anil ty the 
denomiiJBtor of the fraction j. makes it equal to j'q ? * 

14. Prove that, if you tliink of any nymber, multiply* it by 

4, add 6, divide by 3, subtract 2 and take J of the result, th^; 
final answerVill be the number itself. , . ^ 

15. One boy has 5 timel as many marbles as a^second boy. 
If the first were to give 18 marbles the sec»5nd, each 

then have the same number.* How many marbles has each? 


16. A man bought x lb. tea at 6s. per lb.,’ and (.v -j- 5) lb’, 
tea at 5s. per lb. The’total cost was £9 10^. Find x. 

17. A man bought 25 plants, sojrie at H. 6d. each, and the 

rest at H. each. The total cost was 33^. llow’ many did he 
buy of the dearer kind? ^ 

18. A certain number of eggs was bought at 4s. per dozen, 
and three times as many at 35. per dozen. If the total bill was 
£3 5s., how many dozen eggs wTre bought altogether? . 

19. T w'o boys have 65. 8d. between them. If Aie first gave 

the second t5. 6d. they would each have the same amwjflr* 
How much has each? i 

20. Divide a guinea between two boys so that the second 

I has 35. 6d. m6re than the firs^. » 

21. A and H togethei' have ,^35. If A gave P»;C14 he would 
then*ha\t £5 less than B, IIow^ much has’each at present? 
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512, Divide £460 among A, B andiC so that B has £50 
more than A, and C ascjnuch as A and B together. 

23. After spending of hisr-money a boy Vound that he had 
left 5^. more thali | ot his money at first. How much money 
had l?e.? 

24r A man buys 46 books, some jfc 12^. 6(1. each, some at 

»^10^. each. I'he total bill \yas £25. How many of each kind 
did he buy? 

25., A man buys x articles for £10. He sells a quarter of 
{hem at Ss. each, 30 aft 4^. each, and the rest at 2s. each. His 
total profit is £3 10s. Find x. ^ 

26? s florins + (s -|- 11) shillihgs = £2 10s. Find s. . 

27. ^ A sum of £2 11s. consists of half-/''.rowns «md Shillings. 

There are 30 coins altogether. Hdw many are there of each 
kind? , 

28. A liilrcr Collection amounted to £3 12s. 'There were 
florins, shilKngs and sixpences, the number of shillings being 

‘t\^ ice 'the number of florins, qnd the number of sixpences 
twice the number of shillings. How many coins were there 
of each kind? 

29. The subscriptions to a tennis club arC: Adults, 5 
guineas; Juveniles, 2 guineas. 'The number of juveniles is 
30 less than the number of adults, and the total subscription 
is £525. How many members arc there in the club alto- 
gether? 

30. At a fair a boy pays 9d. for 12 shots at a target. He 
receives back 6d, for 'arh hit. He misses 30 times, but at the 
end of the shooting finds that he has 9d. more than when he 

..st^j^ted. How many hits dief he make? ^ 

31., A load of 3 tons is composed of d-ewt. bags, and 2- 
stone bags. The number of 2-stone bags is twice the number 
oJ*l-cujt. bags. How many ba^s are there altogether? 

32. A m^n^ wage pte is 6s. pet hour, ^.overtime being 
counted as time ^nd a half, 'if in one week his wjrges were 
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£15 12^., ^pd he worked altogether for 48 hours, how l«ng 
did he work overtime? • ‘ 

r 'I * • 

33. Tickets for a concert Jtre pripi^l at *3s. 6d. and 2s. 

Altogether 260 tickets are bought, and the a'mount drawn for 
the dearer seats is 25^. less than that drawn for^the cheapef 
ones. What sum was p*aid for adfnission? • 

34. One tank contains 3 times as many gallons of watpr as 

another, ^rom the first tank 17 gal. are taken and added to 
the second tank, and* the first now contains 24 gal. rnoic thap 
the second. How many ^allonl of water did the smaller tank 
contain at first? ^ ^ ^ 

^"35, Tjwo men A and B have ;£128 and £200 respccUvely. 

If A saves £2 per wftek arjd B spends £2 Kh. per week, after 
how' many weeks will they have the same amoiftit of money^? 

• • ' 

36. A father is 3 times as old as his son. 'J'hejr combined 

ages total 48 years. How old is the son? • * 

37. A father is 23 years older than his son. '^I’heir com- 
bined ages total 57 years. How old is the father? ^ ^ 

38. In 10 years time a father will be twice as old as his son. 
'I'he son at present is 32 years younger than his father. What 
is the present age of the father? • 

39. A father is twice as old as his son. In 10 years time the 
son will be the same age as the father was 18 ^^ars ago. Find 
the present age of each. 

40. At present a man is 3 times a* old as his son, aged^ 12 
years In how many years Avill jie be twice as oXl as his son, 
and in how^any further years will he be l.J times as 

his son ? • ^ 

41. A father is 3*2 years older than his son. 10 years ago he 
» was 3 times ak old as his sonVas then. Find the present age 

of each. o * 
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4?. A man cycles for x hr. at 10 m.p.'h., and walks for 2 hr. 
at (jc + 1) m.p.h. The*total distance he travels^ is 38 miles. 
Find X. f ^ ” 

' 43. A boy walks to a village and back in 50 min. lie walks 

fliei'eot 3 m.p.h. and returns at 2 m.p.h. How far away is the 
village? *•' ‘ . • 

" 44. A man walks for 2 hr., cycles for the next 3 hr., and 
completes his journey by an hour’s travel by bus. His rate of 
cycling is 3 times that of walking, and the bus travels 3 times 
as fast as he cycles. "Fne totaFdistance covered was 60 miles. 
Find his rate of walking. 

^ 45.' A man cycles a certain distance at 9 m.p.h. He in- 
creases his speed by on the returi? journey and finds that he 
has saved 1 hr. 20 min. Find the distance. 

46. One man, by car, takes 3 hr. to do a certrin journey, 
which another nfian, travelling at 5 m.p.h. less, takes hr. 
longer to doP I'l^nd the length of the journey and the speed of 

'eal'h.. 

47. A man cycled 65 miles at an average speed of 10 m.p.h. 
For part of the \\iy he travelled at 12 m.p.h., and for the rest 
at 9 m.p.h. How long did he travel at the faster'speed? 

48. Two trains, travelling on parallel lines, meet in 3 hr., 
the one travelling fiom A fo B, the other from B to A. If the 
distance from A to B is 300 miles, and one travels 10 m.p.h. 
faster than the othci , find the rate of each. 

49. A man travels x miles at 10 m.p.h., and then 2.v miles 
at m.p.h., resting for ^ hr. between the journeys. If the 
total time taken was 4 hr., find x. 

^ A boy takes a bus from his home to the f own library 
and Wilks back, taking 18 min. in all. Flad he walked both 
ways he would have taken 12 min. longer.* Find the speed of 
th^^bus.’f the boy w^alks at 4 m.|>.h. 

51. On a journey IH miles a man motors part of the way 
at 44 m.p.h. and cycles the rest at 16 m.p.h. The‘'timte he 
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spends cycling is double the time he spends motoring. Mow 
long did he iakc/or the journey? 

A TJ ■ T*' ] (2X ~~ ■<- — >- a 

52. AB = 13 in. Find 


53. AB = 10 in., 
2AP = 3PB. Find 


AP 

54. If gp = -J, find .y. 


— : : 1 : £_ 

A P ^ . 

• 

^ X» 

• 

A . . P 

* B 

• 


• 


X" 

r — Ir 

i:r 




55. I? th« perimeter oftthe triangle 
is 12 in., find x. 


56, If the perimeter of the rectangle 
IS 38 in., find x. • 


57. ABCD is a rectangle. 
Find its length and its breadth. 



(5 + 2x)" 



(>+ 8 )" 
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A 

62. All and CD are parallel 
lines. Find jr. . " 


b 


o 


63. I‘'ind the angles of the 
quadrilateral. 




64. ABCD is a parallelo- 
gram. P'ind X and y. 


(3x-ir 



(2x+3)" 


65. From the square plate the four 
equal’ square corners arc cut. If the 
peiLmetcr of the remaining plate is 
48 in., hnd x. 
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66. If in the above 'example a box \vere*made by foldrtig 

along the dotted Hnes: • 

(a) What \vould the dimension|j^-^5>the*bottom of the 

box be? ' ' 

(b) What would its^^epth be? 

(c) What would its volume fte? 

(d) If the volume w^as 128 cu.*in., find the length of .the* 

edge of tjie original square plate. • ^ • 

67. AB and AC arc the equal sides of an isosceles triangle.^ 
If its perimeter is 18 in., find the lengfli of BC. ' 

68. 'Bo 150 c.c. of alcohol (density 0-8 gm. pc^ c.p.)^is 

added sufficient water to make the density of the mnfturg 
0-85 gm.*pcr«c.c. Ifathe d^pnsity of water is 1 gm. per^c.c., 
how much water was addf5d? • . • 

69. With J70 gm. of a metal A (density 8-5 gm. per c.c.) 
are mixed a certain w eight pf metal B (density 7 gi^.*per c.c.). 

If the density of the resulting alloy is 8 gm. per etc., find the 
w eight of metal B that w^as t^j^en. 

70. What w'eight of wood (densitx 0*75 gm. per c.c.) will it 
be necessary to fix to a piece of metal weighing 14 gm^ , 
(density 2*8 gm. per q.c.) so that the two w^ill just float in 
water ? 



Chapter 14 

GRAPHS I--STAriSTICAL . 

In recent years there has been an increase in the use of 
diagrams of various k'lnds.+o help people to gracp facts and 
♦figures more readily, and tp make deductions from these. 
For example, in the PJ56 Report of the Rovvater Paper Cor- 
poration there appeared the foVowing diagrams to illustrate 
the number of people in the whole world and in seyeral edn- 
tinciits, and the number of thost pcof>le who 'can read and 
.write, i.e. w^ho are literate. Such a diagram may be called a 
column grgpli. The widths of the columns are ^he same, and 
their Icngfns in this case represent the population of the 

world and of the various continents to a certain scale, which, 
« « . 
in t^iis case, was not stated but which was approximately 

1 cm. to 300 million. 



■ 

1 



mi. 


M 



% 

THt WORLD 6 out of 10 are literate 


Below ore the literacy rates for the Individual continents based 
01 the world population figures ' 



2 out of 10 are llcerace 9 out of 10 are literate 9 out of lOure iKerate 
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The diagrams sho^\• clearly that Asia is the continent vith 
the largest number of illiterate peoplo, ‘that Africa is the most 
backward continent, that North America an(^ Europe are the 
most advanced continents. Certain^deduettons can also be 
made fron the diagram.^, e.g. that the population of i(Via*ii# 
approximately qqual to*that of all the others combinei and 
that the population of Europe (including the U.S.S.R.) is^ 
much greater than that of North and Sou^ America com- 
bined. * • * • . 

The following column graph^appe^r^d in the 1956 Report 
of the Shell Transport afid 'Irading Company to illustrate 
tl^e growing use of oil for I>)wer m l\’estern Eurofe: • • 


Marine 


Railways 


Heating 

Electricity 


Industrial 


0 5 0 5 10 ’ 15 20 25 30 

Million Long Tons 

* 

From a study of the graph : 

1. Wha* is the scale? 

2. Would you say that there has been a lar^e or a small 

increase since 1938 in the use*of oil by the Western Euro- 
pean com Aries? ^ 

3. What is approximately the ratio of the amount*of oil 
used in 1956 by ships to that used by the railways? ^ 

4. By esUmating the quanti^ of oil consumed in*the tvifo 
years in each of the five case|, find in which »*ase the rate of ^ 
inSreaSe hj\s been the greatest, and in which case the least. 
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The following ^raph was printed by the Corporation of 
the City of Glasgow and appears in a booklet giving a sum- 
mary of the City’s Finances: • * 



From the column graph above: 

1. What is the scale? 

2. Estimate, in hundred millions of the amount spent 
nationally on Food. 

3. SimilJiiy estimate the amount spent on Alcohol and 
Tobacco. 

4 Estimate approximately the total natiolial expendi- 
ture, andithe percentage of the total paid in rent and rates. 
■ ■ 5. Which is greater, the combined expenditure on 

alcohol and tobacco, travel and motoring, and recreation 
or (hat on rent and rates, household^goods, and fuel and 
.I'ght? 

* I 

In the column graphs considered So far, the columns run 
across the page, probably for convenience in printing? but 
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very often the columns run up and down the page, as ii^the • 
following column graph : • * 



1952 1953 1954 1955 1956 


1 . What did the reserves stand at approximately in 1952,» 
in 1954? 

2. Between what years was the i ate of increase greatest? 

3. Between what years was the rate of decrease greatest? 
I’hc graph on p. 110 gives an estimate of tjic number of 

employees due to start and to stop work m a^arge city at cer- 
tain times in the morning and evening. 

From the graph answer the following questions: 

1 . What two times of starring work appeal to cause the ^ 

greatest Vaffic congestion in the morning? « 

2. What two fimes of stopping work appear to ca^ise the 
greatest traffic congestion in the evening? 

3. Wheft is the congestion likely to be worst (ff) in^'rfie 

morning? {b) in the*evening.^ . # ’ ’ 

• 4. AVhat suggestions wotild you make to employers to * 



Thousands of^Workers 
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reduce the traffic congestion: (a) in the morning; (6) in the 
evening? 


Exercises 38 


Construct column graphs to illustrate the following: 
1. Daily Newspaper Circulation per 10,000 of 
the Population in 1952 


'MJanada 

240 

India . « , 

. 10 

U^S.A. 

350 

Sw’ederf 

. 490 

United Kingdom . 

620 

Japan “ 

. 350 

‘ *^Frarce 

240 

' Australia . " 

. 420 


[Make widffi of rectangle in. and for lengths of rect- 
angle let 1 in. represent 100.] ^ " * 
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2. Populafion per Square Kilometre • 

U.S.A, , . .20 Ifaiti . .116 

' • I 

Australia . . 1 y''v''n of South 

New Zealand . 8 Africa . * 11 * 

Canada . 1 Nigeria . • 34* 

[Suggested scale: 1 in. reilfesents 20.] * 

3. Life Expectancy at ‘Birth, in Years 


Canada 

. 66 , 

Norway* . , 

69 

U.S.A. 

. 62. 

United Kingdom ! 

67. 

India . 

.. 32 

New Zealand 

68 

France 

. 64 

• • 

• 

« 

• Number 

of Inhabitants per Physician (1952) 

• 

CanaJa 

. /900 

Ne\y Zealand .• 

700 

U.S.A. 

, 770 

West Germany 

750 

Japan* 

. 1000 

India . * , . 

5700 


United Kingdom !200 

If, however, instead of having columns of the samj w.dlii 
to represent the quantities being considered, wc have straight 
lines, whose length, as in the graph, represent the quantitie§ 
we would rhave a Line Graph. 
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From a study oT the graph we can' see at a glance the 
variation in the number ‘‘unemployed from 1941, to 1956. 

For example, fc felljparkediy between 19^1 and 1944 and 
'*ose even more rriarkedly between 1944 and 1947. 

‘'1044 was the best year and 1947 tke worst year, as far as 
unemffloyment was concerned. * , 

' It is not possible from this graph to tell what the number of 
unemployed was in any year other than those marked, for we 
could npt draw any line betv'een those on the diagrams and 
obtain from it an estimut/i of the number unemployed in any 
ear. ^ ' 

f 

Exercises 3^9 ♦ , ‘ 

^Draw line graphs to illustrate the* following: 

1. Number (in Thousands to the Nearest '^Fliousand) of 
Killed ahd*'Injured in Road Acci^lents from 1949 to 1956 


1949 . ’ 

. 177 

1953 . 

. 227 

1950 . 

. 201 

' 1954 . 

. 238 

1951 . 

. 216 

1955 . 

. 268 

19S2 . 

. 208 

1956 . 

. 268 


[Suggested scale : 1 in. represents 50,000.] 

2. Heights of Mountains (above Sea-level) in Feet. 
Correct to the Nearest 100 ft. 

Mont Bla?ic' . 15,800 Kilimanjaro . 19,300 

Ben Nevis . 4,400 Aconcagua . 23,000 

Mount Everest 79,000 Mount Cook ' . 12,300 

[Suggested scale : 1 in. represents 5000 ft.] 

•Electric Energy Production (in Thousand, Million 
^ Kilowatt Hours) 

Australia . .12 United Kingdom . 67 

'‘Frai;ce . . 42^ U.S.A. . 514 

Western Germany >• 61 ^ Mexico <*. . 56 

Norway . . 20 Japan . • „ . • 


particular y 
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4. From the graph* of the Cost of the l!etter Post: • 

(i) Wlvit is the cost of sending letters with the following 
weights: -J oz., 3 oz., 7 oz.,*ll oz.? • 

(ii) What is the heaviest letter that caif be sent for 7\d., • 



5. From the graph of thci»Cost the Parcel Post:* 

(i) What is the cost of sending parcels with the follow- 
ing weights: 3 lb., 9 lb., 5J- lb., 13 lb. 4 oz., 10-J lb..? • • 

(u) What is the* heaviest parcel that can be sent for* 
2s. (yd., U. 9t/., 35. 3(/., 2s. 9</.? 



/ 
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If we consider again the graph showing the numbers of 
unemployed in the United Kingdom, we might use squared 
paper as shcf^>’:j and instead of drawing straight lines as 
before to represent the numbers, we might mark only the 
top points of these lines. If further we join the? 2 top points 
by ‘Straight lines it would help us to see at a glance the 
•changes in the number of unemployed in the various three- 
"5?wr 'periods. The rates of increa.se or decretse in these 
periods can be compared by comparing the slopes of the 
lin^s joining the points. For example, the rate of increase 
bfetweert 1950 and 1953 was less than that between 1944 and » 
1947. Similarly, the rate of decrease T&etwceir 1941 and 1944 
was greater than that between 1953 and 1956. 'As*^was 
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noticed before, of course, even when the points are joined by 
straight lines, we can deduce nothini? about the figures of 
unemployed for^ny year other than those specified. 

Consider now the following tabl^i which gives the annual 
premium for ^£100 insi^rance policy: ^ , • 

: i • , --nr -• f 

Age at entry (in years) . 25 ; 30 [ 35 40 | 45 j 50 • 



40 1 I I ' I I I I I ‘ ' I I ■ I ■ ' I I I ■ ■ I ■ 

25 30 35 40 45 50 


^ Age in Years 

We draw on squared paper tAyo straight lines at right angles , 
as shown, rjarking ages in years on the line drawn across ihc* 
page (scale 1 in. th 5 years), and marking the premium in 
shillings on the line drawn at right angles to this (scale 1 in. 
to 10 shillings). Since the t^arliest age mentioned i.**25, ^his 
can be the firgt age itiarked ih the^raph, and similarly 40 
is a*coi>venient number to sthrt with on *the premium line. 
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Th^ six points can now be fixed on-^the graph from the 
numbers given in the table above. These six points seem to 
lie on a smooth curve, whirh has been ’drawn, and the 
premium seems to incase with age according to a definite 
li*W. Hence, we can, from the graph, _ deduce the premium at 
any age between 25 and 50,^ not shov.n on the table, e.g. at 
age 38 the premium is 60^5. Similarly, the age when a 
preniium of 79^. is payable is 46 years. 

In general, we may say that a graph is used to ■'show in a 
pictorial wav the relation betvv'een two varying quantities : in 
the previous graph these quantitlC9^are the age (in years) at 
entry, and the premiuni'(in shillings), 'hhesc quantities are 
called variables', one of them is called the independent 
variable, in this case the age; the oti)er is called tfie dependent 
vrriable, in tliis case the premium, since the table shows the 
premiums^a! certain specified ages. 

To draw the graph: 

r 

1! Two straight lines, callfcd axes, are drawn at right 
angles as shown. The independent variable is usually 
marked on the axis across the page, while the dependent 
* variable is marked on the one at right angles to this. 

2. Suitable scales, generally as large as the squared paper 

will allow, are chosen for the two quantities and these are 
indicated c^jarly along the axes. Care should be taken in 
choosing the scale to render as easy as possible the plot- 
ting of points and the reading of results frorq.thc graph. 
Sjnee the squared paper is usually marked in inches and 
tenths of aU inch (or cm. an4 ^ *^^7 conveniently 

^-repr^isent 1, 2, 3, etc., up to 10 units or any multiple of 10, 
e.g.^.O, 50, 100, etc. 

3. When the points are plotted these should be joined: 
/^h) by, a continuous line if the data for intermediate points 
can be inferred, e.g. t^e graph showing the premiums pay- 
able at certain ages for insurance; (b) by straight lines if 
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the data for intermediate points canndt be inferred, e.g. 
the number of unemployed in aijy particular year. 

4. A suitable title shouW be put at 'the top of each 
graph. • • 

I 

Exerci^s 40 



1. From the above graph estimate: 

{a) the stopping distance if the initial ^5ccd is (i) 25 
m.p.h., (ii) 45 m.p.h.; ^ 

[h) the maximum initial speed if the car is to stop within 
a distance of (i) 10 ft., (li) 50 ft , ^ ^ 

2. The following table give? the height of a stone, thrown - 

vertically i ito the air, from the time it leaves the ground untif 
it reaches the ground again: \ 


* 

HciRht in ft. 

112 

192 

240 

■ 

256 

240 

192 

»112 

1"> 

Time in sec. 

* 1 

t" 

2 



, 5 

• *6 

7 

1 ^ 
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Draw a graph, ahd from it find: ' 

(i) when tl]^e stone ‘reaches its highest point; 

(ii) after how man5^3econds the stone is 1,56 ft. high; 

(iii) the height of the stone after 4.t sec, 

! r , 

i 

3. '^Ihe following table gives the number of miles per 
nVonthly ration of petrol for a certain car at constant 
speeds: 


Monthly 

1 Speed in in p h 

‘ 30 40 

50 

60 

! 70 i 

80 

Fiition 

lOi i,v'. 

1 I'lo of miles 

1 

,*321 31S 

' 1 

, 292 

' 256 

! 218 1 
Hf 

181 


Draw a graph and use it to find: 

(i) th^ number of miles for a constant speed of 45 
m.p.h.; 

(ii; the constant speed so that the ration would suffice 
for 230 miles; 

(iii) the constant speed if the car does 25 m|les to the 
‘ gallon. 

4. The following table shows the height above the ground 
at intervals of one see. of a body let fall from a height ot 
1000 ft. 


Time in set; ' 

0, 

1 ' 2 ; 3 

4 

i si’s 

1 7 

^Height in ft. 

1000 

984 ! 936 1* 856 

744 

J 

i 600 i 424 

' ie. 

216 


Find from a graph : 

(i) the time wffien the body was 800 ft. high; 

(ii) the height of the body^ after 5^- sec. 
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5. The following* table shows the height of the sea»levcl 
at a certaija port during a complete day: 


Time 

Umid-I 
night 1 

1 a.m. 

2 am. 

3 ^.m. j 4 a.m. 

I 

• 

5 a.m • 

• % 

Height of watey 

j i9»2- 1 

16' 45- 

15' 4" 

17' 1" ’ 22' O'* 

25' 10' 

'I'lme • . 

1 6 a m. j 

7am* 

Sam 

9 a in. ! 10 a.m. 

11 a.m. 

Height \\ater 

' .29' 9' 1 

31' 1(4" 

32N<' 

30' 6" ' 2:7' 4' 

* %- 

24' 0' 

'I'line 

. 12 ' 

1 p\n. 

2 p fta i 

i 3 p.m. 4 p.m. i 

5 p.m. 


nooi^ ' 



! i 


1 Height of water 

'20' 10" 


16' 7" 

1 ]r>' 7" , i5' 7"^ 

*13' 5" 

»— — 

— 

_ ^ 

- - 

- 

- « - 

Time * 

1*6 p m.*| 

7 p ni 

8pm j 

9 p m. [ 10 p ir* ^ 

11pm. 

Height of water 

1 27' 4" 

30' 7" ' 

31' 9" : 

31' 2"* i 29' 0" 1 

25' 40" 


• * 

From a graph state: * 

(i) when it was high^tidc; * » • 

(ii) when it was low tide; 

(iii) the approximate length of time, between two high 

tides; ♦ , , 

(iv) the time when the next low tide would occur. 

6. Barometer readings were t*aken every 2 hr. at a certain 
place during a day with the following result‘d,: 


Time ,. 

8 

10 

12 

2 

4 

6 

8 

a m. 

a.m. 

noo»j 1 

p.m 

p.m. 


p.m. 

Barometer read- 
ing ill in^ 

29-30 

29 18 1 

j 

j 29-25 j 

29-35 

• 

29-37 

29-46 

1 • 

1 

j 29- 


r 


From a graph* estimate : 

p * * 

(i) the barometer readings at 9 a.m., 1.3Q p.jA., 5 p^m.; 

(ii) the ame when the t)arometer rqadiAg' was 29-43 in. ; 
*29-24 in. 
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7. The abo^ft •.;^’'aph shows the temperature record of a 
patient suffering from influenza. The readings were taken at 
6 a.m. and 6 p.m. 

'■I * * 

. (i) What scale is used to represent (a) temperature, 

time? «■ 

(ii) What was the highest temperature reached? 

(hi) you form any opinion as to the temperature at 
,12 noon each day? Why are the points joined by straight 
lines? 
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8. The monthly rainfall throughout a year at two plAces 


w'as as follows: ^ 


» 

• 

t 


Place 

i Fm. 

; Feb. 

: Mar 

• 

Apr. 

1 

; May i 

June 

A 

1 0 3 

1 1*0 

! I'.a 

, 2 0 

i i?-0 ! 

41 1 

H • 

i 2^8 

! 

1 22 

1 

1 2.'6 

; 2 0 

1 18 i 

0-2 

t 

Place 

> 

j July 

1 Aug. 

! Sept. 

1 « Oct. » 
» 

j Nov. 1 

Dec. 

A 

1 12 0 

' 11 3 

j 8 8 

4 6 * 

: 0 2 i 

• 01 . 

B 

i 00 

! 0 1 

i *113 

» *2 2 

: 3 1 : 

3 0 


• % 

• On the same page draw two graphs to illustrate the vay- 
ation in the*rainfall * FroTi these graphs find 

(i) Whieh place has wet summers and comparative!^' 

dry wintSrs? » 

(ii) Which place has winter rains? 

(ill) Which place has the greatest annual rainfall J • 

9. Draw a graph to show the poundage on Money Orders 
from the following data: Money Orders fofsums up to £1*0 ' 
poundage 8d.; £20, lOt/.; £30, h.; £40, Is. 2d.; £50 (limit), ' 
Is. ^d. 

• 

10. The height of the barometer at various altitudes is as 

follow's : * 


Height (ft) • I 0 llOOO 2000 '3000 ' 4000 ' 6000 ! 8^0 i 10,000 

Uarometer leading | l I | ; 

(in. of mercury) j 29 9 1 28*9 | 27*8 ’ 26 8 ■ 25-8 i 24 0 ! 22 2 20 6 

. I L- I ! I !. ^ 

From a graph estimate: 

(i) the reading of the barometer at 3500 ft. and 9000 £i*. ; 

I * 

(ii) the height at which the baitometer reading will be 
23T ir\^ 26-0 in. 
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Kx. The 
follows : 

extension of 

r 

f 

a wire under 

t 

certain 

loads 

t 

is as 

Load m‘lb. 

” 1 

20 1 25 

30 [ 

35 

40 

V ‘ * 

Exterwion in 

in. . 1 0-5 ; 

1 1 

1 i 2*4, 1 

* 4 1 1 

7-6 

K 

17 6 

30 


From a graph estimate: 

the extension of this wire for a* load of lb.; 

(ii) the load lhat'would produce an extension of 20 in. 

12 . Th^ following table shows the length of a pendulum 
fqr various periods : 


*1 * 


i 

Period m sec i 

) 1 

^ 0 25 

0^5 

I 0 75 

f - 

1 1 

1-25 

1 5 

1 75 

! 2 

Length m in, i 
' « 1 

0^ 1 

2-4 

1 55 

1 

1 98 

15 3 

220 

*‘300 

! 39 2 


, Fro/n a graph : 

(i) find the period of a pendulum H ft. long; 

(ii) find the length of a pendulum of period 1*6 sec. 


Exercises 41 
¥ 

1 . Two men A and B travel on the Glasgow-Carlisle road. 
A travels from (Glasgow to Carlisle, B from Carlisle to Glas- 
gow. 'riie graph on p 123 gives their distances from Glasgow 
at any time. 

' (i) \\ h^t is the di:,tancc between Carlisle and Glasgow? 
(ii) When did A and B siftirt on their journeys? 

(iii^ At what rate are they travelling?^ * 

(iv^ Which of them rested and when did he rest? 

, (v) When did they pass each other and at^what distance 
from Gtasgow? 

(vi) When ‘were they 20 mjiles apart? 

(vii) W’hen did they arrive at their destinations^ 
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2. Two places A and B jtre 90 miles apart. A nofi-stop 
train leaves A for B at 9 a.m. A non-stop train leaves B for A 
at 9.30 a.m. The first train arrives at B at 11.15 a.m., arrxl * 
the second ’train arrives at A at 11.30 a.m. When do the' 
trains pass each other, and at what distance from A .? 

3. 'I’wo towns A and B are 12() miles apart. A non-stop 

train travelling at 40 m.p.h. leaves A for B at 8 a.m. A 
second train travelling non-stop at 35 m.p.h. leaves B for 
A at 9 a.m. When wall the trains pass each other, and how 
far from B.? p 

4. One man walking at 3 J m.p.h. sets out at noon for a 4 
certain placi> and a second man walking at 4 m.p.h. s'^ts out 
for the same place hr. later. When wall this second man 
overtake the first? ' 

» 5. If in Example 4 the first nian had rested for Jhr. aft^rr 

each hour’s walking, and the second- man, had not rested at , 
all, find when he would now' have overtaken the first man. 
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6# At 10 a.m. a man sets out to walk to a town 20 miles 
distant. He walks at 4 m.p.h. and rests for 15 m^n. after each 
hour’s walking. ‘At 12 noon a* cyclist sets oixt from the same 
* place to cycle to the same town. He cycles thei'c at 10 m.p.h., 
Waits } 5 min. in the town and cycles tack at 12 m.p.h. When 
will Ifc pass the walker on «the outvvhrd, and on the return 
journey? . 

7.' A tank holds 100 gal. It can be filled by two taps, A 
and B,^A delivering 5 gal. per min., B 8 gal. per niin. When 
the tank is empty A is burned on alone for 4 min. 24 sec. B is 
then turned on and both run until ‘ihe tank is full. 

i7rr.w a* graph to show the antount of water in the tank qt 
arty time from the beginning until the taijik is full. Find from 
the gAph . * * 

* (i) how long it takes to fill the tank; 

(ii) keijv long it is before the^tank is half full; 

(iii) how much water is in the tank 8 min. from the start. 



REVISION PAPERS 16-20 

t 

• * Paper *16 

1. Simplify S.v — [3y — 2{x — 'jy — 3(2 — ^')}], and fin(^ 
the value qf the answer when x = —* 3 , 3 ’ ^ — 2 . 

2 . Simplify: * 

3a=^ 

W 2b- ^ ‘(-<2a)2 

..3x .v .|-2 ,5 

, (”) .4 - , -3- -I- 6 


3. Solve 4 ^1-1 = 0. 

If in addition 3.r -- y 7. find v 

4. If ax -}- 2y + 3 — 0, and^ — 1. whenjy = —2, find (/. 
Then using this value of a irt the eij nation, find the vduc of 
y when x — — 1 . 

5. A straight line is divided into two parts, the first bein*g ' 
(3v — 4) in. long, and the other (5.x: — 2) in. long. If the " 
first part is one-lhird of the length ol ihc whole line, find the 
length of the whole line in inches* 

6 . A man spends in buying a fountain p^ns. He sells 
them at a fixed price, and the sale of b of the^ pens brings him 
his £S. If he sells the remaining pens at the same fixed price, 

find an expression for his total profit in pounds. 

» 

^ Paper 17 ^ 

1 . A man bought* a; books at fl shillings each. He sojd half 
of them at b shillings each, and the rest at a sale, when he 
, reduced his .filing price by 50%. His total gain was ^p. 
Find a formula^ for />. ‘Find his* gain, when ac t=, 120, a — 6 , 
h =. 10 . 
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2, Simplify: * 

(i) X —2x-y . 

3 _ 4 . S' 

• Tx 6x 

3. Solve yy - 3) = 2(2y - 5) --4(2 - y). 

„ 4. Find the values of the following 


values of x: — 2, ■ — 1, 0, 3. 

^ 5. The average age of a efass of n boys is y years. 5 boys, 
each aged 12 years, Idhve th#"'‘class and 4 boys, each aged k 
ye^rs, joiii the class. If, the average age of the class is still y 
years) find a formula for k. 

6. ^ motor car does x miles tq the gallon of petrol. Its 
owner sets out to visit three towns A, B and C in succession. 
At the start of his journey the mileometer reading is 36,145 
and the ptltrol tank contains 12 gal At A, B, C the readings 
for the petrol tank are respectively 10J-, 7, 4j, and at C the 
m'lleofietcr reads 36,362. Find ,v and the distance of B from 


C. 


Paper 18 

1. If / lb. of tea cost s shillings; 

(i) How much tea will I get for £2? 

(li) How much will a lb. tea cost.!^ 

2.SoIvel(f'-3)-3(l-g = ^'--ll 

3. MCl^iply .v“ — .v” p y^ hy — .vv“ and also by —x^y and 
add ihe lesfults. What is the value of the answer when 

‘x=y.= -V 

4. L' a = 5a when x = —3, y — —4, find 

x^ — xy+y^ 

aahd prove that |(1 — a) — — 0. ‘ 

5. What number falls short of 45 b> as much as 91 exceeds 
three times itself? 
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6. An express tram travelling at an average speed * 2 )f v 
m.p.h. can vover a journey of 400 Allies according to time- 
table. If on onfe journey it aVrived 10 miri. early, find an 
expression for its average speed on that jouVney. Do not try 
to simplify the expression. ' ' 

. I 

J*aper 19 

1. A man works a 44-hr. week. Hife 'Aage-rate i^ s shillings 
per hour, and he is paid double time for overtime. If'm ore 
week he has IJ 5 hr, overtime,* find how many pounds he 
earns that week. ' > ' 

* 2. A father is 3 times as old as his son. 10 years ago he 
was 13 times as old'as hig son. Find the father’s present age. 

3. Solve* 4 — - 

a: V 



4. A certain expression when divided by —3a; gives a 
quotient of —Ix^y -|- 3A,y“ -f 4_>^ and a remainder —48. 
Find the cxfiression, and find its value when a: --- l,y = —2. 

5. (i) If / - V(>Rh - W, find / if - 33-8, h = 

( 11 ) If - — - — find V if u = —5, r — 20. 

' ' V u r 

0 

6 . A thin metal wire forms the outline^of a rectangular 

prism (3a; — 2) in. long, (8 — a;) in. broad, 2x in. high. Find 
the total lehgth of the wire. If itsjength is 6 ft^>find the 
dimensions of the prism. » 


Paper 20 

1, (i) A man sold a car for (yc and thereby gained 15®^ of 
what it cost l?im. What did*it cost him? * / 

(ii) How many minutes have elapsed betvreen noon and 
k min. to 4 p.m. ? 
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2. A man’s wages arc s shillings per hour for a working 
week of x hr. He is paid y shillings per hour for overtime. 
How many hours overtime did he work in the week when his 
wages were £3s s shillings. Check your result when s ~ S, 

~ 40. 

3. oolve: 

(a) 4-4jc — 2*3 = 1-5 — 3*2:c 

(h) 0-3(jc— 0-4) + l-5(2.v - 0-4) 2-5(:c - 1) 

4. "f he equation + 4j = « -f- 2 is satisfied 

w^Jcn X == —18. Find the value of a. 

■ 5. if * == 4^2 - b 21), y = 3(a - 3A) - (3fl + 5b), 

z = a — 4(01-4- b), find the value of 3a: y -j- 2z in terms 
of a and b. u, 

6. A nlaii. walks at 3 m.p.h. and runs at 6 m.p.h. He 
covers a mile, partly by w^alking and partly by running, in 1 5 
irfin. 'For how long docs he walk? How far does he run? 
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SIMULTANEOUS EQUATIONS OF 'ITIE FIRST 
DEGREE WITH TWO UNKNOWNS 

In Chapter 1 1 it has been found that one and only one value 
of X will satisfy an equation sudi as -^x — 7 = 8 , namely the 
value 20. , - ^ 

• If the equation A’ + 3^ = 8 is considered, it will be found 
than an unlimited number of pairs of values of x anH can 
be obtained that will satisfy the equation. few of these 
pairs are s-\jown below: 

a; i -2 - J ' 0 I lA 3 ; ,5 | 6 ' 9^ 

.V j 10 81 I I 6] 5 , 3 ! 2 ''j -1 

Similarly, if the equation x - r — 2 is considered, an un-, 
limited number of pairs of values of v and 3' can be obtained 
that will satisfy the equation. A L;w of these pairs are shown 
below : 



y 






On examining the two tables it will be noticed that'A = 5, 
jV = 3 is a solution of both equations, and there is no other 
common sohition. , « ^ 

X — 5, y ~ 3 is said, to be thi solution of the simultaneous 
eqiyitions a +' 3^ = 8 and x*~ y 2. [Simultaneous, be- > 
cause they are to be true at the same time.] 

F ' 429 
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Nofl': In using the Substitution ]\Iclhod, we can substitute the 
vali’c of X or of y, obtained from qither equation, in the other. A 
little thdught beforehand will sometimes show that one substitu- 
tion is to be prefcri;ed to- the others. For example, in solving the 
two equations: 



SIMULTANEOUS^E^JUATIONS 
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•3.1: + 7^-15 • . 41 ) ■ 

4a: + r ^ 29 ‘ 12) 

• • • 

by this method, it would seem best fo find tjic \alue of y from 
equation (2), y — 20 — 4.i:, and substitute this in equation (J)' 
thus: * 

+ 7(20 -Vv) - 15 
3.r -IV140 - 2Rr -- 15 

A -.5 • 

aVl V —*20 — 4v 
■ .= 20- 20 

--- 0 

Had we chosen any of tho&lher substitiijions. c ^ the vafue of x 

in terms of»v fiom equation (1); namely x y it would 

• • 

have resulted in an equatiofl containiiiif fractions, and the working 
would have been longer. When all possible substitutions involve * 
fractions, it is ad\isable to ciioose the one which invokes the 
smallest denominator. 

• • • 

Second ^ letiiod —Elimination — 

‘ 2a - 3>- 5 (1) 

3a ! 2v— 14 (2) 

Multiply (1) by 2 and (2) by 3 and add 

[This IS done to e limin.itf the terms in _v ] 

.■ 4a-6v-10 
and 0 \ !- 6v - ^2 
Adding .. 13j’--52 
A - 4 

Substitute 4 for X in (2). 

3(4) -i 2j=--^ 14 
, 12 h2v=-- 14 
‘ .-. = 2* 

/. y - 1 
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Solution 


^Note: I’he substitution of 4 for x could be made in either (1) 
or (5), 'and ir> this case it would not fnatter much which was 
chosen. In general, the substittition should be made in the equa- 
tfon which will give the answer more readily . 

In the Elimination «Metho; 5 i, we form, from the .two given 
equatiohs, two equations with the numerical coefficients of 
either x or y the same. Then by addition or subtraction we 
clin^inate g ne of the unkfiowns. Careful consideration should 
bccgivcn to the question as to which unknown is the easier to 
eliminf te. For example, in solving the f vvo cqua’uons 

3a:~11:V--17 . . . . (1) 

9.vH-13>'-~5 . . .' . (2) 

it would seem best to eliminate x by multiplying (1) by 3 and 
subtracting it from (2). 

^)x + 13v = 5 
9.V-33V-51 

46v —46, etc. 

, Exercises 42 

In Exercises 1-6, find the value of j, in terms of x: 

1. X -}- y ~ 5 3. X 4- — 1 5. 2x — 3j,-|- 5 — 0 

2. X — y* - 4 4. 3.\ 2y — S 6. 4j' -\- 2x: — 1 = 0 

In Exercises 7-12, find the value of x, in terms ofjy: 

7. = 3 9. 2a; — 3j --- 4 IE 3 a; + '4j - 7 = 0 

8. 5>--3x-0 10. v-5a; = 7 12.. 3j; - 2a; + 8 = 0 

'Solvevand check the solutions: 

x -{- y ~'y • , 14. 3.V + >' =» 5 

Af — — 3 ai;+jv = 3 
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15. 

x-^2y^ 

= 9 


20. 

5.V - 

9 

-y = 

9 


X — 

yi= 

0 



•v_ 

Zx = 

3 

16. 

x-\- 

4v = 

= . 


21s 

7.V - 

1-2^. 

= -3 


3x - 

-4v*^ 

= -5 



’ 3a- - 

- 5 V = 

--- 28 • 

17. 

2x -I 

1- 3v 

- 13 


22. 

4a 4- ^y 

=i 1 • 


3.V - 

, 2r : 

rp 0 ' 


• * 

6x - 

- 5v = 

---8 • 

18. 

3.V -1 

- 4j- : 

- 1 • 



3a -1 

1-43^- 

-3-0 


5.V - 

~2y 

- -7 



6>' -■ 

•- 9x 


19. 

.V — 

V 

1 * 


•24. 

4a; - j 

1- 2v - 

- 11 


3x - 

- 2v 




.3ic = 

-_r 1- 

7 

• Solve: 








25. 

lx H 

« 

- 3t - 

6 


29. 

7s- 

- ii3’.+ 21 „ 


Sj’- 

- 9.V = 

- 10 



3y- 

- 5a 

^ 15 

26. 

6.V -1 

-iyr 

- 11 


30. 

8v- 

- Ta H- 

-*9*- 0 


5a;- 

- 2 V - 

- 3 



11jc + 3>’+ 17^0 

27. 

13 a; 

f 15r - 19 


31. 

6a’ ; 

■ 3j. = 

^ 11 


lx -| 

- 9r - 

- 13 



5 a -| 

2y = 

^8 • 

28. 

5a; -f- 

- 4v 

- 40 


32. 

4a - 

- 5y ^ 

: -6 


9.r - 

- iv - 

1 



24a: 

=.9j- 

- 1 

33. 

3a’ - 

- 5v -- 

- 5a’ -■ 3v 

16 




34. 

5a:-- 

-2^- 

- 9v 5r 

7 

• 




35. 

5.r-f 

-3^;- 

- 2 - 2x \- 7y 

- 11 




^36. 

8a; -f 

-5jv- 

h 5 3v -1 7,v 

1 3. 

- 1) 



37. 

^x- 

- 3y = 

- 11 


39. 

3(a 

7y). 

- - 4 


3Cv + a ^ 

- 7v 



9(3 

x) = 

^ 3) 

38. 

3x - - 

1 =- 

4(J+1) 







7i2x 

+ 3) 

~ ()y — 0 


• 




40. 

3{x - 

-iy) 

= S(3:y - *) 







2(3a; 

- y) 

= ii^y + *) 

-f- 

5 




41. 

3(a: + y) -f 2{y — x) 

4 






2{x - 

-If- 

- 3Cv - 3) 

0 

• 




42. 

3(2a; 

+ >')=+ 4 = 2(3jv - 

• 

4a;- 

•1) 



4 

'4(A;-i 

:2) = 

= 3(j 4 3)- 

2 
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43. X y Sa ' 46. ax -j- Zy = 6a 

X - y — a ’ • lax — 5_>’ — (i 

44. 2x 3y — —7a ^ *47. ax -f- by = ac 

3.V — y — 6a * bx cy — be 

4^. ^ v»^- V T 3a 4- ^ « 

X — 2y Zb — a ' k * % 

45. 2x — Zy — (ix -j- Sy — Ja * 

49. X y — c .. ^ 50. a A' — by b 

Zx — Tiy — d . “ ^ bx — ’ ay ~ a 


Shwjtancms Equations involving, Er act ioiis 
Example 1 : Solve: ^ 

'■ii* - i>' "= 1 

-}- Zy — S 


( 1 ) 

( 2 ) 


Clear both equations of fractions, by multiplying (1) by 8. and 

my 2, 

Zx -2y~^ (3) 


X i 6y - 16 


( 4 ) 


Multiply (3) by 3 and add it to (4), 

9.V--6V- 24 
, A -| 6v - 16 

10a - 40 
A - 4 


Substitute 4 for ,v in (4), 

4 -1 6r - - 16 
6y — 1 2 
. y — 2 


Solution is 
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Example 2 : Solve : 


.V V • 

• V . 


These equations may Ug rewrittbn thus 


3 , -2 

X » 




Put p h)r*^, and </*lor^in (1) and (2) 

The equations become 

4pt! ;></- 

Sol\mg these two ctjuation^, /> -- [, q -- -2 
Now ^ - p and - <i , 

X ' V 

• * ^ I ^ 

. , X — - and y 

P / 7 

A - -4, V -- - \ 


Solution IS 


i A : 4 1 


0) 

• («}• 




; V , 


Exercises 43 


Solve the following equations: 


1 . 


3* +^’-'13 


2 . 


- 2 >. = 1 

+ 3 ' = 3 ' 
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3. 


3" 

2x 


4 ..: 


5. 


3 

3:ii: 


■ A NEW 

CCXjftse IN ALGEBRA 

2 ' 

9. J(u‘+ f) = i 

'•2-^ 

i« - ^ = ^ 

-3>’ = (5 

• 10 . iiA - -jA. U = 

« 

-^^-5 

4 • 

-1- -J v - J ( 

. 11 . ■"-?' = 2* 

-V-6 

3 

2 

15 - lo . 

x—y ^ 

. *-,2 

. ,2 2 * 3x + 2y __ 

’ >3 4 ” 

> 2x -r Zy X ^ 

li 

1 


S '■ 2 

" i- 

4y 8 

13. '3(/. -1-2):^ 4(9- 

■1- h = 0 

39 H- 4 /> — 5 

H = 1' 

2 ~ ~ 6 " 

.fj- --<4 


-1- '•>) - 1(? - 

10) ^ /> + 2.'.(i =.-- 4 

v 1 1 7* 

4 12 

-^"'-’2^0 

8 


16. lx - \y- y 

17. lx 2 -f V 

l(2x ~y) 

18. 0'3 e; - n-2« - 3-2 
0-5 ™ ()-3;/ ---- 5 

19. (J3a’-|-' 0 Ir --- 1-2 
2x = 5y — 5-6 

^'^•0-2 0-3 ~ 

rh J -f 1 -= 0 

■y, X y _'2tc 3y 



SIMULTANEOUS ^^UATIONS 

22. }^(2x — 3y -f- 10) 

-= l(y 2x + 1 ) 

=-2(y~xy-.3 

23. 0-3.V -f- iySy =1*5 
0‘^x - 0*2v - 0*7 • 

24. " + 0-2y- 1.0.2* 


0-2 

0.3a; ^ —4.4 

25 . 0 . 4 a: -I- 6 ‘ 3 y -- ()‘45 
1 - 6 .V 0 . 4 v -|- 1 J) 

A' 3; . a: ' j. ’ 

3 2 

30 . - ^ 1 

a: 3 ^, 

^ H- - 26 = 0 

A? V 
bah 


1 

a: y'^ 

27. = 5.f 

* a: V 


•32, 

t- +1-0 
A’, y * 

* * 3 * 

. 28 . 5 ;//- 5 

• V 

hi + ^ = 0-8* 

V 


32- - +1- 

a h • 


a • 


V 2v 2h 
2n "*■ a 


y 

a 


X 1 
a 
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Chaptkr 16 


PROBLEMS INVOLVING SIMULTANEOUS 
EQUATIONS OF THE FIRST 'DEGREE IN 
TWO UNKNOWNS 


' Example 1 : 5 lb. tea and 3 lb. coffee cost altogether 14.v., 
while 3 lb. tea and 5 lb. coffee' cost altogether 18^. l ind the 
1 Ij. of each. 

f.et X shillings ~ price of 1 lb. tea 

' y shillings — price of*l lb Voffee 

Cost of .S'ib. tea and 3 lb. coffee — (5a; + 3_v) shillings 
„ 3 „ 5 „ (3a; -1- 5>;) . „ 

' ' (5a; -f- 3_y) shillings? - £2 14r 

(5a; t- 3jv) .shillings - - 54 shillings 

.*. 5a; - h 3v = 54 (1) 

Similarly, 3a; -[- 5y --- 5S (2) 

Solving these two simultaneous equations, ^ 

.V ^ 6, y 8 

.* Cost of 1 lb. tea — 65 . 

,, 1 Ib. coffee-- 8r 


Example 2: The value of two heaps of coins, one of half- 
crowns, \hc other of dorins, is £3 17? The value Vvould be de- 
crc.i«cd by is, if the number of half-crowns was doubled and the 
number of florins halved. Find the original number of half- 
crowns', and of florins. 


Let X — original number of half-crowms 
Let y ~ „ „ florins 

X half-crowns + y florins = £3 l7r. 

. 5a; oixpences + Ay si-\pcnces = 154 sixpences 

/. ix Ay = 154 . . . fl) 

138 
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If the number of halV-crowns \\as doubled* and tlic number of 
shillings halved, vve would have • ‘ ^ 

*2x half-c^o^^ns*and J v florins 
New \alue — Ms. — b. = 16^. 

2x half-crowns f- },y ‘florins — £?> 16j. 

10^ sixpences -j- ly sixpences *-= 152 sixpcncts 

, /. lOx ^ 152 . . (2) . 

Solving equations (1) and (2), .v -- 10^ y ^6 

Original number of haIf-(^io\\fis is KT. 

,, „ » florios IS 26. 

• * 

Example 3: A vertam numl^cr of twd digits is increased 2^, 
if the digits arc reversed 'I’he units digit of tlie ongindl numiicr 
lb twice the fens digitf Fiqdthe original number. 

lyCt .V be the tens digit * ’ • 

• and V be tlie units digit 
The units digit is twice t^e tens digit 

V-2.V , . (1)^ 

The number is lO.v -( y Wben the digits aie reversed die new 
number is lOj' j .v. 

New number -- Old numbor i 27 
•. \{)y + x- - 10.V I jT 27 
.• 9v - 9.V -- 27 

•. j -V --3. . . . (2) 

Solv ing equations (1) and (2), x ~ 3, r - 6 ^ 

Original number is 36. 


Exercises 44 ^ . 

1. '1 he sum of two nuniberais 37 and their dilTercnce is 

13. Find thtm. • 

2. Two numbers’arc such that onc-fifth of their sum is 12 
and one quarter of their difference is 2. Find them. 

3. Two nufhbers are such* that twice the smaller aAidcl fo 
three times the larger il 37, while thc.difrercnv5e*bctween the 
numT3ers is | of their sum. I^nd the numbers. 
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,4. Find two numbers such that if 7*is added to the greater 
the answer is twice the umaller number, while if 14 is added 
to the smaller il is then cqua< to the grc^tC.. 

5. Find two .numbers such that four times the smaller 
axcecfls twice the larger by 14, and three times the larger 
exceeds four times -the smaller by 5/’ , 

( 6. 'I’hree numbers are such that the npiddlc one is equal to 

the average of the other two. '^Fhcir sum is 33, and the largest 
exceeds the smallest 'by 12. ' Find the numbers. 

' 7. The sum of two,fi;actioi?s is eight times thdir difference. 

Three times the smaller exceeds the larger by 1. Find the 
fral'tions.' 

' 8. Four times the average of two numbers is equal to 
three 'dmes the larger number, while the difference between 
tke numbers is three less than the average of the numbers. 
Find the numbei's. 

f 

9. Two numbers arc such th.ii the sum of the first and 
half of the second is 22, while the sum of the second and 
half of the first is 26. What are' the numbers? 

10. T wo numbers are such that the greater of the two is 
4 less than twice Ihc smaller. If the greater is exitctly 3 times 
‘the difference between the numbers, find the numbers. 

11. The sum of the ages of a father and son is 79 years. 
The differente in iheir ages is 29 years. Find their ages. 

12. In 10 years’ time a son will be as old as his father 
was IS^ycars ago. Their present ages total 61 years. Find 
their present ages. 

13. Twenty years ago, A was twice as old as B, and, in 10 
years time, he will be 1 ?, times as old. Find their present ages. 

14. Jn 20 years’ time a father will be e^iactly twice his son’s 
age. When the son is as old as the father is now, the sum of 
th^ir agGS will be 85 years. What are their pi'esent ages? 

15. Whemhis son wap born, a fathei ’s age v^as six times his 
son’s present age. When the son reaches his father’s present 
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age, the father will be 52 years old. What are their present 
ages? 

16. A father Has two sons whose j^ges ditTer by 3 years. In 
20 years’ time the sum of the sons’ ages will^qual the father’s 
age. Find the present age of the younger son, if„when he tvrfb 
born, the ‘father was nfne timcs#;is old as* his elder son! 

17. If the numerator and denominator o? a cci tain fraction 

are each increased by 1 the fraction is c,qual to If tiliey ai^e 
each decreased by 1 th^ fraction is tqual to |. Find the , 
fi action. ^ ^ 

* 18. "Fhe dcnominatoi of a fraction exceeds the numerator 
by 4. If 3 ft added •to bo;h the numerator and the denomi- 
nator the fraction is equal to jj. Find the fraction. 

19. If tlfc denominator is subtracted from the numerator 
of a certain fraction, and# 1 added to the denotninator, the 
value of the fraction so formed is 1 'I he suiji of the numera- 
tor and denominator of the original fi action is 16. Find the 
fraction. 

20. 'riie^dcnominator of a fraction is greater by 1 thanp4' 

times the numerator. iWhen the numerator is multiplied by 
3 and the denominator increased by 3, the value of the fraction 
is J. Find the fraction. * 

21. When the numerator and denorninatoriof a fraction 
are each increased by 1 the fraction has tHe value 1. If the 
denominator is doubled and the numerator increased ^y 3 the 
value of the fraction is unaltered, b ind the fractitm. 

» 

• * 

22. A number consists of two digits whose sum is 7. If 
the number, when increased by 3, is equal to eleven tiupcs the 
tens digit, find thd number. 

23. A nurhber consists of two digits whose sum is*if3. 
When the digits are reVersed ^hc number is decreased by 45. ^ 
Find the number 
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24.* A number consists of two digits whose sum is 9. 
Whvn the digits are reversed the number is increased by 45. 
Find the number. ^ * . * 

* 25. 'Fhe tens digit of a two-digit number is half the units 

(figU. •When, the digits are reversed fhc number is increased 
by 27! Find the nilmbcr. ' • • • 

* 26, A two-digit number exceed^ 5 tdnes the .sum of its 
digits oy 6. If increased by 6 the number is 12, times the 
tfns digit.’ Find the pumber. 

• 27. A number consists of tAO digits. When the number is 
adidqd to#thc number formed by reversing the digits the 
result is 143, w'hile the number itself is 2 less than 6 times 
the sum of its digits. What is the numbtr? * 


28. In ^,heap of 58 coins there are tw’o kinds ortly — florins 

and half-crowns. 'I’hc total value i!> 1 U. Find how many 

coins there are of each kind. 

29. 5\ sum of 10^. is madc‘'up of half-crowns and shil- 
lings. If the numbers of half-crowms and shillings were inter- 

*clTangcd the totakvaluc w'ould diminish by one gi^inea. How 
Inany coins of each kind arc there * 

30. A sum of tw'o guineas is composed of shillings and 
threepences. If the numbers of shillings and threepences are 
interchangcd\:he sum lo decreased by 9^. I low many coins of 
each kind are there 

31. collection consists of half-crowms, shillings and six- 
pences. 'i’hcre are three* limes as many shillings as there are 

» half-crowns. The value of the collection is £8 lOs. and there 
are 20(t coins altogether. IIow^ many coins of eich kind are 
there?, 

3^. A bag contains half-crowms, shillings and sixpences, 
and thefe.are twice as many shillings as there are half-crowns. ‘ 
If all the coins? had been shilliijgs, the total sum of money in 
the bag w^oiild not be altered, but, if all the coins had been six- 
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pences, the total value would be £1 IOj. less. How ‘if^uch 
money was .in the bag? • , 

33. 5 lb. tea and 8 lb. coffee cost and 9 lb’, tea and 

6 lb. coffee cost 16J. Find the cost of tea and of*co*ffee 
per lb. • 

34. A family of Avo adults and two children go on an out- 

ing which costs ;£2 8^. The charge ‘fgr a ‘mother and three 
children on fhe same outing is £2 2s. Find the cost for cagh 
adult and each child. , *• * * • 

35. A man wishes to save, exactly jT 100 in a yca« He^sa -ts 

£2 Uh. each week and wishes to reduce this to 1 10^. e^ch 
week as sobn as poSsible.* After how many weeks can he do 
this ? * • • ^ 

36. A l(fed of fuel consisting of 5 tons of.coal a/^d 2 tons of 
coke is bought for ^£40. If a load containing half this amount 
of coal and twice this amount of coke can b^ bought for £35, ‘ 
what is the price of 1 ton ofi»coal and of 1 ton of coke*? 

37. Fifteen shillings was spent in buying 50 oranges some 

at 3 for h.| others at 4 for H. How many'of each kind wfire* 
bought? • • 

38. 'I’he subscriptions to a tennis club were £5 5^. for 
adults and £2 25. for juniors. The total subscriptions 
amounted to £504, and there were 120 members altogether. 
How many of each kind were there in the club.? 

39. 350 tickets were sold for a concert. 'I’he tickiSfts were 
priced at 45. ()d. and 25. Gd. each and the amount scceived for 
the dearer seats w^as £1 155. less than that received for the • 
cheaper seats. How many tickets of each kind w^erc cold? 

40. A man is paid at the rate of 55. M. per hour fi?r ordi- 
nary time, and Is. 6d. per hour for overtime. He receives 
£14 185. 6d. for a w^eek in wliicj;^ he works a total of, 33 howrs. 
How many hoars of ordinary time and of o^cfrtime did he , 
worlc? 
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4,K'An article is produced at a cost of 9^., which includes 
the cost of the material find the cost of the labour involved. 
When the cost of the majerial* rises by one-third and that of 
labour rises by ofte-quarter the cost of production increases 
b^ ^s.*ld. Fjnd the original cost of Vhe material and of the 
labou/. ' * * • 

* 42. A manufacturer charges a fiyd ptice per ton for his 
goods and delivers to Jiis customers at a fixed charge per 
mile for every top. supplied. * The total ebst to a customer 10 
miles from the factory/ for a Jead of 12 tons is ^69, and the 
tqtal cost to another customer 25 miles from the factory for 
a load* of 8 tons is £49. Find tlie cost of the goods per ton 
an& the cost of delivery per mile for eaej? ton of goods. 
• 

4 * * 

‘43. A traveller does a journey of 140 miles in,^ hr., part 
of the way'll 30 m.p.h., and the remainder at 20 m.p.h. 

How far did he travel at each speed? 

914. ^ man motored from A to B. Had he increased his 
speed by 10 m.p.h. he would have taken 1 J hr. less; had he 
de, creased his speed by 5 m.p.h. he would have taken 1 hr. 
more. Find how long he took for the journey and his speed 
in miles per hour. 

45. A man can row a disi*ance of 3 miles downstream in 45 
min. and takes 1 hr. 30 min. to return. Find the speed of the 
current and tlie man’s rowing speed in still water. 

46. A man walked a certain distance. Had he walked 1 
m.p.h. "lister he would have taken 50 rnin. less, and had he 
walked -J rt'.p.h. slower he would have taken 40 min. longer. 
Find the distance he walked »and his rate of walking. 

(LetV hr. = time for journey andy m.p.h. =*^his speed.) 

t 

47- The perimeter of a rectangle is 28 ft. If its length is 
increasetl by 40% and its br/^adth by 50% the perimeter is ‘ 
increased by‘ 12 ft. Find thq. lengtfi and breadth of the 
original rectangle. 
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48. A sum of money is shared between A and B. W|ien 

A gives B B has four times as hriuch money as A. Jf B 
had given A £12. the two sh*ares , would have been equal. 
How much m’oncy has each? • 

49. A man receives a dividend of 9d. in the £ 9n his itwfcsf- 
ment, and his viife receives a di\>idend of li. in the £. If their 
total investment is £660^and their total dividend is £28 lOf.*, 
find the amount of each Investment., , 

50. In a game of* chance a Ifoy pays 6d. for 4 tries. In 
addition, he receives 3d. for ej^h sucoess and pays an addi- , 
tional penny for each failure. He finds that his totid loss is 2|. 
If, however, he had reversed* his successes and his tailutfes he 
would neither have gained nor lost. How many tries did^e 
have and how many of them were successful.'*,^ 



Chapter 17# 

'multipli'cation and 'division by 

BINOMIALS AND TRINOMIALS 

r 

Multiplication hy^Binomials (i.e. expressions with 'two terms) 

Consider (x- f- a)(y*-^ h). t* , 

*(x -f a)(y H-7;) -- \- a)y -f (.v + a)b 

— xy \- ay -(- xh -f ah 

/rhis result can be illustrated as follows: 

v" a" 

j A" 

sq. in. ! sq in. , 

xb ; \th 

sq in. I sq in. 

. 'Fhc length of the large rectangle isi (a’ [- a) iif. 

'rhe breadth of the large rectangle is [y -f h) in. 

I 

its area — (^x a){y -f b) sq. in. 

But the area of»ihe large rectangle is equal to the sum of the 
areas of the four small rectangles, namely, 

I 

(.y>' -f aj; 4- xb H- ah) sq. in. 

(.V I- a)(y 4- b) ^^xy 4- ay 4- xb 4- ab 

Similarly, 

(x 4- a)(y -b)^ (a: 4- a)y ~\x 4- a)b 
= xy -)- ay — xb — ah 
(x a)(y -hb) = :!^y — ay 4- bx >r- ab 

(:v — a){y — h) = xy ~ ay — bx 4- ah 
146 


and 

and 
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Example 1 : Multiply (3 jc 2) by {2x - - *3). 

{3x*-\- 2){2x - 3) - Zv(3.v -j *2) - 3(3 a’ f 2) 

• - - 6x^ 1- - 9x 6 

-- 6a'“ — 5:v -- 6 • 

Note: After a little praitice the answer will be written dbwft Ht 
once. • * * # ‘ * 

Example 2: Multiply 3-i- — 4.v — 7 by 2.v — 3. 

Method 1 ^ • ' * * * . 

(3.v‘‘^-4.x -7)(2 a’-,3) •• • •* 

2.v(3V^ - 4.V .7) - 3(3.v^ - ^x - - 7) , 

-- ()x^ - 8v2 - 14 a; - 9x^ 1- 12a’ -i- 2f 

• -j- ().\^ • 17a’- -- 2a; 21 

Method II 

3 a;- •- 4a; — 7 
2a; 3 

- - - ftlK product of 3 a;- — 4a; -7 

6r‘ - 8 a’ 3 -- 14.r and 2 a] 

— 9a“ -4- 12a -t 21* [ihe product of 3 a- — 4a — 7 
and -3] 

6a^ I 17.x- — 2 a + 21 [by addition] 

• • 

To check that the ansxxer is correct x\c can substitute any value 
for A in the multiplicand, the multipho and the product, as 
shown below. » 

When A - - 1, 

3.v2 4 a - 7 = 3(1)2 _ 4(1) _ 7 - 3 4 _ 7 

2a- 3 - 2(1) - 3 - -1 . 

(:v2 - 4 a - 7)(2a - 3) - -8 X - 1 - i-» * 

6a«^ - 17v2 - 2 a H 21 --*6(1)2 . . i7(])2 _ 2(i) .|. 21 

• , -6 - 17-2 1 21 

a 

Answer is correct. * 

' • . • • 

Note: It will be foupd convenient to arrange tho term? in 

ascepding ordei or in descending ordc’V before multiplying, e g. 
(2 a — 3A’2^-j- 1 — 4.v2)(3 — 2 a) should be arranged thus: 
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’either (I 2x — 4x^ — 3a:''*)(3 — 'lx) 

, or l~3x^ — 4jc* + 2.r j- l){~2x -f- 3) 

^ Exercises 45 

Find the rollowing products: < 


•1. (x + 2){x 3) 

2. (x -h 3)(a: -f 4) 

3. {y S)(y -\ - 6) ] 

6 ' + ^)(y — 2 ) . . 

4 . {a + ?)(« - 7) „ 

6. fd — 6)(a + 3) 

7 : ( a : - 9)(.r 4 - 10) 

8. - 5)(^ - 4) . 

9; (A. - 7)(a: - 1) 

10. (t - _ I) 

11 . (/_ 3 )(/- 3 ) 

12 . («^ 4 - 2 )(«- 2 ) 

13. (a - 5)(a -4 5) 

14. (2 4 - .\:)(3 4 - x) 

15. (6 -|- a:)(4 4 A') 

16. (8 - a ;)(2 4 - x) 

17. (5 4- ^)(3 - x) 

18. (6 -- a:)(5 - x) 

19. (4 -h x){A - 

20 . (2 - a ’)(2 - x) 

21 . (aTV- 2y)(x 4 - y) 

22 . '(r 4- 4 3v) 

23. (rt 4 - 5b){a — 2b) 

24. {a*- lb)(a 4 Zb) 

25. (fli- 36)(fl4- 36) 

26. ^(jc — 2 >')(a: — 2y) 

2^^** (v 4 - 2a:)(v — 3^:) 

28. (2a; 4- 1)(^’ 4- 2) ■ 

29. (3a: 4- 2)(2a: 4- 3) 


30. i2x 4^ 1)(2a: 4- 1) 

31. '(4a: — 3)(4.v 4- 3) 

*• 32. (3a’ 4)(2a^ -I 3) 

33. (5a: 4 - 3)(2a- - 5) 

34. \2.r - 3)(3 jc -- 4) 

35. (5a: - 2)(4a^ - 3) 

36. (2 4-. 3a’)(1 - 2a') 

37. ' (6 — 5a')(3 4- 2a:) 

38. (2 - 5a4(2 -- 5.v) 

39. ^ (3 - 4.y)(3 4-'4y) 

40. * (3y 4- tKa: 4- 23') 

41. {4a 4- 3b){2a 4 * 56) 

42. (5« - 2h){3a -h 46) 

43. {Is + 0(4.v - 3/) 

44. {3s 4- 20(3i 4- 2t) 

45. (3a: — 4>’)(3y 4- 43’) 

46. (7y - 2y)(7Y - 2v) 

47. {x^ -f- 3 )(y2 4- 2) ' 

48. (y2 - 5)(y 2 -f- 4) 

49. {ab — 2){ab -|- 7) 

50. (3 - y2)(9 4 , y2) 

51. (2.v‘“ 4- 3’^)(3 y 2 — 3’2) 

. 52. (3y2 4- 23’2)(2 y 2 + 3y^) 

53. («3 - 5)(a3 2) 

54. {3a - h^){2a 4- 6^) 

55. (9 4- 2«6)(5 - 3a6) 

, 56. (y2 + 3y 4 1)(^ 4- 2) 

,,57. {x^-4x 4- 3)(y4- 4) 
58. (y2 - 5y - 2)(x 4- '3) 
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59. (a2 + « - 4){a - 5) 62. (3^^ 4 . 2x + l)(x 4*2) ‘ 

60. (a^ — a -j- 1)(« +1) 63. (2^:- — 3x -{■ 5)(2a; -f 3) 

61. (a^ + a -f- t)(« — 1) * 64. _ 3^^ _ 2)(a6“- 3) • 

65. {2x“y^ 5^7 — 1)(2a,3; + 3)* 

66. (5^2 _ 3/ + 4)(2# - 5) * 

67. (3 T- 2; 2/2)(3/ - 2) , • 

68. (7 + 4fl2 - - 3) 

69. {2x-‘- 3xy f 2j2)(3^ 4. 2y) 

70. (Ix'^ 4- X- — 4x — l)(jir 3) * 

71. (3.r2 -- 2x -f- 4x^ - 2)(.v + 4) / 

72. (2x - 5.v2 -I- 3)(2J1' - 3)* 

73. (9^22 _ 6ab + 4/;2)(3tt'-|- 2b) * 

74. Multiply 3:^2^ — 2x 4 by 2^ — 3, and check 4he 

result when .v = 2. ♦ * , ^ 

75. Multiply 2 — 4' — Zx^ by 3 a; — 4, and check 

the result when a; ~ 1. * ,** 

76. Multiply 2«2 _ 2ab -j- 4b- by Za — 6, and check the ^ 

result when a = I, b --- —2. * • 

77. Multiply 4ab + 3b^ — 4fl2 by 3a 4 5b, and check the 

result when a = 2, — 1. , 

78. Multiply 3 — 2 a:’’ -{- 2a’ by 2 — 3x, and check tlie 
result when a: -- — 2. * 

79. Find the coclhcient of a’^ irj the products: 

(i) (A-f-2)(A’2- 3 a’-I- ]) 

(ii) {x - 4)(2a’2 4- 4a - 3) 

(iii) (3 — 2 a)(5 — 3a 4 - 2a2 — a^ ^ 

80. Find^hc coefficient of a in the* products: 

(1 ) (a 4 3)(a2 4 2a +,5) 

(ii) t2A - 3 )(a2 - 5a - 2) 

(iii) (5 + 4 a!)(a3 ~ 2a2 4 - 3a - 4) 

81. If (3 a2 - 7a 4 7)(a - 1) - 3a2 - IOa^ 4 -^7, 

• find < 2 . ' * * • * 

82. If (5 + V - 2t)(2* - j) 16* - 15 •-* a*H lO*’, , 
find’a. 



150 


A NEW CQ.lfRSE IN ALGEBRA 

83. 'Jf the coeffiaent of x in the product o{ -{- Sx a 
ana,x’ -f 2 is zero, find &. 

84. I f the coefficient of in' the product of (2 a;2 — 3a; — 2) 
and (ax + 4) is zero, find a. 

• . c . 

Spend Cases « ‘ . ‘ , 

(a J by- - (a 1 6)(a + b) - a2^ ]- 2ab } b^ 

(a - by (a ; b)(a - b) - a- ~ 2ab | b^ 

» ' '(4 1 — b) - b- 

The above results shoiild be uommi.*^tcd to memory, and may 
b» expressed in words as follow^; 

* 1. The square of the sum of twq numbers is' equal 
to the sum of their squares t6gether with twice their 
••product. 

2. The, square of the difference of two numbers is 
equal to the sum of their ’squares diminished by 

• twice their product. 

3. * The product of the siim and difference of two 
numbers is equal to the difference of their squares. 

, '^rhe above results arc often written thus: ^ 

(a 4- by - + 2ah + 

(a - by ‘ „ 2ab 4 h'^ 

(aCb){a b) .«2-/r 

The sign means “is identically equal to”, and is used when 
two e?6prcssions arc equal for all values of the letters. Such 
an equation us called ad identity, as opposed to an equation 
such as Za ~ 6, which is trv'c for only one value oi a. An 
equation such as a -f — 4 is true for various sets of values 
of a and b, but it is not true for all 'values of a and b. 
Equations such as 3rt — 6 and a b — 4"^ are called equations 
o) /'ondition or briefly equations, a b ^ an indeter- • 
minate equation, since there is an unliihited number of values 
of a and h for which it is true. 
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Exercises 46 

• • 

Write down jyiswers to the following : 


1. (X + 2)2 ■ 

2. {x + 5)2 


'28. {2x - 
29. {4x - 

- y )^ 

-•W’ 

3. (a -f- 4)2 . 

4. (3 + «)2 

5. (10-f-/)2 

■ - (-O’ 

17.* {2ab + 3e)2 

* 30. (ab - 
31. (x- 

-'ZcY 

6. (2x + 3)f 

7. (3x + 2)2 

* 18. (^-‘3)2 : 

19^ (x -i,7)2 • • 

32. _ 

» 1 

d 

8. (1 + 4a:)2 

20. (a - 10)2, 

33. (x? - 

- 2a)2 ^ 

9. (2 -1- 3^)2 

21. (5 - «)2 

34. (2^2 

-5«)2 

10. {2x l->.)2 

* 22..(12-/)2 

35. (5a- H 


11. (St -1- 4^)2 

12. {5a ^ 2hf 

(2x - 5)2 • 
24. (3s - 7)2 

36. Vl - 

ir- 

13. {ab -1 2)2 

25.,(7^ - 5)2 

37. 

Zpqf 

14. (.v2 + 33-)“ 

26. (2 - 3tf)2 

38. 3(2a 

- ^yf 


27. («) - 6xy 

39. [2s{s 


Simplify^ 


• 

m 

40. (20 + 1)2 

*42, (100 2)2 

44. (10 4 

■ 0-2)2 * 

41. (40 - 1)2 

43. (100 - 3)2 

45. (10- 

0-01)2 

Without actual 

multiplication find the 

vjlue bf: 


46. 1032 

48. (9-9)2 

50. (9-98) 

z 

w 

47. 982 

49. (10-4)2 , 

51. (29-9) 

2 


What terms must be added *to the following expressions * 


to make eacA a 

perfect square? 




* 

52. 

fl2 

-b 4a 

56. 


3a 

60. 

a2 

61- 

•53. 

a2 

+ 6a 

57. 

A* — 

5a 

61. 

4a2 

f \ iy ‘ 

54. 

fl2 

- 8a 

S8.' 

«=,+■ 

1 . 

62! 

•9^2*- 

- 24a 

55. 

a2 

- 10a 

• 

59. 

a2 + 

25 

63. 

25a2 

+ 4 
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64. v(a: + l)(;c - 1) 

65. (x -h 3)lx - 3) 

66. (x -- 2){x +’2) 

i?: (4 + «)(+ - a) 

68. (S - a)(5 + aj 
fi9. (* + a){x — a) 

70. (*-3>)(* I ■>■) , , 

(xj — 'SKaiv-I- 3,\ 


72. (2 a- - 1)(2 a - 1- 1) 

73. (.a2- -3)(.-c2 4- 3) 

74. (S.V + 2)(5 a - 2) 

75. ('2a/) - 3c)(2ab + 3r) 


77. ' (*2 - 2 a-)(a-= + 2*) 

78. (ab - 3c^)(ab + 3c*) 


^ Simplify : 

79. (iOO + 1)(10() - 1) 

80. (10 f 0*2)(10 - 0-2) 

81. (fo -I- 0-.n3)(10 0-03) 

Withomt^.actual multiplication find the value oC: 

82. 102 X 98 84! 20*02 x 19*98 

83. 10*3 X 9*7 ‘ 85. 63 x 57 


Simplify: 

86. {x + 3)(.v l-'2) - {x - ^){x - 1) -- 5(2x 1) 

G7. {x i- 5)=-’ - (x - 2)(.v -f 2) - (x 3)- 

88. (3x + 2)2 - (2.V -1- 5)(.v + 2) -1 (2.v - 5)^ 

89. .v(lr-l)^-h2(3-4v)(3 + 4.v)- 2 (a: - 2)(2a; 2 - 3x + 3) 

90. (a 4- 3hy -- {5o 4 - 2b){a - 3h) |- {2a - bf 

< 

Prove : 

91. f- a -f- l)(a - J) — {a^ — a 4- 1)(« -f 1) —2 

92. " (.V +4)® - {X - yY - 4a:v 

93. {a -\- b)(a ~ h) -1- (b -f- i)(b — f) + {c -f 9 

94. (a*- bY -h {b - cY -(c- aY - Z{b - a)\b - c) 

Solve : 

<ts!{x H-. 3){x + 1) - + 2)(x + 5) 

96. (3:c + 2)C2x - 7) - 2{3x~ 5){x- 1) -r 0 

97. (4jc - 3)2 - (x ~ 2Y ~ i{2x -Y 5Y + = S 
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98. (5jt+ 7)(5 :v:- 7)-(3jc- 11)(3a-+ fl) ' 

• = {\x - 9)(4a: + 9) 4 - /Jx 

99. ( 3^2 _j. jx ^ 2)(Zv - 3) -*(.v2 4 - 3a: - 2)(6a: - 13) - 7 

100 . a{x — 1)2 + b{x — 2)2 =: (a -f- b)x“ —*a 

1 

• # 

Division by Binomials , 

Example: Divide _ 22a: + by,2x- — 3. 

The working can Ik compared* with a dnasion pfrob^em in 
Arithmetic. * * . • . ^ 

•k * 


345 




. 3x2 

4-*4x - 

5 


j 

t 

23)7935 

3 

2x 

- 3)6r‘ 

— X - 

-’22xT 

15 


-3)k 

j 

69 

23 X 3 



- 9x 

“ 


(2f 

3x2 

103 





- 22x 




t 

92 

23 X 4 



8x2 

- I2x 


(2,. 

^ 3) X 

4x 

'115 





lOx 4- 

15 




115 

23 X 5 


3 


- JOx i 

15 

(2x 

- 3)4X 

-*5 

If this is ( 

correct, then 




• 




(3x2 

‘ 4x -- 

5) X 

:\Zx- 

3)-^ 

bx' x2 

— 

22x 

4 - 15 



for all values of x. Its correctness c5n be checked as before by 
choosing any value for a: and finding the value of eao'h side of this 
equation. 


When.v— 2, 

3a;2 4a: - 5 -- 3(-2)2 4- 4(-2) - 5 - 12 - .7- 5 - -1 

2a: - 3 = 2(-2) - 3 = -4 - 3 = -7 
(3*^ + 4* 5X2* - 3) = (-1) X (-7) = +/ 

6r> - *2 _ 2Zr + )5 

=6(-2X-(-2X-22(-2)+ 15 
= -48 - 4 + + IS . ' ' 

Answer is correct. 
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I I 

Exercises 47 

tlivide: ^ 

1. -f- 9jf — 72 by jc — 2 

•-2 — 36 by a + 4 

3. )4 — 5x — jc^«by 7 -f jy 

• 4. 6a^ “)- 11^2 — 10 by ?>a — 2 

5. i 5a“ — 22a - 1 - 8 by 5a - - 4 * 

6. 15.v2 ,(- a:- 40by 3 a:-.; 5 

• 7. 25> _ 64 by 5^, 8 ^ 

8. 14 - 5a - 24a2 by 2 -- 3a ‘ 

'■'9. .9 - 8^2 by‘l - \a- 

le. 10.V- + ixv ~ 18v- by Zv | 3v 

11 . 2>).v= - 51*y -b 2V hy 5 a- -• 4y ’ 

12. .r’ + 5.v^ -1- 8* -|- 4 by A !■ 2 

13. A’^ -j- ‘3 a’ “t' 9 by a* — 3 

14. 10 - 8a2 4- 3a3 - 37a by a *- 5 

X5. 6a'* — 7a- 29a — 12 by 3a 1 4 

16. 16 - 8a - 19a2 4 5a=‘ by 4 - 5a 

17. Sa-** - 1 by 2 a - 1 

18. 9a'‘* — 16a’ -f- 15 by 3 a + 5 

‘19. 10a3 - 27a 2 4 27 by 2 a - 3 - 

20. 6a‘‘*jv- — a;>' — 12 by^3Ajv + 4 

Find the C^uotieni and remainder on dividing: 

21. 15a^ -|- a — 14 by 5a 4- 2 
22>d2A2 - 29 a 4- 20 by 4 a - 3 

23. 35 il- 13 a -- IOa^ by 7 - 3 a 

24. 8a‘* — 6a2 + 3a by 2« — 5 

25. «'5a^ — 2a- -\- la — 12 by 3a - - 4 

26. *20a=‘ - 3a2 - 19a - 16 by 5 a + 3 

;J7. 12 + — 5a — 6a:^ by 3 — 2a 

*' ^28. Divide 4 a- + 1^ 3y^ by 4 a + v ^ ' 

29. Divide' 8a^ 4- 6a-Z> -j- 4 A-* by 2ay+ b. Check the 

answer when a — 1, !> — 2. 
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30. Divide 3x^ — 8.v-v + xy^ + 2\’‘* by 3x -- 2v! Check 

the answer \\;lien x y ‘ / 

31. Divide 2uV)^. -f abc — Sic- by ah — c. Check the 
answer when a'-— I, b — 2, c = 3. 

32. Divide the sum of2.v(.v {-1) ’and 2 (a: — 3), by (.v - 1).’ 
<3.v-i 1)(2 a-^3.)* 

;2.v , 5) \ 

34. What is the value ofv^ if 2a’‘* |- y- ( 3a* h ^ is exactly 

divisible by a -j- 2. * ^ | > 

35. What IS the value of k. if 3 a’^i | 2.v‘^ - 13 a; -|- k is 

exactly divisible by 3 a' - 1. ^ ^ f 

36. What must be added to ()«- — 13« to make it exactly 

divisible by 2a — 3? ' 

37. The expression a;'* — 6.v“ 1 11 a | ^ is exactly divisible 

by a; — 2. Find a. ’ 

38. If rt-(A*-l)% h- {x-- l)(x \- 1), c >--x-\, 

. r 3a -f- 2h 

39. If a - (a* - 2)“, b - (a; - 2)(a’ -| 2), t - 3 (a’ - 2), 

. P 2a- b 
simplify ^ 

40. If « - (a* - 1)(a’ - 2)(a’ - 3), h - {x - 1)(a' - 2), 

1 \ c b -\~ ( 


Multi phi at wii and Division by Expresswub zeith Thtcc or More 
Terms 

\\ here expressions w ith three or mdre terms are 5 :oncerried 
the methods are the same as those used with binomials. In 
general, care should by taken: 

(1) to anange the expressions in ascending or dc''cend- 
ing order (where more than one letter is involved the order 
• is taken for any one letter); 

f 2) to plaeo like terms underneath one andther; 

3) to avoid crowding the w’ork. 
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A^ltiplicatim 

Vxample 1: Multiply' -f 5 — 2a“ by — 4^-1- Sa^. 

• I 

— * 2ar 4- 5 fA splice is left because 


5a* - lOa^ '• + 25^2 

1- 3a'‘ — 6a^ -|- 15a , 

- 4a3 4- 8a2 , - 20 


5a^- 7a*-.10aM 33a-' I- 15a 20 


' E.'^am^ie 2 : Expand \a 4- ^ 

'• a -\- h -c 

a. + b -c' " 

cr ah -- ac 

* ' * 4- a6 4-^“,— be 

— ac " he 

♦ a- 1- 2ah - lac -| — Ihc -\- c^ 


Example 3: In the product (2^- |- 3.v a){x^ -f 2;x: — 4) the 

coefficient of is -9. Find a. Then find the coefficient of x. 

I ' I 1 

* (2a- 1- 3a; + a)(A:2 __ 2x — 4) 

« , ' _ * , 

Th^artial products involving x^ come from the .multiplication 
of the ternfis linked by the continuous lines shown above, namely, 
4-a X x^, +3x X —lx, 2x'^ x 

K coefficient of = 4-« — 6 — 8 ^ 

-4-fl-\l4 

But coefficient of a;® = — 9 
4-a — 14^^ —9 

4-a = _n 4- 14 

•d = 5 
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The partial products involving x come from the multiplied* ion 
of the terms linked by the dotted lints 'shown above, namely, 
X —2x, -\-3x X —4. 

coefficient of jc = —2a— 12 

But ,a — 5 1 

• coefficient of = — 10 — i2 
- -22 

* Exercises 48 ^ 

Multiply: 

1. x~ — 2x -\- 3 by x~ |- 3x — 2, and check the result 
when jc = 1 

2. 2<2“ — ^ - 3 by a"*- — 2a -\- ly and cheek the result 
when a — 2. 

3. 33'“ -|- 2v — 5 by 2v^ - - 4y -- 3, and check the result 
when 3? = — 2. 

4. 5^?^ — 2a -f 2 by a- — 2a H 4, and ciicck the result 
when a - - — 1 . 

5. 3 — 2a: -f a;- by 5 -f- 3a: — 2a- 

6. 4 A — 3a;2 by 2 — a: -f 3a:- 

7. A"* 2a: — 3 by a’^ — a H- 2 

8. 23’^ — 5 33’“ by 2 — 3v“ 4- 4_v 

9. — ah 2b- by a'^ + 2ah — 2h^ 

10. 3^2 4- Sah - 4&2 by 2d^ - 3ab - b'^ 

11. a^ h- — ab by a^ 4- 

12. 3/>2 — 2ab 4- 3a'^ by ab — 2a^ 3b^ 

13. A — 3' — by A 4- 3' — 

14. 2a 3b — c by 3a — 2b c 

15. 2b — Et: — a by 3c b — 4a 

16 . a 2 4- 4- — '*3: — 3’-2: — 2 :a by A -f 3; 4- ■Sf 

. 17. a2 _ ^ X- 1 by 2 4- ^ « 

• a ’’ a 

18< 2a2 - 1 + ^ by - 3 - a 
a ^ a 
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Inid: 

The coefficient of .v in the product • 

(3:^2 _ 2., -f- 4)(2 :c2 - 3a: - ’Z). 

20. The coefficient of in the product 
' * ; - 3a:2 -1- Tv - S){tf - lx | 4). 

^ 21. The coefficient of An»'in the product ‘ 

(2a: -1- 3v 4)(3 a: - 2r'+ 5). 

22. 'rhe coefficient 'of A:2,in (3 a:*2 2x 5)2. . 

• 23. ‘ The coefficient of a-b- in {2ar — 3ah — 

^ 24. 'I'he coefficient of y fn the product 

fr, (ax -\ by f- f)(i'A: - ay r). 

k,25. If the coefficient of x in the product 

‘ (3a:2 -- 4a: 4- 5)(2a: 2 — 3Af »- rt)is — 7, find a. 

• 26. If the coefficient of a: 2 in the product 

(7o - 2.V -t- 4 v2)(3 -!- ax - 3x-) is -19, find a. 

27. If the coefficient of in llie product 

• (3v -Vir I 4)(aA’ I 3y — 2) is 16, find a. 
ThcnYmd the coefficient of a^v” 

28. If the coefficient of a: in (5 a’2 | ax 2)^ is -12, 

find a. • 

29. If the coefficient of .v’*v in ( 3^2 _ I 3 y‘^y 2 is 
find a. 

Simplify:* < 

3^(r; -l h)(h -\ c){c -\ a) 

31. (V ] 2){2a 3y3A-{-l) 

32. (3«“«- 2a T 1)(«2 _ a - 1) - (^2 2a - 1)= 

33. J(a — 2h -} c)(a -[ 2b ~ t) ^ 

^ -f (2a — b - c)(2a b I- r) — 5(«2 — Z>2) 

PMtK^s Expanded by the IJ^e \}f Standard F<jms ^ 

By suitahit grouping an *cxpansioVi can o/ten be made to 
depend on standard forms already known. 
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Example 1 : 

(rt + h -1- if == (a -I- /; -f cf ^ 

(a + /»)“ -! 2(a d)0 -|- c- 

[fnmi the standard form (v -f 3')® — etc ] 
= a- + ?Mb \'b- lac -j- Ibc -j c* 
usually written in the^form * 

fl- -j- b- -f-V'* h lab -|- Ibc 4- lea 

, • • 

Hence the square 6f t^e sum 6f three (or«more)r niynbers 
is equal to the sum of their squares together with twice the 
product of every pair. * ; 

Tins result can he used in etpansions like the following** 

(2.v--3y [- (-hf -\ {-Azf -I- l{lx){--3yf) 

.* -j2(-3v)(-4^)^4-2(-4)(2.v) 

^ ~ 4x® 4- 93’" !- 16 c:- — 12.vv 4- 24yxr — 

Example 2 : 

{x 4- 3' — 5r)(.v — y -\- z) — (.v -j \ —*3’ — xr) 

= .1- - (y — z)" 

[from the standard form (a | /?)(a — b) — rt* ~ , 

— x~ — y- — xr- I - 2y;r 

Example 3: (2.v -- 3y — 5)(3.v 4- 3- j 2) 

-(2:^-”3y-5)(3.v-|y4-2) 

- (lx - 33-)(3a- 4 - y) - 5(3.v f y) i 2(2i» - 3y) - 10 

- 6.^2 — 7.V3’ -- 3y‘‘^ 15 A’ — 5y 4 4a — 6y — 10 

- Oa- 0 - Ixy — 3y- — 11 a - 1 ly -- 10 

» 

Example 4; , 

(.« 4 - hf -= (a 4 - bf{a 4 h) 

-- {a- -f lab }- h‘^\a + b) ^ 

' -- rt ’ 4 2a-/; 4- aA- { orb j lah^ [- 
^a^ V :\a% ~\ Zab^ -Vh^ . ‘ 

Similarly, (a -* bf -- a® — 3a^b 4- 3a6^ — b^. ’ ' 

Bolh these results should be memorised. 
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Hence {2x -[- 

= (2*)’ + 3(2*)^(3;^^ + 3(2*)(3:v)‘ + (3>)» 

[puttinjr 2 ai; for a and 3v for 6 in (<2 4-6)®] 
= 8:c3 H- 7,(ix^y 4- 54jcy -|- 27^ 

V ' 

Example 5: {x a){x + c) 

zzrz {x^ -j- ax 4- bx 4- ah){x -1- ')' 

= jr** + ax^ -f bx“ -4- ahx 4- x^c -4- ncx + bcx + cibc 
= 3^ {a ^ b 4- c)x^ -(- (ab f be ca)x 4- i*bc 

Note that the coefficient of x^ is die sum of a, b, c, and the 
coefficient of x is the sum of the jiroducts of a, b and c taken two 
atM time. 

Hence (.v 4- 2)(x 4- 3)(x — 4) 

. --- .v^ -f (2 + 3 - 4)jt- + (6 - 12- 8).v - 24 

=-c r** 4 - X? - 14.V - 24 


Simplify : 


£xercis3S 49 


1. {a b — cY 

2. (a - h - cf 

3. {2a + b }- 36)2 

4. (a - 2h - 3c)-’ 

5. 2y^'^ 


6. (2 — 3a: — V;2 

7. (2fl2 + G - 1)2 

8. (a: 2 — A:jy + 3j2)2 

9. (a + b c)(a — b — c) 
10. (a b c)(a b — c) 


n. (x 3v -1- 2)(.v + 3_y — 2) 

12. ''(3<2 - 2b 1- c)(36/ + 2b + c) 

13. (1 - - b){l - « -f h) 

14 . {x+y-\- 2){x-{-2y~2) 

15. (a: + 2>^ - 5){a: - 3^; -f 2) 

16. (1 — a: + a:2)(1 -|- a: — x^) 

17. ^ (x -f 3v + 4 )(a: -2y — 5) 

18. (x + 2)2 21. (2a: + Syf 24. (2a: - 3)* 

19. (a: 4- 3)2 -22. (a: - If ' ->5. (3a: - 2yf 

20. (3a; + 1)^ 23. (a: - 4)® 26. (2 - 3af 
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27. a 


U - 


29. (x + 1)(a; - 1 ^ 2)(x + 3) *33. - 3)(x - l)(x + 4) 

30. (x + 3)(jp + 2)(x -|- 4) 34. (.v — a)(x — b)(x — c) 

31. (a: 1)(a: — 3)(a: — • 5) 35.’ (.v — a)(x c) * 

32. (x + 2)(x -r 3){x -f 1) , ‘ 

. 

37. 2(a - 'h - cf - (b'- c-tiy-{c-^~ bf 

Division j> *•* 

Example 1 : Divide a;'* -h anV* 4 by ~ xy -}- 
.v2 I A>' 4-y __ 

a:2 - xy 4 y^)x^* . *+ xy , y* 

X* — A^y -f xy * 

4 a:®_v — xy An*‘ 

•\*xy - xy^ 4- y* 

_j_ xy^ — xy^ [- V* 

[‘ipaccj. are leh because there are no terms in x^y or in Ay^.] 

Example 2; Find the quotient and remainder when 
a;^ — 3a:® 4- 5a’® — 6 is divided by a®. — 2a 4- 2. 

A® — A 4 1 

A® -- 2a 4 2)a^ — 3a® 4- 5a® — 6* 

A^ - 2a® 4- 2a3 

- A® 4- 2a;® - Zx 

A® 4- 2a — 6 
• ^2 __ 2a 4- 2 

I - ■ , * • 

The division stops when the remainder obtained is of lower 
degree than the divisor. , 

Quotient is a® — a 4- 1 and the remainder is 4 a — 8. 
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Exercises 50 

1. 2x^ — -j_- 3x 4- 2 by x~ — x 2 

2. — 19a^ a 6 by 2a^ ~5a — 3 

3. [ 6k^ 34k + 20 by 3k^ + 6/e - 5 

4. 2<i* “ — 3a- -j- 14a — 8 by — 3a 4- 2 

1. 14a 4- 9a^ - - 12 by 2a f 3a2 - 3 

6. 2 4- 6.11:'* — 6^'“^.-^^ 7r* 4- Sjc by 3 j»j^ — 2a: — 1 

7. X* 4- -h 1 by a:2 4 - a: |- 1 ^ 

8. a* 4- - 3a^6‘^'-{- lub^ ~ Gh^ by a^ 2ab - 3h'^ 

9. a:** - 1 by a:'*^ — a 4 1 v 

10 . a* 4 - 4- b* by a^ } ■ a6 4 - b‘^ 

11. ia:® 4- -h — 3 a: 3’~ by a; y 4- ~ 

^ 12. a:® 4- >" — 4- by a: -f- y — ^ 

Find th-i quotient and remainder when: 

13. A’* — 3a:^ 4 2a: — 4 is divided by a- 4" a: — 3. 

14. 2y^ — 3y- 4- — 5 is divided by 2y- — 4y 4- 3. 

15. 6a^ 4- ^^b — 6a^b“ 4- 7aft^ — 66^ is divided by 
3a2 _ ab 4- 2b'\ 

16. 8a^ -I- 6a- — 4 is divided by 4 a'^ -- 3a — 2. 

17. If 3 a“ j- 4 a -- 5 is a factor of 

6a4 - - 13a-» - 29a2 + 47a - 15 
find the othc-i factoi 

18. Divide the product of 3x^ — 8a 4- 4 and 2a^ 4- 5a 4- 3 
^ by — A - 6. 

10. What expression divided by 2a^ 3a — 4 will give a 
* . quotient of a^ -- a — 2 and a remainder of 2a — 5? 

20. Divide 8a^ — — 1 _ fiAy by 2 a — y -- 1. 




REVISION PAPERS 21-25 , 

* * * * 

j Paper 

1. { a ) Multiply 2V“ *3a' ; S by 3.y 2 

(/;) DiVidc Zxi -‘Zv- 35 a' i‘ U by .v 1. 

2. Solve 2 a? 1 V - 3x 2 4v i J. 

3. 'Phe first of two nuiTibcrs is less than the second by 5.^ 

'I’hrcc times the smaller number exceeds twice thclargjyf by 
8. Find the numbers. # 

4. Simplify: • • , 

(i) (a - 4y -j 3{a 3)ia | 3) - (« - * 2y 

(ii) l2a 3)i3a 2) -(1 4«;(2* | 

5. Solve ^3)-. 

6. A boy takes .v min. less to cycle to school than to walk. 
If he cycles at 10 m.p h. and walks at 3 m.p.h., how' far awaj^ 

is his school*? I low' far avvav is the school w'hen x -■ 21? 

• • 

Paper 22 

1. Solve 2x - - 2 

2j. 26 

2. Simplify: * 

(i) (2 a'“ — 3.\t -r.y“)*x (2 a: - 3r) 

(ii) *(a'''’ H- 3a:“jv - 3xy~ — y^) — {x — y) • 

3. If /)2 ^ (3 a’ -*yf - {x + 3j)(a: - 3>-) -\-lx + ^yf - 

2y{5y — 9a.’), express />, as simply as possible, in terms qf a’ 
^ndjy. * ^ . * • * 

4. A man buys (« -f- modf^ aeroplanes at x shillings each 
and (x — model aeroplanes at a shillings eac;h. He sells all 

1,63 
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o£^hem at h shillings each. Find an expression for the 
Sailing Price — the Cdst Price in pounds. 

Does the man alwayi^ gain' or lose? How’ do you know? 

5. If fl = 1, i ~ c — —2, — 0, find the value of: 

* (i) (a -I- b){h + c)(c d) 

.... • 
a — h ■ b o ^ ' c — d 

6. For. a certain cV)nccrt,» tickets lire sold at Sf.'cach and at 
'2^. (id. each. Had th‘ 9 S^ whOfbought 5s. tickets 'bought 2s. 6d. 
^tickets instead, and vice versa, thc'teceipts would have risen 
by /24 lO^. How mahy people were at the concert, if the 



' Paper 23 , 

1 . (i) ^Multiply — X 2 hy 2x“ -f 5x — 1. 

(ii) Divide lOx^ — \lx^ — 6 by — 2x -f 2. 

2. 35 boys and 15 girls sit qn examination. The average 
mark of the boys is x and of the girls y. What is the average 
mark of all the candidates? It is decided to make the average 
*mark 50, and to change each candidate’s marks accordingly. 
By what fraction will the mark each gained in the examina- 
tion have to be multiplied ? 

If X = 45 and y = 40, what would the new mark be of a 
girl who made 30 marks? 

- Solve 3 a: == 4j + 1 1 

2x KlTy + 8-4-0 

I 

4. (i) Find the coefficient <J x^ in the product 

- (2-3a:)(3 -5x + 2a:2-x3) ' 

(ii) Find a, if the coefficient of x^ in the product 
‘ ' , (2x — i){2 3'x ax^ — 

‘ is +25.‘ ■ . \ 

5. Find an equation of the form aa: + + 1 — 0, where 
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a and h are constants, *and which is such tiiat it has* thoi gyo 
solutions X —2, y = 2; x ~ I, y ^ — 5 J. y 

6. A committee pf 18 has nrlfen an^ women members. If 
half of the women on the committee were replaced by men, 
the number of men wjuld be five times the^numbtr * 0 ^ 
women. How njany mAi are at jirresent 00 the committee? 

•P^per 24 

1. (i) Find^ the value* of 2a-*— \ I* Ac, *when yp — 

/| — ^ r — i • 

O — Hi C .j. 

(ii) Find the value of * 


when X — -^-2, y — 3. 

2. One side of a rcctangjje is (2.v -- 3) in. long.* 7ts area is 
( 6 jc ^ — X — 12) sq. in. Find its perimeter. 

If its perimeter is 4 ft. 4 in., find its dimensions apd it!^ 
aica. 

3. A man sells in a week x articles at y shUlings each. lie 
reduces the {)rice of each article by one-sixth and, as a result,, 
the next week he increases the number ot articles sold by one- 
sixth. Have his takings increased. or decreased.? By what 
fraction? 

4. Solve: 


(i) 5(2/ 



3 

y 


3)(2 + 30 - (4/ 4 - 3)(4; - 3) 

, - 14/(/ - 3) f 13 

-f- 10, ^ + 4J = 3 -4 

X ^ y 


5. (i) If tfic coefficient of x- is 16 in the product of 
{2 — ax — 2x-) and (4 — 4^; 4- 6x^), find the value of a and 
|hen find the epefficient of ^ > 

(ii) Prove that , • , ■ * 


(ax cy — (2ax + r)(2Ay + c) = (ax — byY 
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^ 4 , By' increasing his usual speed* by 10 m.p.h. a man 
r(^^kons that he will SaVe 25 min. on a certain journey. His 
car develops a fault, a^j^d as A result his avc*. age speed is de- 
creased by 5 m.r^.h. and he takes 20 min. longer than usual. 
•How long docs he usually take for che journey, and at what 
speed does he usually travej? ‘ , 

Paper 25* 

1. A IT), an bought‘(lv —*y) toys at (Zx -|- y) shillings each, 
ille soul 2x ol tliem'at (3 a: — 2v) shillings each and the rest 
at 2a’ shillings each. I'md *iin expression for his profit, and 
simplily 'tt. If he bought 50 fciys at £2 each, w’hat w^as his 
profit? 

2. H'he \olumc of a square prfsm is 

‘ 12a’^ i 28 a‘^j -1- ^xy“ -■ 18\’^ , 

'Fhe lengtlf of the side of the se^uare base is (2.v + \v) in. 
Idnd the heigh; of the prism. 

' ^ , 3a - 4 14v - 2, 3 a -I 2v - 2 

3. Solve c ^ ^ o 

5 6 3 

.V ! 2v .V - :)• I , 

.. 3 ~ 

4. Simplify: 

(i) 4fl(2/i - )c) - 3b[2c - 4(« - 2b)] 

(ii) Find th? value of a if Oa"^ -- 17a^ -|- 22a + a is 
exactly divisible by 2 a — 3. 

5. One pump can empty a tank in t min., rfiid a second 
pump in 2l min. If the tank contains 100 gal. when full, how 
long will it take to empty th& full tank when both pumps are 
workifig? 

6. For £7 a man can buy cither 12 lb. lea and 6 lb. of 
cofee or 7 lb. tea and 10?, lb. epffee. Find tl^e? price of 1 lb. 
tei. and of 1 lb. coffee. 



Chapter 18 

* FACT@kS 


I. Common Factor 

• % 

■ • 

Example 1; Factoiise flA* H ah. » 

This expression consists,of t\v(f^ejrnS, V/a: ami | ah 
'I'hese terms have a common^ factor rv 
fl IS a factor of the expression ax | ah. 

^I'o find tl%e other hvetor, ax j ah is divided hy a 

ft ^ 

ax \ ah , , a ax -\ ah 
• — ~ X A b ox : 

“ , X + b 

The other factor is a’ h. 

ax -j- iH) u{x -f h) ' 

Note: In the expression ax -( ah there arc two terms When 
this expression lias been factorised there is one term. 'J'lus terfn 
has hoo factors, namely a and ( a * -r b). * 


Example 2: Factorise (a -- b)- — (a — h). , 

This expression consists of two terms, {a - i))^ and — [a -- b). 
7'hcse terms have a common factor {a — h). 

(a ~ is a factor of the expression (a - 6)- — (a - b). 
To lliid the other factor (a — b)^ — (a — b) is^ivided'by 
(a - A). 

(a - 4)2 - (a*-- 4) ’ „ , - 4) Ja - 4)2 - (a - 4) 

{a-b)-l 

» 

The other factor is (a — 6) -y 1. * 

^ (a- 4)2-(*a-4)p(a-4)[(a-4)-^l] 

• — (a — b){a — h—\) 

\ti 
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expression is not factorised until it has been 
reljuced to a single tbrm. « 

E.g. ax ^ ah cx cb ckn be written 2.S 

* a(x -h h) -h c(x -f b) 

tuV it is not factorised because this‘s expression has 2 terms. 
But a{x + ^) + c(3t b) — {x b){a + c) 

The expression has now been (attorised because there is 

one term pnly with Uvb factprs {x -f«^) ^nd {a -f ‘c). 

* 


41 



4 

^xe^cises 

Cl 


Fcctorfec: 

< 



K 

2 . 

2x -f 23 ; 

3*a - 3b^ 

24> 

• 


<5. 

ax + 

25. 

a% + 2abc 

‘ ) 


4. 

hx ~^ijy * 

26. 

2 a: 3 ' -f 2xk — 4a:2 


5. 

X — bx 

2 I 

x^ + lOjf 


. 6 . 

ak a ‘ 

28. 



7. 

—ab — hx 

'29. 

a^ — 2a^h + ^ab^ 


8 . 

3a H- 6 

30. 

ttD ~ ml 



8 - 4jc 

31. 

27rr^ -|- 27rrl* 


io. 

abc — b 

32. 

Ik'^y —\xy^ 


11 . 

25 4 20x 

33. 

la - 2 fl 2 


12 . 

ab ^ ac — Oil 

34. 

2^ab + 40^2 


13. 

3a + \p: 

35. 

121 a« - 33fl2 


14. 

2ax — bay 

36. 

-45/=^ + 9/2 


15T 

‘2axy - 1 - i^aby 

37. 

2 fl 2 — 3^2 4- 6 « 


16. 

-f 

' 38. 

x{a 4- 2 ) + y(a + 2 ) 

17.* 

2x^ — X 

. 39. 

2x{a - 3) - 5(« 

-3) 

18. 

- 1 - 3x^ - - 2 a : 

40. 

k{a 4- 0 “ ' 

l-c) 

19. 

6 /,? - 9;2 -1 12 / 

41. 

5a{:x — y) 4- 3Z>(.v 

-y) 

20 . 

2a - 6a^ 1- \0a^ 

42. 

r{s 4 - /) 1 - vs 


21 / 

b^a + bc^ 

"43. 

r{s - /) -^V 2 (f - 

t? 

22 . 

ax^ — bx^ 

' 44. 

r (a: - 4) 4- (af - 

4) 

23. 

~-3k* 4 - 6IP - 12/52 45. 

(a: - 3)2 -- 4(x - 

3) 
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46. — A + r) -j- y(a — h c) •- 

47. a(m + ») — h{m + lif- * 

48 . ^ 

49. a(b — c) — x{b — -j- y(b — c) 

50. x%m — n) — 3x(rn -- n} + (m — n) 

. * * 

II. Grouping 

It is somttimes necessary to tat:e tht? termfe of an expression 
in groups before the expression can* be Vactorisea*. The 
terms arc grouped if they have ^ common factor. 

» • 

Example 1: Factorise ax — ay -1 bx - by. , 

The first two terms* are g wuped because they have a cJUimon 
factor a. ' ^ 

The last two terms are grouped bccadse tlijiy have a common 
factor A. , * 

ax -- ay -\- bx - by - (ax — ay) -| (/tv --- by) 

1 a(x y) -h b{x - y) 

We have now an expression with two terms, and these two 
terms have ^ torpmon factor (x: — y). 

To find the other fa 4 :tor we divide — j) -)- b{x — y) by 
(x — y). The result is (a A). 

ax — ay j- Ax - by -- (x -- y)(« A) 

% 

Example 2: Factorise a^ — b — a ah. * 

The first and third terms have a cojnmon factor a. 

I * 

a^ — a = a(a — *1) ^ 

The second and fourth terms ’have a common factor A, 'aiiu 
when wc divide them by A we must have (« — 1) as the other 
factor. The a can come only from the 4th term, and so wc must 
take the 4th term first. Hence 

^2 .-/j) _ a «) + (^b — A) 

* ^ a^a— 1)-|- A(a — 1) 

= (o - 1)(<J + h) , 
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• * * 

'J'ht example could, of course, have been worked as follows, 

grouping terms 1 and 3, ahd terms 2 and 4 in that oyrder; 

— b - a — (a“ — a) — (b —*'ab) 

\Note tlie change oi sign required ] 

- a{a - 1)\- b{\ - a) * 

1 ) + b{a-^ 1 ) 

(a - JXfl -[-'/>) 

*(1 — n) IS not tht sarjjd as D ( It- «), — (u — i) and so \se 

must rcYTite the expression. 

Careful consideraliod of the^ordcr of terms in grouping avoids 
this doublt change of sign. , 

NoK’ I: Even if an expression oap bc’vvritten in groups of 
t^rms contaifting common factors, it may not be possible to 
factorise if,. i ' 

E.g. ab — ac — cd -f - a{}) — r) — c(d — c) 

♦ * 

Thcse*t\vo terms have no common factor, so the expression 
cannot be factorised. 

I 

‘ Note II: (a -j- b) — (h -H «) 

Hence 

x(a + b) -i- y(b -j- a) = (a -f- b)(x -(- r) 

4 

But * (a — b) ^ ~{h — a) 

x{a — b) -1 r(' ~ ^ust be rewritten in the form 
:^{a -h) -y{a - h) (a - h)(x - y) 

Example 3: Factorise 4^ — 4^^ -h lay — lax 

^ l 

4j^ — 4jv 4' ^ay — lax — 2(2.v — ly ay — ax) 

^-l[{lx~ly)-{ax~ay)] 

^,2[2{x ~ y) - a(x - y)] 

= 2 ^ - y){2 -a) • ' 
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♦ • 

Exercises ^2 *** 

Factorise : , • 

1. a(x + >’)■ + (bx I - iv) 19. X- -I- -1 .v H .vy 

2. ax — ay hx — by 20. a^ — b \ q -- ab* • • 

3. ax + bx ay -\-*by , 21. pq 1 \ p -(- q * 

4. 2x + 6 + ax •}- 'bq ^2. a^ — Aah -\- ^b — 2a • 

5. ax - ab |- Ax Ab* 23. xy —\ - y 1 x 

6. 3jt’ 1- 3 f kx 1 k* *24. |« 6^ — 3a: 

7. St - At J 5^ - 20^ 25. ,af + 2ab - 2b'- a * ^ 

8. A- •! 5a I* ax -j 5a 26. 4A;y — ah 4r/y — xb, 

9. A'^ - ax ! bx ■ ' ab * 27. *a — a* — ah *H A * 

10. (ah I. ar) — (/^a f cx) 28. 2a^ — a“ 8a — 4# 

11. + St) — kr — Ay * 29. 3ac — he -[ 3ab -- 9a^ 

12. A^ -|-,2a — ax — 2a 30. a^x | x-a ] a-* H a^* 

13. a^ — ah — ax \ bx 31. I -j Zv | -] IOa'* 

14. 5a — ax — 5y H ay* 32. 2 -- 3a i- 2a^ — 3a^ 

15. 6a^ — 4av 1- 9a — 6y 33. ab^ — -f 2A® — Aah 

16. a^ + a^ a A- ^ * 34. h^ — 3ah'^ — 2ali + (m^ 

17. A^ — A^ + A — 1 35. (a + /;)“ -- ac — be 

18. 2a^ -f* 3a^ -) 2a -f 3 36. (a -| 3')“ x — y 

37. pmn — qni^ — />*’’« H pqjn 

38. (a -[ A)(a -1- y) — 3a -3b , 

39. 5a3 + 2()a2 - 7a - 28 

40. A^ — yz — AC -|- xy ^ 

41. 3a — 3y -f- (iay — (lax 

42. 2ab 3be — 6b^ — ae • 

43. abe H 3akc — bd — 3kd • 

44. 2a3; — 12 — 6a Ay » 

45. 2adx ij aid — 2hz — 4ac 

46. ax -f ay h bx |- by 1- ex -1 cy 

47. A® — A^ -I xy + A — jy — 1 

48. 1 — A>\1 - xy) — ^ 

49. a(3 — jX + — 'iy 

50*. a(a* — 3b) + y(a — a) ~ a(x — 3b) 
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\\\, ^Trinomials (i.e. algebraic expressions with 3 terms) 

Ai l^ype ax b, where a and b are constants. 

In Chapter 17 we sav^-that * 

I 

f ' (jf + ,0)(x: -1- 2) = 'r-i8jc + 12 

' 1 he first term x^ is got by multipjyin^- x by x. 

The last term +12 ij5 got by multiplying +6 by +2. 

The middle tc>rm, i.e. thc'ccrm in x, h got by multiplying 
, the terms in the brackets conijrcted by the links shown above, 
i'je. +6 aryd x, giving 1^6^:, and .v and ] 2, giving +2.v, £ind 
addirTg these two results to get * i 8a:. 

Similarly, 

(.V + 6)(.v - 2) =+- -1 4.v~ 12 

4 (the middie term is 6v -- 2v — 4-4a:) 

(.v 6)(a: 2) a- - 4a — 12 

'1 (the rmcldle term is — 6v 2v — —4 a;) 

(i 6 )(a - 2 ) a’2 - 8a 1- 12 

(the middle teim is — 6v -- 2v — —8 a:) 

From these results we note: 

(i) That the constant term is the algebraic product of 
the numerical terms inside the brackets. 

(ii) I'hat if the sign of the constant term is the signs 
““'“TTrside the bracket are hk?t 

(iii) That if the sigw of the constant term is the signs 
inside th^ brackets are unlike. 

(iv) That the coefficient of a is the algebraic sum of the 
numerical terms inside the brackets.- ■ 

i 

Hence the problem of factorising an expression of this type 
is‘r/^duoed to the problem of finding two minflicrs satisfying < 
the conditions stated. It has nothing'to do with the a or ^ 
or Zf etc., of the expression. 
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The expressions 4- 9x + 18, -\- 18, + 9^*4- 18 

present exactly the same problem as far as factors are ^con- 
cerned: • * ^ 

Example 1: Factoris^ -h 9.v -j- 18, * ^ 

Since the constant tejm is 4-18 and the coefiiciint of A:|is*4-9, 
we arc looking for two numbers whose product is 4- 18 and whose 
sum is -f-9, namely'*4-6 and 4 3,. 

• 4r 9:. 4*- 18 -» (jc 4* ^)(x -1- 3) 

Obviously- 3'“ 4“ 9y 4- 18 (j 4 6)(y 4- 3) 

. *. ’ • 

Example 2: Factoiise x- — , 7x -1- ^i2. 

We look for two numbers, whose product is 4-12 and whose 
sum IS —7* namely »-4 and —3. . * 

X- — lx 12 -- (jf — 4)(a: - S) 

% 

* 

Examples: Factorise 3*--- 12 a: 63. 

I'herc IS a common factor, 3. , 

3.v2 - 12a’ -*63 =- 3(a:2 __ 4^ _ 2I) 

Considering the algebraic expression inside the b rackets,, w'c* 
look for two numbers whose product is - 21 and whose sum^s 
—4, namely —7 and -^3. 

3x2 _ 12x - - 63 - 3(x - 7)(x f 3) 

I 

Note: 1. With practice it will be found ihat the factors can 
often be written dowm at once. 

2. Fact irs of trinomials arc^ften found in some such wa/ 
as follows: 

Examf)le 4: Factorise x^ — 3x ~ 28. ^ 

We can w rite down (x )(x ) as the form of the factors 

since the first term is x^. Since the sign of the constant term 
is — , we |spow that the signs inside the brackets are unlijie. 
Hence we can write (x 4- ? ? )• The numbers to be 

inserted muft be factors of ?,8, and must therefore be 28 and 1 , 
or 2 aild 14 or 4 and 7. By trial and error we reject those factors 
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not give the middle term —3 a;, e.g. if we write 

iv. I ' 

(a; -f 2)(x -- 14) as thc^factofs, the middle rerm would be 
-1-2a; - 14jc -- , 12Af, and we see that these factors are wrong. 
♦ « . ^ 1 r* 1 I • 

It w;ll be found that (a; | 4)(^' ' ' 7) a/;e the factors, since the 
middle term IS | 4.v --- lx - ^ ^ 3j;. This method is most useful 
in an example like flxamplc 5 below.* '' 

Example 5: Factorise (15 1'- 2a; — a;-^). 

•i* I I r ■ 1 I 

15-f2x; A-)(? -.V) 

The numbers to be inserted arc factors of 15, and when in- 
serted ijjiust give a middle term -1 2x^ i 

' 15 -1- 2.V -- .v2 _ (3 1- a^)(5 - x ) , 

[Middle term is - 3a; + 5a; — -1-2a ] 

.This example should be factorised as shown above. I'he terms 
should not be rearranged in descending order. 


Factorise ; 

1 . x“ -1- 5a: -f- 6 

2. .^2 -1 7a: f 12 

3. + 8rt r 15. 

-I 28 

. 5. -h 6.V + 8 

6. — 7a^ h 10 

7. a- - 8a 12 

8. ... + 8 

9 . /)2 * - 8 /> 1-7 

10. f - 10a + 21 

11. -1. 2a - 8 

12. -F 2b -- 15 

13 . k^-Zk- 10 


Exercises 53 


14. a 2 -t 2 a - 35 

15. r- - 4r - 21 

16. _ 5^ _ 14 

17. a 2 -f 3 a - 40 

18. a2 - a - 20 . 

19. /2 + 2^ - 63 

• 20. + A — 42 

21. 4 +^5a 4 a'2. 

22. 7 - 8a 4- 

23. 2 y — y"^ ^ 

24. 6 — c — * 

' ;25. 8 ^2d-.d^ 

26. a2 - a - 90 
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27. 


4 8fl “h 

1 

16 

48. 

4 - 

4a + ’ '♦i , 

28. 

;y2 

- 4 

25 

49. 

Hs + 30* + 5*2 , 

29. 

10 

— 3a -• 

A’2. 

• 50. 

*2 -h 5*2 — 6* 

30. 

42 

+ 13* + *2 

51. 

a3 — 

12a2 -f 21a 

31. 


-f- 3ah 

2/;2 . 

52: 


5e - ;4<2 . • *• 

32. 


-.5:^' i 

6v“’ • 

53. 

M 

d^b^ 

.f lab ! 12 * 

33. 


- 9pq + 

20^2 

54. 

x^x^ 

-- Oav f 20 

34. 


-f 4kl - 

5/“ 

2 55. 

2a3 

1- 30a2 -I- 112a‘ 

35. 

a:“ 

+ 6* ' 

9 • • 

«6. 

6a»- 

- 7i{)d^ -i 2 36^ 

36. 


- IZV H- 

36 

57. 


— 6aA 3a * 

37. 

or 

-- 14a {- 

40 

*58. 

12/e 

- 2kx - 2kx^ 

38. 

36 

4 12a j- 

a’ 

• 59. 

a2 + 

(m -f n)x -I v/« 

39. 

64 

- \6x 1 

a2 

1 

60. 

a- -- 

(m -t v)a 1 mtfi 

40. 


+ 2ab -f 


• 61. 

a2 ^ 

(a — b)x — ab 

41. 

x^ 

- 4xy -f- 

4v- 

62. 

A*2 - 

(a — b)x — ah • 

42. 

2*2 + 6* -t- 

4 

63. 

v‘ 4 

(5a - ^>)a - 10a/; 

43. 

3rt‘ 

' - 15a + 12 

• 64. 

a-* - 

2a*V; -f a^b'^ 

44. 

5^=^ - 25a - 

- 30 

65. 

a(a - 

-9)4 18 

45. 

ax'^ 

■ “f- ax — 

6a 

• 66. 


4 2a*> - 35*a2 

46. 

kB 

-- 4kl - 

m 

67. 

A’(a - 

1 1)+6(a-5) 

47. 

aix 

y%2a\x 

4 





B. 'I’ype ax“ + hx + c, where a, b, c are constants. 

We have already seen in the multiplication of binomials 


that 


{2x -- 5)(3^ 4) = 6xh- 15a: 4- 8a* - 20 

- 6a- 2 - 7jt - 20 ^ 

the terms in the answ’er being* found as before, the middle 
terms in particular# being found by multiplying the terms 
connected by the links, and adding the results. 

It should noted that • 

(-20)(6a:2^ = -1?0a2 

-15a:)(+8*)*= -120*2 
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. I » 

]$^«mple 1: Factorise \2x^ — \S. 

Method 1 . We try to find two numbers, whose sum is and 
whose product is (-} 15)' — — 180a’“,- *' 

By inspection these numbers are -f 18a; and — rOjc. 

1 :. 12a:- + 8a: - 15 --.12a: 2 -b IS^C - 10 a: - 15 

-(1Za:2-|- i8a')- (10a: + •15) 

6a:(2a: -b 3) 5(2 .a: + 3) 

- {Zx + ^6x - 5) 

• • I 

Example 2 : Factoris»e '6.V- V 5a; — ^6. 

Method C. We note that the fat^ois of 6 a- are 2 a and 3 a', or 6 a 
and A, and that the factors of 6 are 2 and 3, or 6 and 1, also that 
the signs inside the brackets are unlijie, sinte the sign of the con- 
stant term is . Hence we can write* down various factors that 
will give the first term, Ca^, and the last term, —6, correctly. We 
reject thos?' r/hich* do not give the correct middle term, c.g. wc 

Wnuld reject (3a «•- 1 )(2a -1 6), since, although the 6x'^ term and 
the --6Ftcrm arc correct, the middKe term — 2 a + 18a i.c. + 16a, 
is wrong. By trial it will be found that 

« * I - ' — . 

1 I — I • 

• 6a2 - 5a - 6 = (3a + 2){2x - 3) 

the middle term being +4:^^ — 9a --- —5a. 

With experience it will be found that various common-sense 
consideration^ will shorten the work. For example, 

• (3* - 1)(2* f 6) 

'coorfd have been rejected at on^e, because 2 is a common factor of 
‘2a and f 6 and, since 2,is not a common factor of the original 
expression, ^2 a -b 6) cannot be a factor. 

Example 3: Factorise Ifia^ + 4a6 — 66^, * 

16fl= H 4a6 - 6^2 = 2(8a2 + 2ab - 3b^) 

• To f^tprise 8a^ + 2ab — 3b^ we can use either* rnethod. Using* 

the first method, we look for two nufnbcrs vyhose product is 
(8fl2)(— 3^2), i.e. — 24fl2^2 and wfiose sum is -\-2ab. • * 
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By inspection the numbers are -{-Cab and —4ab. 

:: Sa^ 4 - 2ab - 3b^ = Sa^ + Cab - ^ab - 3 /;® * 

- 2a{ia + 3b) - b{^a 1 3b) 

= (4fl H- 3ft)(2tt — b) 
original expression = 2(4a + 3b){2a — , b) 


E^ercisels 54 

Factorise : 


1. 


-h 5a 

-1-2 

..27. 

•3.V- -2y -16 

2. 

2x^ 

4 3x 

f 1 

28. 

5\- -|- 33v — 14 ' 

3. 

3a’2 

-1- 5x 

+ 2 

29. 

V- + 52y +*20 

4. 

4a2 

+.4a 

+ 1 1 

30. 

7y + 23:y - 20 

5. 

2 -1“ lx -t- 

3x2 

31. 

2 + 3« - 2(^ * 

6. 

2fl2 

-9a 

H-4 

32. 

H 

1 

1 

ro 

7. 

2t^ 

- 13f 

-f 21 

33. 

5 - llx 

8. 

3t^ 

- 17^ 

+ 10 

34. 

8 -h 6x — 5x2 

9. 

2x^ 

— 3x 

- 35 

35. 

9a2 4- ?8a -f- 8 

10. 

2x^ 

+ 3x 

- 27 

36. 

12/>2 + /> - 6 • 

11. 

2x2 

— X - 

- 10 

37. 

15/, 2 _ 2/« - 8 

12. 

3«2 

—•7a 

- 6 

38. 

16x2 — 30x 4- 9 

13. 

3^2 

+ 2y 

- 8 

39. 

203;2 4- jy _ 12 

14. 

1 - 

X — 2x2 

40. 

# 

18a2 4- 9a - 20 

15. 

3 + 8r - 

3r2 

41. 

2x2 4- xy — 3>'2 

16. 

2 - 

7x 4 - 

6x2 

42. 

3x2 _ •_!_ 2 j2 

17. 

4«2 

-4a 

- 3 

43. 

4a2 — 5ax — 6x2 

18. 

5a2 4- 11a 4- 2 

#44. 

4a2 + 15ax — 4x2 

19. 

6r2 

H- r - 

2 

45. 

8x2 _ 2xy _ 3^2 

20. 

6r2 

[■ 17r 

-3 

.46. 

12x2 — 16xjy 4- 5j>’> 

21. 

6x2 

- J3x 4- 6 

47. 

16a2 4- 14a6 - a5^i2 

22. 

6x2 

-f- 5x ■ 

-6* 

48. 

21/)2 — 5pq — 4(^2 

23. 

6x2 

- llx 

- 10 

49. 

20x2 4 - 44x^ 4 - 21j2 

24. 

4a2 

- rjh 

-27 

50. 

4^(^ 4 - 4) 4 - 15. • 

25. 

5a2 

+ 21a 4- 18 - 

*51. 

3(2x2 4- 7).- 23x 

26.* 

2/. 

»- 2Sy 

i-12 

52. 

12/>2 4- 5(4/> - 5) 
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53. ^^2 _J 10a: - (5 

54. + 5«2 _ 6a ‘ 

55. 48/3 _ 12^2 _ 6^ ^ 

56. 75a: 3 - 24(5.x;? - 2 a:) 

IV. Qffferciice of Scj 


57. 2x^y^ — 4 a: 2 j 2 _ 6xy 

58. 12 - 30a + .12rt2 

59. 6a:3 _ _ i2xy^ 

60. 2a-(4a: -f- 7y) - 30y^ 


uarcs f 

x^-y- ^ (i I y)(x-y) 


Example 1: Fao:ori^c« 9 rf 2 _ 25b^.' , 

, ♦ ' ~ 2m --= (Za)- - {Sbf 

^ (3A -t- Sb\{3a - 5/;) 

* • 

ExsTxnplc 2: Factorise (2 a }- 1)“ -- {x — 3)^ 

(2a •+ 1.)^ - {X ~ 3f f(2A -1- 1) -I- Cv - 3)5'[(2 a + 1) - (a - 3)] 
, ='’(2a + H- a - ' 3)(2a -1 1 - - A -[- 3) 

' -(3a-2)(a4-4) 

* I. 

Example 3: Factorise 9(2 a — 3_)’)“ — (3a + 2y)“ 

9(£a - 3yf ~ (3JE *1- 2yy 

• =^[3(2A-3j)r--(3A-f-2>f 

[3(2a - 3y) + (3a + 2j)][3(2a - 3y) - (3a -j- 2y)] 
— (6a ~~'9y -|- 3a -f 2jv)(6a — 9y — 3 >x —dy) 

‘ - (9a- 7j)(3a- llj) 


Example 4: Evaluate 97*^— 93^. 

. 972 - 932 - (97 + 93)(97 - 93) 
♦ - (190)(4^ 

- 760 

0. 


Factopsc : 

1. a2 ^ 4 

2. _ 9 

y. Jf6 

4. a2 - 1 . 

5. 25 - /2 


Exercises 55 


6 . 4 a 3 -.81 

7. 9 fl 2 _ 100 

8. a ^ b ^ - 49 * ' 

' 9. 9A^ -4y, 

* 10 . 25/^2 - 64/2 . 
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11. 1 - AxY 

32. Mx + 

12. 

33. 9(a — yY — 4(a -f- r)2 

13. . 

•34. (3a - 2)2 - (a -1- 1)2 

14. A’® -- .* . 

35. a2 - \(^y - zY' 

15. 

36 : (2x-^ 3>’)^ (3* -• 

16. (a + v)“ 

• ?7. 9(3fl ^ 2bY - (2a ?|- bf 

17. 

38. 4(2a + 3i)“-9{3a-2A)» 

18. a‘2 - (/; - - cY 

39. 

19. (a ~ bf - 1 

40. 3a-2|- 12 ' , 

20. {a 'rbf-^) 

•|1. Km * 

21. (a H- 3)2 - 16 

42. al- a- , ' 

22. 100 - (a - 2)2 

’ 43. 5*- 125^2 

23. {a + by - {c -y^df 

44. 2a2 - 8«2 

24. (a - bf - (c - df • * 

45. 75a:i - mi 

25. (a -f 5j2 -- (a - 2)2 

46. 12 - ]08a2 

26. (2a -i- r)“ -- (v -i- 2v)2^ 

47. rt* - a^ 

27. (a ~ 3v)2 - (3 a - yf 

48. 4^ ‘ - 9a 

28. 81 - (2a - 3)2 

49. Tv* - 25>5;2 

29. %a - 1 - bf - fl 2 • 

50. fl* - I6b^ 

30. 16(a -yY - 25j2 

51, — 7Tr“ 

31. 49 - 4fA -•3;;)2 

52. 5(a + v)2 - 5 

53. (a -F- 5)(a - 2)2 -•4(x T 

5) 

54. a 2 — y“ - A -f y 

f\ 6 . a2 -- j2 — yz |- Axr 

55. fl 2 _ %2 .J. ac 4 3bc 

« 

Evaluate: 

t 

57. 312 _ 7^92 

^9. 5-52 - 4-52 

58. 1992 _ 1 

60. 7<322 - 7-222^ 

Miscellaneoui Factors 

• 

• 


The following hints may help you to factorise any^ given 
algebraic expression : 

1. Look tor any factor compion to all the terms. ‘If »ne 
is found, write it down, and^to findlhc other factor, divide 
the original expression by the common factor. 
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4 t 

• the expression contains brackets, and no common 
factor is seen, the brackets should usually be removed, and 
the expression simplified. ‘ ‘ 

2. If the e3^pression has two terms only,’ it may be the 

(liirerenCQ of two squares, and the factors can then be 
written down. ' , * , 

3. If the expression is a trinornial the factors should be 
found by one/jf th^ methods already discussed. 

4j If the expression contains four or more terms it may 
be possible to factorise it^^by grouping. 

It is important at alktimcs t9 remember that an expression 
is factorised only when it has been reduced to one term. 

O . 1 

Example ) : Factovise a{Zb + 2^) *— 5(a® + 2b). 
a(36 + 25) - 5(^2 + 3/>) - 2ab + 25a - 5a2 - 15f* 

• ♦ = (3^6 _ 5fl2) 4. (25a - \Sb) 

= a{2b - 5a) + 5(5a - 3b) 

» ‘ - ai3b - 5a) - 5(3^ - 5a) 

' - {3b - 5a){a - 5) 

Example 2 : F'actorise 2x^ -j- xy — y“ — 6x„-|- 3y. 

2x^ xy — y^ — 6x + 3y — {2x^ xy — y-) — {6x — 3y) 

, =- (2a; - :v)(* + y)- 3(2* - y) 

= (2a; - j)(* + - 3) 

t 

Example 3: Factorise xfx — 4) — y{y -j- 4). 

x(x — 4) — V + 4) = — 4x — 3/2 _ 4y 

= (x2-y2)- (4x-f 4j) 

. ^ = lx i- y){x - y) - 4(x + y) 

'= {x + y){x -y-4) 

* « 

Example 4: Factorise (a: — 2jy)® — 9x H- 18jy. 

, . {x-2yf-9x+\Sy , 

= {x-2yY-9{x-2y) 

= {x-2y)[{x-2yy~9], 

==(x — 2v)(x — 2y + 3)(x — 2y 3) 
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Exercises 56 

I ■ 

Factorise? 

1. — 2fl * ■ 15. -{- 2a^b“C — Za%c^ 

2. +. 2^ — 63 16. x{x + 4) — y(y + 4) , 

3. - 2,ab %x - ay ^ 17. 12 + ll/> \ * 

4. — Ary — 42jy2 ' lab — 6bc — Sad + ^cd 

5. _ 125 • I9i 6^2 33^ _ 53 . * 

6. 27x^ 12jc + I , * 20. 4;^f 55 

7. (A’ - 3) - - S)(x - 4) 2*1. 1 Sab^- ISa^b^ 

8 . 8<22 -j- I4ab — 15^2 , 02. (a;;?-!- ^3')^ . 

9. 3rc2 - 18 jc -[- 27 , 23. 20 - 25b -|- 5/^ 

10. 1 +ba-b - a 24. 4^2 - (b - r)2 

11. 4 x^ ^Sx -\-2 • . 25. 12x^ ~ 27x 

12. x^ — 9y^ + ^ 3jy * 26. (3 a: — 2)2 -*16 

13. ab^ -eb 27. mt - Jl) -}- 3 

14. a(a - 9) - b{b ~ 9) * 28. (2a - 5)2 - \a-\~ 3)2 

29. 3(a? l-yf - 2(a: + 3:) 

30. {x + 23 ')(a: — 3 ') + ^ 

31. a(a + 2) - ^b{b 1) 

32. 6a:2 — ciy —,2y^ — 6 a: — 3jy 

33. {2a F by -8a- \b 42. 27x{x + 1) - 2(3a: + 10)* 

34. \8a% - SSab H 126 43. -f 2a + 1 + a(a + 1) 

35. 2 a: 3' — ax — ay -f 23’2 44. 9(2a: -- jy)2 — ,16 (a: — 23^)2 

36. (3a: -- 2jy)2 — \6z^ 45. a^’2 -\ ajt — a-y^ — a^ 

37. 4Ar* — 13A;2jy + 10 a:j 2 45. ^5 1) ^ 1 

38. 6ax — ^»y — 9ay + 4^ 4/. x^ + a:(a:2 + 1) — 1 ' 

39. 6 a'( 3 ' + 1) — 4a:2 _ 9^ 45. a(\* — b-) + 6(J — a^) ' 

40. \2y* + 3^2 49. ** - (5* + 6)» '' 

41. a(a-2f- b(b .+ 2) 50. x(x^ - - 2y^{x'- y) 

51. 3^ + 7a:2 _|_ i^x + 8, one factor being a: + 1 
►52. — 2x^*-*- 5x + 6, one? factor being jc — 3 
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FRACTIONS n 
, #) 

Reduction to Lowicst T^rms * 

, In Chapter 9Hve liave seen that to simplify a fraction we 
divide the numerator -and denominator by their H.C.F., e.g. 

•- ' __ —*ab“ _ h 

. d^h'^c'^ aV)h‘^ - - ab^ ac^ 

0 ♦' ‘ 

and that thy is usually shown ty cancelling the common 

factors thus : , 

1 b • 

ab^^ _ _ _ 1 X 

' «2/,2^2 ~ s, i X ~ ac^ 

a 1 

In exactly the same way • ^ 

1 

6a" H - 2a - 28 _ 2 (3a + £ r_ 2(3fl + 7) 

a2 , _ 4 -f 2)U — -£)" a + 2 

< 1 

. Exercises 57 
Fimplify: , 


d*'bc^ 


4 

■ (» +>>)(* -:y) 


, —IZx^y^z 


. 5 „ * 

■ (>' + x)(y - *) 




« 


. aib-c) . (A; + 4K^-2) 

* - c) (x ~ 2)lx - 3) 


192 
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7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 
19. 

33. 

34. 

'2K 

» 

36 . 


3a + 15 
4a -]- 20 
. Sx • . 

x^~'+~4x/ 

Sjf — 10 

2a: — 4 , 

ax + ay 
hx -j- b\ 

3a’2 -*6.v 

• 

ax — la 
ax — ah 
bx“ — b~x 
b\x 

hex f ac 
H- i-v -j 6 
x^ I- 3x -1-2 

x^ \ X -6 

x^ 1- 2x 3 
-j- 2x - 24 
A-' I 4a -32 
- IOa • 21 

A- -^ - - 6a“ -| - 9 
- ^,2 

a- 1' lab -f 
A2 \-4kl-5P 

llm — 6«- -■ 4tnn |- 3ln 
bnr 13 mn + 6«“ 

(ip 4 3g)l--J3p ± 2qr 

5pq - ~ 2p“ 3^- 

lb{a - 3h) + 5a{a -}- b) 
3blb - ?af 4 ia{Sa -~d) 
la — lb —•ab 
'lab •- 4{a -f- bj -j- 2a^ 


20. + ^•*-+6’ 
5.v= + lU- -1- 3 

,3^2 X ~1 

3:^2 - ^ - 4"^ • 

/ i5fl2_l4rt,-8 
■ 9a2 - 16 
x^ -I- 7x 
If - 98 

24. f j- ]f, • 

*, 15/; 

f - 16 


22, 

23. 


25. 


A- 


4a 


26. 


4 + 7 a - 2a2 
4 5 a +#v^ 


2,f 4- 9ai -I* 4/>2 
- 2w - 15j>2 

2a^ + 3a^b ~ Sab^ 
Id^ -l-M 5b^' 
12a“ — Ay — 6j“ 
Sa'*^ +T4aj’ — \5y^ 
{a -h by - c2 


29. 


30. 


31. 


32. 


a'i -(b- ^)2 
3ax —*5ay ~ 3bx -f Sby 
a‘i - h^~ir(^zr by ' - 
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Mvjt^licdtim and Division 
Example: Simplify: 

()X + Zy 2 x^ -I- 7 xy - 2 y^ . ^2 4. 4^3, 4. 4^,2 

4;c2 - Zx ' ~ x^y 

We^factoris^ the numerators and denominators and then cancel 
common factors. ‘ , « 

‘ Eypression . . • 

if x + 2 y 


1 1 


(1 

* x{2x — y) 

* «/ 

, x+2y 

1 ‘ 

1 ' 

Exercises 58 

\(ia%\ 3c^ . 

12iV ^ 8 a“ 

. ab + a^ ab' \- b^ 

*■ 

— 6a;2 v“. . 3a 

5y ^ 4a y 

5 . 4 - y' X - 

« * xy — y^ xz 4 - 

2a H- 8 r 2 

. a2 + 8a -f 15 a2 — 3a 

2 0 -■ X — T-c-' 

A-^ — .9 { Ay + 5y 

be ^ a-‘-\- '4a 


1 . 

2 . 

3. 

' DC a'^'-\- 

• :v2 - 5:c + 6 ^ :v2 - :c_- 2 

' 4x-12 ■ ■ 2^2 - 2 ‘ 

x^j~ 4:r 4- 4 x^ -\-‘^x + 9 


9 

ab 


10 . 


ac — ab 

+ ab^ .• _|_ 1,2 

.ia I; 15* 


2 a :2 + 6 j: a; — 3 

11. X X 


^^2 
a — b 

1?. * X 

a c 


ab 


x ^-9 
c — a 


b ~ a ' be 


+ X - 2 x^ 2x + I 
2 a: ^x^T2x~pl 
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14. 

3b - 3c 

c be — 

1 

a^-Zab+b^^ 

b~ ab -b^' ■ 


15. 

.1 +F 1 F- 

2t :* .2/2 



16. 

— Sx 6 

'x-2 


j(:2 — •9.r 4i 18 

ax^ — 6a^‘ 



x^-x -20 • 

2^2 _ 50 . 

3jc 

17. 

Jc2 2x — 15 ^ 

, 6* A".-- 

~\0x + 25 

18. 

2^2_|, 4x^ 

x^ -\ - xy — 2jy2 

2*» - 6*=). . 
A t ~ 4o^J H- 3 v2 

» * 

19. 

9JC2 — 3.\:2 -f r-- 3j'2 , 

12je -I- ^y ^ 3^2 — jrj; 


20. 

_ X 




X y x^y 

\y xj 


21. 

6 — .Sa; 4 .1£:2 2 

- ■ 2- - X 

4 — Jc2 

— 5x — 3ai:2 6 

4* .x: — 

X 


L.C.M. — Addition and Sublraction of Fractions 

Example 1 : Find the L.C.M. of 

2a^ /3a, dr — 9, a^ - 6a [- 9 

2a- + 6a — - 2a(a -| 3) 
a2 - 9 - (a 3)(a + 3) 
a“ — 6a -f 9 — (a — 3)“ , 

L.C.M. - 2a(a + 3)(f» - 3)2 

1? I* o o- IV ^ .V I- 8 1 

Example 2: S.mpl.fy — _ ^ . 

As before, we factorise the denominators, find the L.C.1&. anu 
rewrite each* fraction with the L.C.M. as its denominator. 

. 3:i£; 4- 8 1 

= ' _ fe ± *)w 

4x(x — * 4 ) ^x{x — 4 ) Ax{x — 4 ) 
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3^2 4(a; + 8) *4(^ -4) 

^x{x - - 4) ^ 4j£:6v — 4) 4.r(^ — 4} 

3jc 2^ 4^ _ 32 -|i \x~ 16 
'4x(x~^ 

3x^ - 48 - ' 


4x{x-^ 4) 
3(a:2 - 16) 


4a’(.'v — 4) 

3{x^- 4]ix + 4.) 
4x{x‘-4) . 

xx + 4y‘ 

' 4x 


Exercises 59 

Find the Iv.C.M. of: . 


' X, a% ab^ 

2. X, k(x + 2) 

. 3. 2(a’ H- 3)2, 6(:y + 3) 

4. 2a — 4, 8« — 16 

5. a, or — a 

11. x'^ - 1 - 3a: H- 2, .V* — 3a: — 

12. x^ — 9, 6 

. 13. a-2 - 4, a2 - 2x 

'14. 3.V, a: - 2, .v2 - 3v_-l- 2' 


6. 6/2 -f 10/, 2/ 

7*. x^ -1 X, 3x H- 3 

8. A:2 _ 

9. 4/ - 8, 6/ - Vl 

10. .v2 _ 5^^ 6, a:2 4 

4 


15. ^2 _ 25, 2a - 10, 4a + 20 


16. I -t, X, 2 4- 2a’, 1 — 

17. x^ 4- 5a: 4- 6, (a: 4- 2)^, a:^ 4- 3a’ 

18. ij2 - 2a: 4- 1, a’2 - 1, a 4 [- r 

19. V - l,:f2_ 1 . 

20. 4a:2 _ <)y2^ 5^2 ^ 4- 6j? 



FRACTION.^ II 

Exercises ^0 


Simplify*: 

'3^ 2x, 

4 “ 3‘ 

2 2 •'5 

3/, '■ 4/. ■ 
, 1 


5. 1 


2x -I 3v X — 2v 
6 * ~ 2 

7. f(2,v - 1) - ii(2,v -1 •!) 


15. 

16. b - 


3 1 

t - 1 / 

ab • 

rt + 6 


, 3 
' 2d ■ 

2 

" 5 ^ 

17. ' 

, .1 

j. 
2* ‘ 

1 

.V -|- 3 

2. , 

1 


* 

2 


'» 18. * , 

— 


~ a ‘ 

• .v'- 

3 

X 2 

1 


* 19. ‘ 


V*. 

* 1 


.V -■ 

3 ' 

y — X 


20. A’ 

21 . 
22 . 


>’ - 
k -i 2“ y 

4 5 * 

2/^ - 3,__ 3/v' + 1 
6 8 * 




10 . 1 - 


24. 


11 . 


1 


12 . 


1 i-: 

~i 

1 

a -H 1 
3 
a 


2 _ 1 
x{x — 2) X — 2 

26 

' P - q P -\rq 

1 2v . 


13. , - - 1 

a-b , ^ 


27. 

28. 
29. 


30 . - 


V x'^ — 

\ a 1 , 

— ab b , 

2a “f" 6 3 

— 9 + 3 

a b 


ab + b^ a^ + ab 
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^1 i __ 

- 4a: - 2i a;-* -1- Zx - 63 

2 1 ' 

M ^ - 4 

- 2x - is -_j. x~- 6 

* * ' 3 * 4 

^ * 2 - 5.V + 3P -t- 2 _ ,v‘-t ' 3 a :2 
‘ 3 

34. -S'- — ^ c "i" 


a:^ + 4jc — 5 a:^ — 8a; 7 

A-K 3 • /:-4 ‘ 

. • /2 ^.-‘10 
‘ 3_ 5JC + 6, 

* 3 -f A: - 12 


37. 


1 


1 


x^ -j- 2 a:jv « f 'x^ — 

3S ^,3 , 2 

T * a:^ -h 2xy — 3y‘^ x^ — 3xy -V 2y^ 

■39c 2--- -h * 


.40. 


41. 


9x^- 3xy - 2j‘2 9 a:‘^ - 4f/^ 

2 4 

•3 - 2a - Sa^ 6 -a - I2a^ 

O I ‘1 


H- a: — 2 a:'-^ — a: — 6 a:‘^ — 4Af + 3 


2 4 ' 1 

•f- r- ^x+-2j- x-'+ 2 , 

44 . - 2 . _• _ L . 

— 4 a -\- 2 a -~% 

45 - Al __^2 1 

k-\il k -2^ k -3 

Af, ^ 4 A„_ 

4 2a 4- 5a + ^ ^ d} ^ 3a 

47 +•_!_ _ ._LJ , ’ 
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48 . ...... . _ j — . 

• 6 + « »- (2 + a)2 ^ 9 - 6^ a- 


Prove : 


^xercis^s 61 

'I. 



1 


1 



X 


X 

+ 3^ 

— y"^ 

a 

X 

- 1 


(a 



+ - - 




- + 1 

X 

a 




ax 

X 


X 

- 

y 

^xy 

X 

-y 

X 


'y 

■ a’ 2 ’-j 2 


4. _2r._ -2“‘ 

X — a ^ X + a 'x‘ — a‘ 

s 1 ’ L 1 

it'4 » 33 c' - 6 ■*’ 3(x‘ -'4j "■ 2» - 4 

j * _ y 1^1 

‘ ny —y^ x^ — xy x y 

7. “ ~ * j- * “_f = 1 _ 1 

ah be c ' a 

_ /I ^/l . \ /I k’N 2 ' 


ab ~ 

bc^ 


fl , 

- - .V 

- + A' 

J 

\a 

b 

a 

2 — ab 

ab — 


\Z* ^2/ * 


(« - b){c - a) ^{b- c)(a - b) ^ (c - a){b -, c) 

/I i\/ 1 n/.i n 1 


P + q q/\p -q pJ\p 


.) 


PY 

a — c 


(x — c^{x — h) {a - b){x — b) (a ~ h){x — ci) 
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Simple Equations Involvi^fg Fractions 

Example 1 : Solve r ' “ * ~ 9 

OC “j“ 1 OC “ ^ , 

4^3, 

, ^ ^ -f- 1 jf — 2 , 

Multiply both sides by the L.C.M. of the de'iioniindtors, i c. 

(*+l)(*-2). . . • 

‘ * -h 1 ^ "" .V - 2 ■■ 

.•.'4'(.v-'2)--3(A:-i 1) 

‘4a; — 8»— 3.V -f- >> 

■ 4v — 3Af 8 -t- 3 
' . ^’==,11 ' 


X { 3 

Example 2: Sohe f 

x_ /j 3 a; I 
3a; — 4 2a; -j 3 


a; I Sy*' 3 
2 a’ 3 6x ^ A -- 12 

5v2 - 3 

(3x - 4)(2 a -1- 3) 


I’lic L.C.M. of the three denominators 's (3.V 4)(2 a; -f 3). 

'Multiply both sides by this expression- 


. ^-1- 
3a; 


4 X {Xx - 4)(2.v 4 3) I- 2 * ■■ \ X (3:t - 4)(2x 4- 3) 

{x -1- 3)(2a + 3) + {x>. - 1)(3a - 4) - , - 3 

2a' -f 9 a -1'- 9 4- 3a'2 - 7x + 4 -- 5x^ - 3 
2a2 4- 9a’ 4- 3a'- - 7a — 5.v‘- -3 — 9-4 


2a - -)6 
.-.'a: - -8 


Note'. If we arc given an equation with only one term, in the 

\ 'A C . 

form of a fraction, on each si«Ie, e.g. ^ ^ should be 
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* » 

noticed that the L.C.M. of the denoijiinators is ^Z),’andl)jat 
if we multiply both sides by BD we get 

« • 

A r * 

i.e. ^ BQ 

• ‘ « 

'Fhis same result cart be .obtained from the original equation 
by carrying out the multi|Uication inciicated thus: 

■ -.v-e 

B^D 

i.e. AD ^ BC 


This IS called cross-nfiiluplir^ation, and using thifj we can^often 
shorten the working. 'The greatest care must bi# taken to use 
cross-multiplication only when there is a single terip on eacfi 
side of the equation, e.g.: « * 


Solve '' 


X - > 

7 


By cross-|nultiplication 

(x - 2)ix ^7)^(x + 3)(x - 3) 
x“ + 5 a ’ - 14 — x^ — 9 
.’. x^ -{ 5a: — .v- ^ ~9 )- 14 
5a: *=5 
a: - 1 


Solve : 


Exercises 62 


. 3 . “-6 = 0 

X -- 2 


* 4. 


2 

.9 

3 — a: 


+ 3=0 
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5 : 

6 . 

7 , 

8 . 
9 . 

15 . 

16 . 

17 . 

18 . 
1 ?. 
■^0. 


e* 3 a; 

5a; -4 

= 3 ^ 

10. 

3 

1 -j- ^ 

5 

jf -{- 3 

2a; + 5 

_ 1 

11. 

a; + 1 

X 

3a; 

“ 2 


2^+"3 

”” '2a: ~+ 5 



. 12. 

a; - 1 

2a; -3 

7 *5 

‘a 3 

-2* ^ 

ix H- 1 

4a: 4- 1 


t = I + 21 


- 0 


1 

X 2 


X 3jic 
4 _ 2 

5x 3(1 -1- x) 

J _ 4 

X -2 x^ - 4 

1 ^ 

2^ + 3 ' 2a; — 1 4a:“ H 4jc — 3 

3 _ 2 ^ :v 

y y -j- 3 ~ -9 

1. + 2 . _ 3 ^ 
t -1^ t -2 / 1- 3 


13 .?+ - 3 * =3 

X X — I 


14 -_2 

a; — 2 a; + 3 


a: a; -}- 2 _ a;^ 

2a; — 4 3y + 3 6(a^ — 2)(a: -f 1) 

ti 1 u _ u“ 11 — 2 
■3 2~3(m - 4) ” 2 


c 



Chapter 20 

QUADI^TIC; equation? AND PROBLEMS* I— 
SOLUTION BY PACTORS 


\Vi: have already sc«n how to ^olve'^simplf equations, i.e. 
equations such as ^ ^ , etc*. , An which the unknown,^ 


number appears to the first pbwer. * * . 

Equations such as x- — 3x Oand 2x^ -j- x — 1, in which 
the unknown number appctirs to the seqond power and* to no 
higher power, are called (]uadratic equations. » 

Before proceeding to solve these «,quatidns bjj factors we 
must note the following: • 

.V and (.V - 1) are unknown numbtis. If, however, we ar»e 
told that their product is zefo, i e. .v(a’ ■— 1) -- 0, wt^know 
that one of these numbers must be zero, for, if the product of 
any two nucibeivs is zero, one of them must be zero. 

Hence, if v(.v -- 1) =ri U, either .v — 0 or a: — 1 — 0. 


Example I : .Sohe - 3v + 2 —*0. 

3x 2-0 » 

(.v -l)(v-2)=^() » 

cither V — 1 - 0 or .v — 2 — 0 

• either x — ^ or v - 2 

The yoluiion of the equation is — 1 or x ~ 2. • 

1 and 2 arc said to be the roots*of the equation. 

Example 2: Solve *x“ - 2x = 0. 

X- - 2v, - 0 

'• ■' t(.l -.2) - 0 

eithcl- .V - 0 or .v -r 2 ~ 0 

. either .v 0 or x = 2 

H ' 193 
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,]&rample 3: Solve (2.v^4- 5)(3*v — 4) — --17. 

(2:c + 5)(3 jc - 4) = -17 
6x^-\- 7.r-20 - -17 
6^2 + 7 a ; - 3 -- 0 
• . ‘ {3x - l)i2x + 3) - 0 

' either 2x — • 1 — ‘0 or 2.\: -f 3^ — 0 , 

either a; — J or a; = — -g 

In Examples 1-3 each equation h^s two distinct roots, and, 
in general, this is the case with a quadratic equation. 

An equation of the first degree iri x has one root. 

An equation of the* second degree in x, i.c. a quadratic 
equation, has two roots. 

Consider the following quadratic equation : 

■ Example 4; Solve a:^ q 8.v — —16. 

a2.|. 

a2 -t- 8a; -h 16 -- 0 
" (v f 4 )(a; 4) --= 0 

.*. a; -f- 4 --- 0 or A’ + 4 — 0 

.-. A - -4 

Here there is only one value of a which satisfies *the equation. 
\Ve say that this equation has two equal roots or that the root —4 
is repeated and thus this solution is written a —4, —4. 

Example 5: Form the equation whose roots are 2 and — g. 

A — 2 or A ~ - - 1 
i c. A 2 or 2a ^ - - 3 
A — 2 ~ or 2a ; 3 -- 0 
/. (a - - 2)(2a f 3) 0 IS the equation 

i.e. 2 a2 — a — 6 0 is the equation 

Exercises 63 

Solye : 

1, (x - 2){x - 3 ) 0 3. (x - 4 )(a + 3) - 0 

2. {x 4 2 )(a -1- 1) - 0 ’^4. (a -f 5 )(a - 2) = 0 
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5. 

6 . 

7. 

8 . 
9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 

40. 

41. 

42. 

43. 

44. 

45. 


xix - 1) = 0 

+ 5) = 0 

(2 - .v)(3 - re) - 0 
2(7 + x)(:2 + re) = 0 

A’2 ^ 0 

= i 

4a'2 = 0 
(X - If = 0 
(x + Sf~i) • 

i(x -I- 2f 0 

{3y - \){2y - 5) 0 

3(2j + 3)(y - 4) 0 

(5v.[-€)(2y + 

-2 _ ^ 0 
2c2 \-2z^^Q 
a' 2 - 25 - 0 
3,v2 - 27 - 0 


23. ^2 _ 3^ 2 = 0 

24. >■- + 15 = 0 

25. a'2 -|- A' — 6 = 0 

26. ,v’2 - 3Af- 10 ='0 

27. ’30- lhH-<2 = 0' 

• 24 - ■5/ - /2 = 0 ' 

29» 9 + 6/ + = 0 . 

30. 23i2 _ 3 == 0 

3fl. 3y|- Uy f 0 -.0 
<i2. 24v2 -] 14j^ - 24 , 

53. 4/ - 16,v - a 

54. 30 ----- 5je2 - 5,v’ 

55. 6x- - A’ 4- 35 

36. 9 — • 6a ^a2 

37. 6r2 4- 2r = 48 

38. 2()a2 -{-‘51a 4- ^8=0 

39. 4 \ ’ ---■ a(a 4- 2) 4- 16 


2(a 4- If -- 2(a -4 7) 4- 100 
2a(3a 4 - 1) H- 3a(2a -f 1) - 2 
2 a(a — *1) 4* 2a — 33 — a(a — 2) 
a(a — 3) -r a'(a — *4) ^ a(a 4- 4) - 24 
(2a -f- 3)(3 a - 2) - (3 - A)(l.-f a) - 5 
(I - 5a)(3 ; 2a) --- (2 - xf -- 3 


2 
A 

*3 

2a - 1 
A _ A — 4 
A -f 4 ■ 6 ~ , 


46. - - 

47. 

48. 


49. 


A’ ]- 3 • j(a 4 - 1 ) 

1 "" 2a - 1 


50. An'- -- --= 4 

A • 


^ Find the qiLyIratic equations \>hose roots are: 

51. 1, 2 ^3. 5, -2 55. 0, 2 " 

52. *-2, -3 * 54. -3, 4 ' 56 0, -3 
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* I * ‘ 

58. -J, -1 

59. -a '^0. -*11 

Problems Involving Quadratic Equations 

Example? A rectangular sheet • 
of cardboard measilrcs 10 in., by 
0 in. This is made into a box by 
cutting out squares from the 
corners and turnpig up the c*lges. 
if the area of the bottom of tiie 
.’box thus formed is 32 sq. in., ‘find 
the le/igtb‘6f the side of t^ic squat-_* cut out 

Let X in. = length of the side of the square cut out. 
thtJ.1 

Length bottorri of box (AB) — (10 -- 2.x') in 
‘ Breadth „ ^ „ (CB) (6 — 2.r) in 

Area of bottom of box (10 -- 2.\)(6 — 2v) sq. in. 
(10 - 2.x)(6 - 2x) -- 32 

• 60 - 32.V -1- 4v- - 32 

* 4x2 _ 32;^; 28 - 0 

x’’ - 8x H- 7 -- 0 
(X - 7)(x - 1) - 0 . . 

* either x — 7 or x -- 1 , 

But X cannot be 7, since the breadth of the cardboard is 6 in. 

' X - 1 

Length of side of square cut out is 1 in. 

Exercises 64 

1. Divide 23 into tv\o parts such that their product is 132. 

2. Two numbers differ by 4. Their product is 117. Find 
them. 

3. 'Fhe product of two consecutive numbers is 182. Find 

them. , ' ' ' • 

4. The product of t;wo c6nsecutivc odd numbers is 195. 

Find them. * ' . ' 
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5. What number exceeds its positive square root by^J? 

6. A man buys x articles at (jc — ‘ 2) shillings each. He 
spends j£18 altogether. Find • 

7. If, to the square of a certain positive \rhole number, we 
add five times the numlSer-, the result is 84. Find the nufrAer. 

8. I’he length of a rectangle,ia {x -j- 3) in. and its breadth 
(x — 3) in^ If the ifrea is 160 sq..in., find the length and the 
breadth. , 

9. The ar^a of a square whose side jneasurcs (2x 4- 3) iq. 
exceeds the area of a rectangle*,# (3 .y -• 2) in. by(Y -] 4) 

by 80 sq. in. Find x. ^ ' 

10. A rectangular garden is twice as long as it is broad, and 

consists ol*a grass j4ot surrounded by a path ^ yd. wide* If 
the area of the grass plot is 220 sq. yd.*, find t!»e dimensions 
of the garden. , ^ * 

11. Use Pythagoras’ Tiieorem to liud by calculation the 
lengths of the sides of a right-angled triar^gle if the hypo- i 
tenusc is 25 in. long and the sum of the other two ^ides is 
31 in. 

12. The, perimeter of a rectangle is 21 •in. The diagonal 
measures 7-5 in. FincJ the dimensions of the rectangle. • 

13. A rectangular sheet of cardboaid measures 10 in. by 
8 in. Squares arc cut out of the corners, and the edges turned 
up to make a box. If the ivca of the bottom of •the box is 63 
sq. in., find the area of the cardboard cuf away. 

14. 'Fhe sum of the produces of three consecutive positive^ ' 
integers taften two at a time is 74. Find the integers. . 

15. 'Fhe length of a certain r/fctangle is double its br/;adth. 

Its area exceeds by 14 sq. in. the area of another rpctangle 
half as broad as the first but 1 in. longer. Find the dimjensions 
of the first rectangle. ^ 

16. The present ages of a*man and his son are 38 ytar^and 
12 years respectively.* What age was the father when the 
product ®f their ages was 87.^ 
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¥r:*A plane figure . bounded by n sides has 

diagonals. If such a figure hasJ 20 diagonals^ how many §ides 
has it? • , ' 

18.* A mart bought 2x lb. of tea at — 4) shillings per lb. 
He sold half of it at Is. per'lb.'and the other* half at {x — 3) 
shillings per lb. He made .a profit of £1* Is. How many lb. 
of tea did he buy? r • 

! • * ® ^ * 

• 19. ilividc a straight line 20 in. long into two 'parts so that 

^he sum of the squared on tHfe two parts is 218 sq. in. 

20. * If 5 stone is thrown vertically upwards from the ground 

with a^velocity of u ft. per sec., its distance (in feet) above the 
ground, afte^*/ sec.,. is given by'the expression ut — 16/-. 
Find t when z/ = 160 and the distance above the ground is 
256 ft. ‘ ' 

21 . Using the formula in Exercise 20, find at what times 
a 'body thrown vertically upwards with a velocity of 80 ft. 
per sec. is 84 ft. above the ground. 

^22. The formula gives the surli of The first « 

integers. How many integers must we take for their sum to 
be 78? 

23. A man walk,^d a distance ol 12 miles at x m.p.h. How 

many hours did he take? If he had walked 1 m.p.h. slower, 
he would have takci. 1 hr. loj^ger. , 

Find his, slower rate ‘of walking. 

« 

24. 'Tn a football league ea6h team plays every other team 
twice iii a season. Ho\v many teams wer/^ there in the league 
if the tbtal number of games played in one season was 210? 

* 25. ^ man bought a square pl6t of ground ift Ss. per square * 

yard. He fenced it at a cost df Ad. per*foot. His total bill was 
j£104. Find the area of the pldt in square yards. , * 
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GRAPHS II-THE STRAIGHT LINE 



Consider the above diagram on squared paper, 'i'vvo 
straight lines X'OX and Y'OY have been* drawn intersecting 
at right angles. The position of any point on the diagram is 
known if Its distance from ea?h of ttiese two straight lii\es is’ 
known, e.g., the point P is 2 units from Y'OY'and 3 units 
from X'OX. A scale must be chosen for X'OX and also for 
Y'OY. In this case the two scales arc the same, namely 
1 unit = J in., but this need not be the case. Distances along 
X'OX meaaujjed to the right Of O are reckoned j^ios/tiw; 
distances to the left qf O are **eckoned negative. Similarly, 
distances along Y'OY mearured up from 0 are reckoned 
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posil^e; 'distances down from O are reckoned negative. 
X'6x and Y'OY are called axes of reference, or briefly axes. 
X'OX is the x'-axis, Y'OY thtf j-axis. O is cjJled the origin. 
The distances of /any point from the axes are called the co- 
ofdmutes of ^he point, e.g. NP (oi: OM), the distance of P 
from thej^-axis is called thew CQ-hrdintite or the absqissa of P. 

* MP (or ON), the distance oV P from th^* A?-axis is called the 
y co-ordinate or the ordinate of P. • 

P is said, to be^the point (3, 3), thef two co-ordinates of the 
point being written w^tl^in brackets, the x co-or’dinatc being 
written first. To fix the position oT the point from its co- 
ordin?tes*^2, 3) we start ‘from tlfe origin O, take 2 steps along 
OXuto the point M, and then 3 steps in a direction parallel to 
OY, reaching the poiijt P. 'Phis pf occss is called plotting the 
point P. 

Similarl»y,,Q is the point (—3, 1), A is the point (—2, —4), 
and B is the point (4, —2). ' 

fcj'he axes dnude the page into 4 quadrants, the top right 
being tiie 1st quadrant, and thc‘‘others numbered thereafter 
2nd, 3rd and 4th proceeding from the first in a countcr- 
cldckwise directio'n. Hence P and C are in the Isl quadrant, 
Fand Q in the 2nd, D and A in the 3rd, II and B in the 4th. 

Exercises 65 

1. From the diagram read oflF the co-ordinates of the 
points C, D, K, F,’G, II, O, K. 

2. Draw, on squared paper, the x andjy axes, and mark the 

'following points: (3. 2), (4, -2’3), (0, 2), (-2, 0),'(-4, -1), 
(-3,3). • 

3. Find, by measurement,' correct to one decimal place, 
the length in units of the straight line joining each pair of 
points :* 

• • (i) (4, 3) and (-2, 5) * (iii) (-2, 3) ind (2, -3) . 

• (ii) (3, 1) and ( - 1 , -3> (iv) (Q, - 3) and ( -4, 0) 

What are the co-ordinates of the mid-point 6f eaclj line'? 
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4. Plot the following points: | (2, 0), (2, —2), 42*, ^)» 
(2, —5). \^ihat do you notice? 

5.. Plot the fwUqw’ing points (3,^—4), (—3, —4), (0, —4), 
(1,-4). What do you notice? • 

6. What do you ndtige about- the co-ordijiates eff, ti!e 

following. points: (•(), 0^, (2, ‘2), (-*-1, — (5, 5)? Plot^hem. 

What do you notic^-? • 

7. Plot the following iwints: (J, 5), (-- 1, —1), (4, 14), 

(- 3, — 7),‘ (0, 2). Whaf do yoi> notice*? ^ 

8. Find the co-ordinates of pn;nt of intersection of tht 

straight lines joining tAe following points: (a) (4, i) aiu*'/ 
(-l,b),(A)(();2)and(-3, * 4). ^ . 


I. The points (l,*2),p,4), (3,6), (-1, --2), (-2, -*4), 
( —3, ---6) are plotted on the diagram on p. 202. They all |ic 
on a straight line(thccontinuoiis line) w’hichpasscs through the 
origin. If we take any poiiAt on this straight line N?e find that 
its p co-ordinate is twice its .v co-ordinate, i® other words jts 
co-ordinates satisfy the cqiuition r — 2v. Also if w'c take the 
co-ordinates of any point which satisfy this equation, e.g. 
( 1 \ , 3), thc430in| IS found to he on this line^. If the co-ordin- 
ates of any point do nqt satisfy this etiuation, e.g. (1, 3), then 
It will he found that the point does not lie on the line. We 
say that r ~ 2.v is the equation of^he line, and that this line 
IS the graph of the equation y 2.v. • 

Consider the right-angled triangles A(7B, ROS. 

,,,, BA r co-ordinate of A 

i he ratis) ^ ' ft r % 

OB .V co-ordinate or A 

,,,, SR r co-ordinate of R 

1 he ratio r, — ^ „ 

OS X co-ordinate oi K 
•* » 

I'his ratio is a consfant for this line. We call it the fjlope or 
(Tadic7it of the line — in this case it is 2. 

I I 

t [From the* ‘Act that AOB and ROS are similar tfiai^l^s 
we ^ould have deducecl at orpe that = OS J 


_ 6 _ a 
3 1 


4 .. 2 
1 
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II. If w'C consoler the dotted line on the diagram and take 
the point K, we find that the gradient of this line 

tr ^ u 

^ LK 4 y co-ordinate of K 
' ~ OL i jr, co-ordinate of K 

This is true for any point on the hne^ " 

Hence for any point on the line 

* *^they co-ordinate =*4 times the x co-ordinate 

i.e. y = 4a: is the equation of this line. 


203 


GRAPHS II — THE STRAIGHT LINE- 



-I 

j , , r • V co-ordinate of P 

rind the value or the ratio ■ , r 

X co-ordinate or r 


, ♦ 

What is then the equation of the straight line AB? 

Without plotting the points answer the next two questions. 

(3) Dies the point ( — 2,"?) he qn the line AB? 

(2) Docs the point (2, —6) he on the line AB? 

■* •» 

What is t^e sign of the gradient of AB? , 

Note how the line AB slopes compared with the Jines in 
the last diagram. ^ ^ 

IV. Similari^, by considering the co-ordinates «^»of ,aiiy 
point on the line CD, and finding its gradient, find the equa- 
tion’ of tlie linc*CD. * 
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the above cxe|cises it is clear that the equation 
r “ mx (where m is a ‘constant) has for its graph a straight 
line, with gradient m, pafsing*through the origin. 

If m is +, tholinc slopes upwards from left to right 
''If Iw is — / the line slopes dowawrfrds from left to right \ 

E.j^ 2y ~ Sa-, i.e#. has for iP^ graph a straight line 

through the origin, sloping upwards frosn left to right, with 
gradient | ; and 3v + 4 jc.— 0, i.e.jf = ~f^x has foi its graph 
a straight line through the origin, sloping downv\ards from 
Ihft to right, with gradient --.J. 

Note: The dotted line on the diagram is parallel to the 
axis <ind*'5 units from it. Thd'A’ co-ordinate of every point 
on this line is 3. d'hc equation ot this lir^c is there^j^re x -- 3. 

What line vVould have v --- — 3*'fftr its equation? 

*On the diagram on p. 205 the graph of y = 2x has been 
drawn as !i slotted line. We know' that its gradient is 2. The 
straight line AB has been drawn'parallel to the dotted line. 
Ihmce its gradioat is also 2. 

'i’he]>' co-ordinate of every polht on the dotted line is twice 
its .V co-ordinate. 

Tor any value of x, the y co-ordinate of [>l)int on the 
line AB is 3 more than the v co-ordinsite of the point on the 
dotted line. 

Hence they; co-ordinate of every point on the line AB is 3 
more than twice its v co-ordinat<f. 

'I’herelore the equation of AB is v 2x + 3. 

Note that when A’ 0, r ^0 on the dotted line; 

• when X —•)(), v — ' 3 on the continuous line. 

• ' 

Therefore the line AB cuts, the j-axis at the point (0, -13). 

I’he fquation of the line, namel> v — 2x h tells us at 
once tl^e gradient of the line, namely 2 (the coefficient of v), 
and^the point where it cuts they-axis, namely (0, -1-3) from 
tffe .constant term -f-3. * ^ ' * 

Similarly, -for any vqlue oV a, the y co-ordinate of every 
point on the line RS is 4 less thJln that on the dotted line,'and 
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SO the equation of RS isjy — 2^- — 4 It cuts thej’-axis at the, 
point (0, - -4). '• ^ • 

We see that the equation r =► 2x k, where k is an^ ebn- 
stant, has hy its graph a line parallel to r — 2a:, so^hat the 
equation y = 2x -l*k represents a whole family of parallel 
straight lines (when k — 0, y = 2x r becomes y == 2^). 

y = 2x +^3 *and y — - 2a:’— 4 arc both equations of, the 
first degree in a: and yf Every equation of the first degree in 
A- add y can be put into the f(frm y ^ ax b 
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E.g. 2x — -t- 5 =0 
2 jc + 5 = 3y 


I'his equation represents a ‘straight lihe, gradient 5 , cutting 
the y axis at the point (0, 4 - 1). ^ t 

The straight-line graph of the equation 2 jc — 3jy + 5 = 0 
could l^e drawiv from this "information. It could also be 
drawn by finding the qevordiRates of 3 points which must lie 
* 6 n the gr^oh. ‘ 


2.V -4- 5 
37 -. 


<* 


A table' i^ drawn up showing the values of y for 3 values 
of.v: 



The points ( — 1 , 1 ), (2, 3), (—4, —1) are on the graph, and 
the straight line is drawn through these three points. Two 
points would have, been sufficient*to fix the straight line — the 
third point is added to check the accuracy of the work. The 
, values of x, chosen for drawiijg up the table, shopld be such 
that the pqints are welt apart. 

'I'hf graph of 2x — Zy j- S — 0 is drawn on the diagram 
on p. 207. , 

If oi> the same diagram we draw the straight-line graph of 
the .equation 3.v T 4jv — 1 
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J 21 * -2 I -31 


\vc see that the two straight lines cut at th« point ( — 1 , 1) and 
at no other point. 

'rhe co-j 0 rdinates of every {^int on the first line satisfy the» 
equation 2x — Sjy + 5 — - 0, and the co-ordinaCics of every 
point on the second line satisfy the equation 3x -f- Ay == 1. 
The lines iiPtersect^n one point, the point ( — 1, 1). 

Hence the co-ordinates of this point, and of this po'^t only, 
satisfy both ^eo^ations. , 

X — — 1,>’ = 1 is the solytion of the two simu/tantous 
equations 2.r -r 3y +^5 = Ojand 3x'-\- Ay = 
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V * 

I' 


c 

' Hitherto, the scales on brnh axos have beenvhc same. 'I'his 
nec6 not be the case, as is shown in lj\c following example : 

Solve graphically 5a; -f 2y + 5=0, 6a; -j-y = S 
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5a: + Zjv H- 5 = 0 ) 

» 5a' - f 5 ’ 8 

. * . y--=-S-6x 

* • * » ’ 

• ' I . 1 I • ^ 

V 4 0 - 3 I 0 *-2 

V ■ - 2 \ 5 ‘ • V * . --16 1 8 20 

The graphs intersect the point (>, IQ). 

Solution IS V - --- 3, • * 

• V - -10 

• • 


• <1 Exercises 66 



1. On the aljove dii/gram, what is the equation of the a- axis, 
thc>’-axis.^ 
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\yW.t is' the equation ofjeach of the lines AB, CD, EF, GH, 
KL, MN, RS? 

2 . On the same diagratn drfw the graphs ,of the following 

e(juations: < * . 

‘ (i) V -I- 3 (iv) y 3x — 2 

'(ii) y -^2 ^ (v) + x -p 2 

(iii) y — 2x \ , (vi).jv 4'-'2 jc H- 3 = 0 

3. Draw the graphs. 6 f the^ following equations:* 

* *(i) 3x -i'- y — 4 (iv) jr + 4 ~ 0* 

(ii) 3jr - 2y -'S (v> 2 v - 3 = 0 

,j(iii)-*'2A’ + 2y (f •- (vi) 3;' 4 a’ - 7 


4.* SgIvc graphically the following equations: f 
(i) 2x*~\- y =*4 (v)' 2v - 1 - 4a: + 1 = 0 


C* =^2y.- 3 

(ii) 3ii-2y^0 
X — ~ 1 

(jii) 2 a: + 3y -- 1 
y - 3a: 4 

(iv) 5a: -- Jr — 2 
3 j - 4a: - 5 


3a: H- y — 2 
(V4) 3a' H- 2j 2 

2a' — 3j — 10 — 0 
(yii) A? 4- 2j -- 3 
3x -- 6 — 4v 
(viii) 3 a: — 4v 0 
3x 2y — i 


(ix) 3 A" + 2j --11 — 2 a 4- 3j — 7 


5. Draw the graph of a — 1 and deduce the graph of 
y X ~ 3 alld of 2j — 2a — 3. * 

6 . Draw the graph of 3 ' = 3a f 5 and deduce the graph of 
y. 3x \- 2 and of 2j — 6a 4- 1=0. 

> I- 


The graffn on p. 211 is a straight line. 

, I.et y = annual cost in pounds ^ 

A = annual mileage ' 

Sincp this is a straight line, its equation is of the form 
y '=,aAH-. b when a and b are constants. 

Take two points P and Q on the lin:j. 

P is the point (4000, 130). ' ' . ' 
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SulDstituting these values fc^r v and'j in ^tl.«e equation 
we get 


130 --- 4000rt -\ (1\ 


Q is the point (8000, 170). 


170 - 8000^7 -\-b . (7) 

Subtracting equation (1) from equation (2) 

40 - 400077 
^ “ 1 0 0 

Then h - 130 — 4000 r frorn equation (1) 

- 90 


The^equation of the linp is v ~ il^x j- 90. 

This is the law governing the cost' of running »this car. 
Cost (in poundi) — 90 -f yo 
( where a’ is ' the nu.Yiber of miles covered per annum). 


It was foar.<l by experir.nent V ith a certain macl^ine that 
the force (F) m lb. wt^ required to move certain loads (iV) in 
cw$. was as follows: o 
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t r ' 

FdH ^t) ll 39 0 I 42 0 i ^8 0 53 4 57 5 ' 61 0 ' 65 5 ' 72 6 

ir(cwt) , j! 18 I 22 ' 29 0 3 3, 3 8 4^1 , 46 ' 5 2 

i__ ' 1/ 

Assirliing thet the law connecting. F'and IV is a linear one, 
find it? . ' • , 



Weight in cwt. 

tT r 


'riie points arc plotted as in the diagram above It will be 
seen tliat these points he approximately in a straight line. 
The straight line is drawn to pass through them as evenly as 
possible. Then two points on this lint? are chosen fairly far 
ap^art* e,g. A and B, and the procedure in fintiing the law is 
the same as before. 

Let the law be F = aW -f b (v\here a and b are constants). 
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I'he two points give F - 30, V' = 1 
» F = 70, »"= 5 

Substituting* these values in* the equation and solving a 

and b, we get- = 1(), ^ 20. 

The law iS F ~'*10jr + 20; 


Exercises 6*^ 

* • ! » * 

1. What is the equation of the straight lines joining eac4i 

pair of points.^ * • » ,/ 

(i) (0, 4) and (1, 5) / (iv)*(-l, -5) and (3; 7) 

(i.) (l,--2) ancl1(6, .]) . (v) (3, -4) .,nd (-3, -4) 

(. 11 ) (2,^5) and (-2, -3) (v.) (2, 1) anc/(-2, -5). 

* t 

2. In a system of pulWys the forces required to move 

certain loads were found to be as f(*i!ows: , 

* • 

»_ . _ » 

r'oicc reqd in Ib. ! ' ; [ 

ut ^ j 1 2 ; 2 3 2 6 3 2 I, 3 8 4 8 ? 2 

Load in lb I 4 , I 8 ^ 10 12 j 15 j 18 j 20* 


Find graphically the law of the system conneqpng the force 
(P) and the load (IV). * , 

3. In an experiment with a certain mass of gas (volume 
constant) pressure of the .^as at various temperatures war. 
found to be as follows: ’ a 


Temp, (f) in'*" C, 


1 60 

100’ 

1 

J 130’ 

1 IbO" 

1 I8d" 

1 200’ 

Pressure (P) (in. 


1 

1 



i i 


of mercury^ 

32 8 

1 364 

. 40 0 i 

1 1 

43 8 j 

46 8 

49 3 , 

jlJ. 

51 2 


Find graphically the law coiAiccting P and 
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4. J'he graphs below 

(a) The cost (C) of printing copies of a certain circular 
when various numbers '(iV) are printed. ' 

4 ((>) Temperature readings in degrees Fahrenheit (F) and 
corrfsponcfmg readings in degrees (^entigrade (C). 

' In each case find the la\v connecting the two quantities. 


Cost of Printing Circulars 

FrrrrTi^rrnrrTTT 



M I I I M I I ! I I I I I I I I M I M I M 

0 20 40 60 80 100 


Number of Circulars 



Deg'-ees Cent, grade 
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5. The following table gives the\velocity of a body feet 
per sec. at tertain times after its motion was changed. From 
a graph find the law connecting the velocity (V) and the 
time (/). , 


j* j » 


t (sec.) . . ♦ !• 1' 


5 

! 

'8 

10 # 13 

Velocity (F) (ft. per sec.) i; 46 8 

4Q5 i 

i 33 8 

1 24 6 

1 1 

1 180 82 


* I 

What was the velodty when the motion was changed ? After 
how many seconds will the b^fly come to rest? 

6. A salesman’s weekly wages consists of a fi^^ed amoufif 
together with a sum dependent on his weekly s’ales*. The 
following! table shows his total wages and his sales^ in five 
successive weeks. Fin’d ‘the formula, connecting his total 
wage (MQ and his total sales (S). » 


Total wages (H') 

£17 4 '. 

' £21 5s 

X.13 75. 1 

£32 85. 

£28 55 

Total sales (S) 

l’ £2440 , 

£3250 

£1670’; 

£5480 

1 £4650 




, RKVISrON PAPER? 26-30 ’• , . 

Paper 26 ♦ 

• 1 . Factorise: 

(i) 

fu). x? +.7x^ ^ Hx • 

(lii) — 6y -\-^7x — 

s • ■ • * 

2 . Find^the quotient, and reqiaindcr when -|- 3.v“ — 7 

IS divided by 2x — 3. What must be added to 6 .v^ i 3v^ — 7 

so fhaj the resulting expression has 2#i — 3 as 'one of its 

factors? Whip are then its other lactors? 

•3. ( 1 ) A man is allowed a discount of h pence in tUc shilling. 

How mucli does he actually pay fpr goods marked at 

(2) p lb. of China tea are mixed w ith q lb. of Indian tea. I Tow 
mkny ounces of Indian tea arc thjcre in { lb. of the mixture? 

(3) 'f'hc length of a rectangle is / in. and its area x sq. in. 
Its length is increased by 50'^ its breadth is decreased 
by 50%. What are its new dimensions? Ky whfit fraction 
has Its area been changed, and has its area been increased or 
decreased? 

4. Solve: , 

(i) 3 a:- "5 

(ii) .3.v2 -1 4.V - 4 
■ 5. Solve : 

' x^ -i- 2xy — y- = 7 ^ 

6 . 'l"he area of a certain rectangle is 72 sq. in. If its length 
w'trc' deceased by 4 in. and its breadth increased by 8 in., its 
area' would be increased by 5 sq. ft., Find its length and 
breadth. ‘ 

216 
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Paper 27 

1. Factorise: ^ 

* (i) 4(1 -2^)2 

(ri) 5x- — 6at 8v“ 

(lii) xy -i- 3(iy r 3/?v 

i ‘ » 

2. If a = ft -f 2 and c ^ h — 2, find the value of: 

( 1 ) '2a^ - b(b ; *4) - (f.-:- 4)-' ■ 

(li) ab — be 4 - ca - b{\ -j- 4\ ‘ 

> * • 


3. Solve: 


* X -\ 2 • .V 

3a’-2 “2.V- 2 

, .4, 2 , 3 

.V — 2 .V -i 3, ‘ A 


» 



4. Simplify: 


(i), 

(iO 


a- ~ 7a 12 

/ <7: - 9 r4“ 

3x _ ,v -i - 6 
3 A’ — 9 x~ — 3v 


-! 2^-3 
— 16' 

. 1 

A 


5. ( 1 ) If X c\\t. of sugar ^cost /v, and the sugar is sold at 
pence per lb., find the least value of x as an integer for a 
profit to bo made. 

(li) A wire forms the boundary of a rectangle, leAgth 2a in., 
breadth a in. The w'ire is now' made to be the bounchiry of 
a square. IJ^ how riuch does the area of the square exceed 
that of the rectangle? * 

• 6. Find thterf positive consecutive even numbers su,ch th^lt 

the square of the mid()le one is *408 less than the sum of^ the 
squires of the Ather two. 
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\ t ' 

^ Paper 28 


1 . Factorise: , 

(i) 4jr2 ^ (2a 3^)^ 

(ii) 6a^y + — 3a * 

(iii) — 9ic^ + 26x 24, given that /; — 2 is a factor. 


2. Simplify:^ 


I , ' 

t 


a(5a - m + 2KA- 3i) 

J.' 2i(4a - SA)‘- 3a(3i - a) 


(lii) (a -i- b — c)- ~i- (d -h c — «)- — (r H- « — 


3. Solve: 


5+>’_^-2:+4 = () 

■^+y ,^L-y -51 . 

/I -3 


4. Simplify: 


... 2 • 3 J 

A’ ~ 1 “ T- A- ‘“a i- 1 

J /' 1 ^2 

-|- A -- 2 A“ -I* 5.V + 6 A- + 2a - 3 


5. Find what value k must have if 5 is ons root of the 
equation (a -|- /?)“ + 2 (a + ^) — 15.' 

' ^ motorist saved 16'min.‘ton a journey- ef 48 miles by 

increasing his average speed by 6 m.p.h. Find his increased 
speed in m.p.h. » ' - 
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Paper 29 ^ 

1 . Factorise: I , 

(i) I6x^ — Z^x^y -f ^xv“ 

(ii) 2a(b -f 3 ) -• (3fl2 + 4 ^) 

(iii) 2 x^ — xy -iy^ —2^+23; 

1 " j 

2. ( 1 ) If .V = at^ and y — 2at, find an expression con- 
necting A’ and y which dbes not contahl t. \ 

>1 1 “ ’ 

( 11 ) If A' + -==«, andltA — b,‘^t 

1 .» I. 

prove that x- 4- -2 ~ ?> H' 


{ A -1 1 


3. Simplify; 

I *"..V2) *{*'■' ‘ 

® (-!)(■ 

(ill) X2x 4- yy - (x ~ 2r)2 




4, Solve; 

(i) (5 a -i- 1)(3a - 5) - 3a“ 4- 15 
... 3 1.3 

A 4- 5 ' 2a 4- 3 “10 


_ ' 3a - 1 - 2 / ,5v — 2 ' 

5. 11 3^ ^ 5 _ 4 ^,. prove that a ^ 2 * lienee write 

down the value of a if y -- 

* 6* — « A 


• 6. A man'bdught a secUnd-h'and television set for'^i-. 
Later he sold it for £?^ at a losfe of a% of what it cost him. 
Find A. . * 
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^ Paper 30 

1. Factorise: « 

(i) ^ab'^ (iohc — (idh — Acd 

(ii) W - 9x^y - 4a>*2 -I- 

(iii) — 3>’“ — 6 j: +„ 3 * 

' 2. One factor of 2jc^ — ,v — 6 is also j. factor of 
.2a:V- 17.^2 12.y -1- 63. 

Find the factors of both expressions. 

3 \ ‘ 4 ‘ “ • 

3. , 

ij * 1 >’ + 3 3 a*' 4 

Hc^iicf solve - + 7 — - ^ 

i y 4 3 ’ -r 3 . 0 

*. 4. "J’he foflowing tabic gives the volumes of a certain mass 
of gas at deijtain temperatures (pressure being kept constant): 

f 

. Temperature <"C ) , 50 110 145 , 190 i 250 295 

Volume (c.c) 82 ^96 106 ' 119 , 131 144 

Draw a graph, and find the law connecting the Volume (V) 
and the temperature (t). 

5. Simplify: 

. . , a -r 2b a ; b 

3 fl 2 — oab — 2fr d- — ^b“ 

.V--1 , 4(2v-i-l) _ 2.v-| 

*- -I 5.V + 6 3a»” 4- Sx -i ”4 11* H- 6 

.6. A mdn bought a certain number of copies of a novel for 
£8. He sold all but 6 at 3.\. each above cost price, and the 
remaining 6 at half the sale price of the otheirs. In all he 
made k profit of £1 7s. How many copies did he buy? 



CnAPTiR 22 

QUADRATIC EQUATIONS- AND PROBLEMS II— 
C0MP],KT1NG tllK SQUARE— 
QUADRA'J’IC ’ SURDS 

In Chapter 20 we have considered hi w to solve Quadratic 
Equations by the method of factors, and this method should, 
be used whenever possible, b at it will be found tha*i there are 
quadratic equations that cannot be solved by this method, c.g. 
2v“ — 3v — 7 = 0. 'Ehcy can be solved by a piethod, called 
“Completing the Square”. 

Consider the equation x- ^ 4. 

If we take the square root of each side we get d.-.v — ±2 
(read plus or minus x equals plus ui minus 2). 

From this equation it 'vould seem that we g'*t four 
equations, namely: 

+.V - H-2 

, -fa: --- — 2 



Of these four, however, 

^ +x ^ 4 2, and —a - -2 

give only one solution, x = 2; 

and -fac = —2, and --.v — 4-2 

give only one solution, x — 2 

X = 4-2 or —2 

usually written x 4:2. 

221 
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‘ I 

H^nce when we have { n equation in the form = 4 it is 
sufecient to take the positive square root of provided we 
take the positive and negative square root of, 4. 

f 

^Erhmple 1: Solve (a: -- 3)- 16. “ 

Take the square root of ea6h side, re^iembcrjng that we need 
fal e only the positive square root of thp left-hand side. 

. A(a^-^ 3) -‘-j4 

».*. ‘either .v — ,^5 -r4, i e. .v — 7 

or A' — ^ - — ,4, 1 e. X --=■ — 1 
A- 7or-'l 

) 'I 


I^'cto' This equation could have been solved by fao:;orisation 


" (a --3)2 -16-0 

‘ -.3)-1-4][(a- 3)- 4]-() 

i.e. " (a -t 7) — 0 

.‘. either a -j- 1 0 i.e. a - - —1 

' or A — 7 --- 0 i.e. a 7 

* r 


Example 2; '^Comphtiug the Square' \ 

'Solve 3a2 — 5a -1- 2 =- 0. 

1. Divide both sides by 3 to make the coefficient of 
unity. 

' „ ••• - iv 5 - 0 

2. Transpose the constant term to the right-hand side. 


Complete the square on the left-hand side, by adding 
to both sides of half the coefficient of x. 

•2 . 2 a 


3-^ '■ (e) 

I**' 6;^ ~ .1 I 36 

' - 24 -f 25 


3 (i 


3f/ 
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4. Take the square root of each side. 

.V — --- ( 

either » | = +1, i.Q. 1- = J ?|- i = 1 

or * - I = -I. i.e. * ^ J =■ J or § ’ 

X - 1 or ^ 

Note: This example could have been solved by the factor 
method, the preferable method in thi.s case. 

3j!:- - ’3jc + 2 ; 0 
(3jr - 2V^- -- 1) - 0 
either 3.v — 2 - 0 i.e. x -- 

or — 1 ^ 0 1 c. .v - ^ 1 

.V - or 1 

Example 3: Solve, correct to t\\o decimal places 
2.t- -j- -] 3 0 


9\2 - 


+ 3^- i- (!)'■ 

(.t -i- y - 


1 + 

a 1 81 

2 I 16 


-24 I- 

16 


81 


•• 1- I 


cither a’ - — 


\^57 
4 
q 

4 


“ 10 

7*550 . 

4 


-7*550 . 

4 

7*550 . 


or A — - 

A --- —0*36 or 4*14 


-1*450 

4 

-16*550 

4 


- 0*36 
:: -4*14 


Example 4: Solve a- -f 4a ; 5 0. 

A- -f 4 a — 5 

/. A 2 4 - 4 A-I ( 2 ) 2 ,- -5 3 - ( 2)2 
(A + 2)2 -- - 1 

Since the square root of —1 is not a real number, there are no 
real*solut’9ns of this equation. 
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'' ' .J^xercises 68 

0 

Solve; , 

1. a’2 81 , ' 7. {2x -1- 3)2 16 

2. / - 2i - 8. {ix - 2)2 == 100 

3. M = . 9.{x~aY = b‘^ 

4. .v2 /e2 " ‘ 10. 9(.v 2y- = 16 

5. (X - 3)2 := 9 11- (x +■ 2)2 ^ 4a:2 

6. {x + 2)2 = 25 ‘ ^ 12. {2x 5)2 = {x - 4)2 

, ' ' ' f 

What terms must jic ad<^t.d to each of the following ex- 
' pressions^to make it a complete square? In each case state 
the r'esulting expression in the form of a square. 

IS." -f- 4x ^ 16. ^2 _ Sa: 19. x'^ — J.v 

14. x^ — 6xt 17. .v 2 q 20. .\2 + 2<7.v 

lb. a’2 ■1-,3jc 18. x2 4- \x 21. .r - 3c.v 

Solve, by completing the square. Also solve by factorising. 

22. .v2 q. (,x --I6 25. 2.v2 - 5.v -f 2 - 0 

23. .v2'- 4.V -1-3-0 Jb. X- -!- 2-4x -f 0-8 - 0 

24. v2 -u a: - 2 27. .v2 - hlx -f 0*3 = 0 

• . • ' ' 

..Solve, by completing the square, giving the answers cor- 
rect to two decimal places: 

28. x2 -- 2.V - 2 35. .v2 - 2(3 a: - 1) 

29. a2 - 6.V - 1 -= 0 36. {x - 2)(a: -f- 3) - 3 

30. a:2 - I- 2x - 4 ' 37. 2.^2 -i- 8a: - 5 

31. .v2 -I 8 a’ 3 -= 0 38. 2a:2 - 6a: 3 

' 3^, x^ - 4.V L 3 ’ 39. a’(2a: - 3) - -^i 

33. x{x +"3) = 5 40. {x + 1)(2a: - 1) = 4 

34. 5jL = X- — 7 

* » 

Solye, giving the answers correct “to* tw^o decimal places. 
Wl^ere there are no real solutions, say so. 

41. . 3a:‘'’ = 2a' + 4 U. x{2x + 10) + 4 = 0 

42. x{\ - 3a:) = 3(1 2a:)' 45. 3a;(1 ~ x) = 2(1 - 3x) 

43. 2x2 - 3x + 5 = 0 '46. 3x(x + 2) = 2(x - 5) 
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49. 


•.kv2 4- 


[- 8.V -i- 2 0. 


50. 4.^2 _ 2(x - 3) 


47. 4a-2 - 2x = 1 

48. 2x -J- 9 = 4.y2 

• ^ 

Solution of Oliadi atic Equations by f.iP of a Formula 

Consider the quadratic- equation 

k ax^ 4 bx ^ 0 
* V. . /) • r 


« • 


. . x‘ 


a^ ' *a 


b 

, ( >>\- 

A 

/Vu 

- x 
a 

■; \2ar~ 

-0- -- 

•ll 

\2a^ 



» r 

/;2 

• 1 

‘ ■' -W 

a 

4«2 

• 

• » _ 

— 4flr 

-i- h\ 


4«2 * 

I’akc the square root of^both side^. 

h -f \'h“ Aac 


X 


2a 


2a 


. either^ 


' 2a 


— ■\ai —by Vb- — 4<7r 

o i-c- A - -r, 

2a . 2a 


or 



— Vb" ~ 4tiic . —b — ^ac 

~ 2a ‘ * 2a 


The soliition is often wnt^n in the form 

9 • 

--b V6“ - 4ac * 0 

* i-2a 

• • ® 

Using this formula, we can solve any quadratic equation. 

e.g. Solve correct to two decimjjl places 5x“ 6.r — 3,-^0 

This equation is ^f the fo^m ax- bx c -- 5 where 
a -fc 5, = 6,»c — ■ -~3. 
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Substituting these valtfes in the formula 

—h:t — 4ac 

*= ^ . 

I 

''.ve get'. = ^ 

_ -6 -t \'36'+ 60' ' 

10 

, I d * 

_ -6,± V% 

10 , 

_ _6 i 9-798 ^ 

10 

/ 3-798 - 15 - 79'8 

,, "'/lO 10 

:1 X = 0-38 or —1-58, (correct to two decimal 

places) 


Exercises 69 


Solve, using the formula, giving answers! correct to two 
decimal places: 


1. jc2 .|_ + 2-0 

2. + 3a: 2 - 0 

3. a-2 - 2x - 2 --0 


5 . 2 a -2 - 7 a: -I- 4 = 0 

6 . » 3 a :2 4 - 5 a: == 7 

7 . 5 a :2 -- 9 a: - 3 


'* a:^ + 4v — 1 — 0 ^8. (3 A’ — 2)(2 a + 4) = 4^^ — 5 

9. (4a -f-3)(4A - 3(12 a - 7) 

10. ?,A? + Ja + -jV 0 

11. (5 2i)(3 - a) -- 2 

12. 2(a« -- 3)(a - 2) -f 3 (a - 3)(a -f 5) = (2 a + 3)(a - 4) 

IS. A^ — 1-2a ~r 0-3=0 ■ 16. A^ + 0-1a« - 0-05 = 0 

14. a2 + 1-1a - 0-4 = O ' 17. a2 - 1-4a - 0-04 = O 

15. Ja^ "■ ~ 2 = 0 ^ ^ 
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Harder Equations 

I 

_ 1,01 X — 2 ^ X -\- 2 1 — A,’ 

^ . 2(3a; 2) d{x -J- 3) 3a;- -f 7 a; — 6 

.x-2 , a?H-2 . 1 - .^2 , 

~px' -^ 2) , 3(;c “+ 3) ' • (3lr - 2^^V 3) 

Multiply botli sicVss by 6(3a; — 2)(a; 3). • 

3(a; - 2)(x H- 3/ - 2(3a;*-- ^(x + 2) - 6(1 - i^) 

• ’ 3;c2 +• 3a' - 18 -•6a:2 _ ^ ... 6.-,6a;2 

* ^Sa;- — 16 — 0 • 

Solving this equation by th'i formuVi • 

5 -1- \/25“m- 192 5 + a/217 

• X — •' — — - 

. S . 6 • 

/. X - 3-29 or --1*62 (correct to two^lecimal places) 

• ^ * 

Example 2: Solve ^ ^ 


4x- 3 


Simplifying each side, 


_ 1 _ 3 

3\ r 1 5.v-f“4‘ 


2{3x - 1) - (4a - 3) (5a: 4) -- 3(.^- 1) 

(4/- 3)(3a - 1) ■ (a: -f 1)(5 a H- 4) 

2a*+ 1 __ ^ -1- 1 

(4a’ - 3X3a'- 1) '".(a- -1-“1)(5a: - f 4) 

This equation h true if 2xH- 1^0, i.e. if x This is one 

solution. • 

If, however, 2x -{- 1 is not equal to zero, we can divide both sides 
of the equation by 2a; + 1. 

T1 ^ * 

(4a -- 3)(3a - 1) (A^-f 1)(5 a -f 4) 

(4a »- 3)(3a - 1) - (^c -1- 1)(5a -1- 4) 

12a2 _ 13a + 3 = 5a 2 -f 9 a + 4 
. r. 7 a 2 - 22Ak- 0 

Solving by the form^ila a — 3^9 or^— 0*04. 




A ^ 


_1 


I or 3*19 or -0 •64 (correct to two decimal places) 
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Exercises 70 , 

Solve, giving the answers, where they are no;^ exact, correct 
to two decimal glacey. Where there are no real solutions 
stfite l-his. c ' ■ • • 


1. x\l ■ 

f X 

<7 7 3 n 

2. X — - — 7, =*0 , 

, x^ 2 , 


^ ^ 2 ^ _8 
S.v + ■' 5 


4. — 1 




a: 2 _ .V 

X ~~ 2x^~ 5 

_ 2 , 3 

.V T 3 x-2'^ x-1 

•2,3 J 1 

X ‘ a: — 3 a: -j- 2 
3 1,3, 

“ -7 t 


S 2x -5 ■=2(2- 

6. 

€ 

13 . 

14 
15 . 

18 . 

19 . 

20 . 

21. 

24. 


"3 


• . _ .V «- 3 2a: -3 

‘iv-l .v-2 

o. » — • 

' a: + 1 a: • 

9. f +-J = lv 

^ 3x — 5 

; 3v 5 a: -r- 2 ^ 


a: 


11.^_1-3(a-2)^3 

1 1 2 


12 . 


.V -I- 1 A A — 1 


= 0 

16 . 

17 . 


2a - 5 

. 7 

A — 2 

3a2 -- 4 

2a -- 3 

A - 3 

\--t-3' 

2 a -f- A 

,v H- 1 , 

2a - 1 

2x r 1 ^ 

A -- 1 

6' 

1 

f -7 2 ~ ( 

A - 2)2 

1/5 .'l 

-V ■ 

1 

1 

iCO 

“ 21a - 


A -1 1 •_ 1 2 

3a - 2 ■ a “ 3 
3 _ 1 1 

A + 5 2a 1-7 ' 3 

i' -1- 1 


-2 


22--^ -1+ ^ 
(3a H- 2f ^ 3a -{- 2 


2. 23.(,v^1)= = (4J 

. ‘5\ 
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25 3 1 _ 2 _ \l 

2a’-1' a: - 2 .v-1 x -3 

^ - • 2 4 * _ , 3 

2a; + 1 : x -\ l ~'' 3 xrl 2 x ‘+ I • 

27 ^ ^ -1 
* .v — 1- 2 a'^— 1 a; -1- 2.~‘ a: hi* 

28 ^ -1 ^ 

3a: — ■4; 2x -h 3 , a: — ^ 5a» ;h 2, 

29 ^ 3 ■ _ 1 ? '* 

■ 2x - 1 S.v - 1 ", A’ -h 2* 5 

30 ^ “ - ■'’ * 

A - 2 X -I ] X - \ A + 3 

• 4 

• * 

Problems 


Example 1 : A man bouj^ht a certain numbeV of artidcs for /3. 
If each article had cost Is IcJs, he would have obtained 16 more 
for the same money. How many aitich s did hc^ buy? 

Let A - number of articles liought. 

Cost of each --- shillings. 

If 16 more had been obtained the number of articles w ould hayc 
been A +16 '* 


Cost of each now' — shillings. 

V ! 16 

But this is 1 shilling less th*an the previous,cost. 

60 60 j 

60(a h 16) — 60.V - t~ -h 16 a 
a2 + 16a - 9,60 - 0 
(A-h 40)(a--24) -0 
* X 24 or A —40 

Number of articles = 24 


, 


if , , * ' • 

Note: The method above is the one that would geneially be 
used, but this problem liould have* been, solved by letting a shil- 
lings' be llje cosl* of one article* The student should work the 
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prpbV^m thus, and realise /hat in solving problems there are often 
various methods of approach. The next problem illustrates this. 

Example 2 ; The substitution of a diesel tram for a steam train 
Induces the time for a journey of 48 tmiles by 36 min.- If the 
average spee*d of the two trains differ^ by 18 m.p.h., find the 
average speed of th^ diesel traipl 4 

Let X hr. = time taken for the journey Ry the diesel train. 

• ' 48 

Average spetd of diesel jt'/ain =•- m.p.h. 

(a: -f I hr.) — time taken fp*- the journey by the steam train. 

' * . ‘ 48 

Average speed of s^eam train -- - 3 m.p.h. 

X -r -5- 

• A’ a; -j- 

48(ji£: 4 - 5 ) — 48a: = 18a:(a: + J) ^ 

‘ 18A:(;t' + 3) - 48 . I 

18a:(5.v -i- % = 144 
.ic(5a: n'- 3) -- 8 
5x~ 4- 3a: - • 8 — 0 
. (5a: 4- 1) -- 0 

“ 1 <”■ . 

Time taken by diesel tram “ 1 hr. 

Average speed of diesel tram — ‘48 m.p.h. 


, Exercises 71 

1 . The sum of a number and 9 times its reciprocal is 6. 
I '.Ad the number. * * 

* i , , 

.2. A nilmbcr exceeds 12 times its reciprocal by 4. Find 
the number. 

3. T\ic sum of the reciprocals of two* positive whole num- 
bers is 2^4. If the numbers differ by 2, find the numbers. 

4. boys spent 5s. in bifying ice-cre&’m ’cones. The>’» 
would have got 10 more if edch cone bad cost Id. less. What 
was the price of a cone, and hi»w many did they l^uy.? ' 
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5. An increase in the price of a notebook by ^d. meanJtlwit 

6 fewer are got for How juany did buy before the 
increase? * • . * 

6. When the price of^eggs falls by ’Ir. pei* dozen, 2 dyzegi 

more can be got for £2. Find the hfgher pricc.ofthe eggs per 
dozen. • ^ ' • * 

7. A school class plans 'an outing to cost £S. At the. last* 

minute 8 pqpils are prevented b^ illnesp frorp taking part, and 
the remaining pupils’ agree to pjfy an ejtra Iw. each, and re- 
fund the original subscription to the •^bsentecs. How many 
pupils are in the class? ^ ^ * 

8. For a certain excursion an adult’s fare is 2^. more ‘than 

a child’s. The total ^res amounted to £9 6s., £7 10^. -jf fhis 
being the amount of the adult fares. 42*person\took part in 
the excursion. How many children took pa^t? • • 

9. A club has T own Menibcrs and Country Mthitcrs, each 
of the former paying £4 more per year for membership. The 
total subscriptions arc as follows: 'I 'own Members ^21 Od, 
Country Members £600. There are 500 members altogether. 
What is the annual subscription of a Country Member? 

10. A mSn bobght a certain number of articles for £1^0. 
On delivery he found that 10 were so badly damaged as to be 
unsaleable, and calculated that, if he sold the others at ISj. 
more each than their cost price, he would jus^ make alto- 
gether what he paid for alFthe articles. I^ow^ many articles 
did he buy? 

11. A WQman buys a television set for £70. She pays h^Ti 

of it and agrees to pay the remainder and also £1 is interest, 
by weekly instalments. She f^nds that if she increasyss her 
weekly paynyents by 6s. she can complete her payments 10 
weeks earlier. Find lier weekly payment if she chooseato pay 
the extra 6s. eacji week. ^ , 

• 12. An increase of speed l)y 6 m.p.h. on a journey of 90 
miles reduces the tim(f taken for the .journey by hr. Find 
the increosed speed. * 
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^I3t A 'decrease of speed by 10 m.p.h. on a journey of 80 
miles increases the time taken for the journey' by 40 min. 
b ind the decreased speod. ' 

4 ' • 

* 1,4. Due ^o a fault developing on A’ journey when* 81 miles 
had still to be don^, an express tram 4iad to reduce its speed 
by 18 m.p.h. It arrived at 3.*15 p.;n. im^tcaS of at 2.30 p.m. 
Fi’^'d when the fault devefoped. * 

, 15. A man \\’ishcs<to go to a place 2j milcsi distant, and 
finds that he can save* 36 mifi. by taking the bus both ways, 
instead taking the bus lher*i and walking back. The bus 
tra\’e)s 12 m p h. faster than tbe man can w alk. Find the 
average speed of the bus. , , * 

4 

‘ 16. The distance from Glasgow to London is 400 miles by 
rail and 392 miles by road. A caj- whose average speed is 32 
m.p h. less than that of an expiess tram takes 7 \ hr. longer 
f6r the^ journey.' Find the speed of the express train. 

17. ‘One man takes 3 days longer than another to do a cer- 
tain piece of work. Working together, theycan do the same 
work in 2 days. How long does each take when working 
alone? 

18. One pipe takes 3 min. Ies5 time than another to fill a 
certain tank. If bdih are used the tank can be filled in 6 j min. 

IJow long does each pipe take to fill the tank? 

% * 

J*9. A ctrtam positive fraction has its numerator 2 less than 
its deivrminator. If the numerator and denominator are each 
decreastd by 1, the value of the frrctioij, is decreased by 
Find the fraction. 

• * * « . 

2p. A square and a rectangle have the sarne perimeter.* 

The rectangle is 6 in. broad, and its area is 16 sq. in. less than 
that of the square. Find the afta of the square. . 
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Quadratic Surds 

When the equation -h x — 1 — 0 is solved, we get 
/ -1 -Jz -t 4 V*1±.V'5 

^ ' * 2 2 f 

It is impossible to find the cijiict value of the roots, because 
it is impossible to hnd tlii; exact v'aluc of v 5. (Wc can,'as we 
have sceriAvith simil;ir c«amplos, toots correct to any 

number of places of decimals.) I'herif is no numhei*, which, 
when squared, gives ex./ttly 5 ?*)r the^mswer. V5 is,called.a ^ 
quadratic surd * j , ^ 

If the sjquare root of any Aumber cannot be found exactly, 
then that square root i*^. called a quadratic surd. * 

V'^5 is taken to mean the pcisitive siiuare rodt.of 5. , 

\/4 is not a quadiatic surd, since its value ^s'2. 

\/4 is merely written m surd form. 

In a later chapter it is proved t>'at * 

\/2 X V3 — v2 . 3 — 

and similarly triat 

VI 0 V'5 : 2 = \ 5 \/2 

Also V2 ; V2 = 2 

. • 

Hence Vl2 xO 3 ^ \'4 y x V3 - 2 V3 

and \''50 ^ V25" 2 - ^ '25 \ "2 ^ 5 x V2 - 5 V^J 

• # «• 3 **“ 

"rhe steps above can be reversed, c.^. , 

2V3 - ^4 X v'3*:- A'^4 x" 3 - Vl2 

,*. • 

Wdicn 2V3 is written as V12, it is said to be written as an 
entire surd . , , ^ . 

Similarly, 3 V2, written as 'jn entire surd, is 

V9 X V2 - Vis 
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Addition arid Subtraction of Surds 
Just as 3;c + 2^ = 5x aryl 7x — 2x = 5x 
so 3V2-I- 2V2 = 5^2 and 7V^ - 2^3* = 5 V3 ’ 
t\n%;xpression such as 2 V3 + 3 y/1 oannot be written down 
more s^piply. It‘could, of course, be evaluated correct to any 
npmber of decimal places. • ^ ^ 

Example 1 : Simplify \/‘8 + a/32 -i VlS. 

‘ + V32 - Vrs r-. v'4“x“2 4- yi6^ - \/9'x 2 

-- i\/2 4- 4v/2 - 3\/2 

« 

Ex'aifaple 2:, Simplify + V!!.- ^S() - V^. 

, SVS + ^^!2 - VSO - V27 

' , = 5\/3 + -v''36 X 2 -_V25 x_2 -V*) x 3 

5V3 -1- 6V2 -‘5V2 - 3V3 
1--= 2V3 + V2 


VlultipUcation of Surds 

Eiiample 1 ; 

' 3V2 X 4V3 = 3x\/2x4xV> 

-3x4 X \/2 X V3 = 12V6 


«■ , 

Example 2 : , 

W3 X 3V6 = 4 X V'3' X 3 X -v/6 4 X 3 X V3_X V6 

'■ ■ -4x3 xVl8 

= 4 X 3 X V9j< 2 
- 4 X 3 X 3\/2 
=.36V2 * 

Division of Surds 

Example 1 ; Evaluate 6 4- ^2, correct to two decimal places. 
This could be done by calculating aftd dividing. It is much 
easier, however, to proceed as foll^\s: • 
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6 6xV2 \v2 


V2 V2 X Vl 


= 3 X 1-414 

• * = 4-24 (correct to two 
(le^iinal placips). 


Here we muAipl;^ the numefatOr and the denominator of tjie 
fraction by the same number V2. * V2 is chosen because; when 
the multiplication is. performed f^thc denominator is no longer a 
surd. 7'his process is called rationalising the clenorntnathr. 


Example 2: 9V2 ’ * 

9\/2 _ 9\/2V y6._ 9\/l2 _ 9 x 2\/3 _ 3v^3 * 
2V6 2\/6 X \''6 2 x 6 2 x 6 * 2 


Example 3: Simplify V27 ^ - \/l2.' 

• V * 

V27 + ^ ~ V'12 - 3\''3 + - 2V3 ’ 

• » V3 5 ^ 

. =3\'3 + 2\/3 -2\/3 

- 3>/3 


Example 4: (\/3 ] 5)^ - {V^f + 2(\f3)5 

- 3 -I 10\/3 H 25 28 -f 10v''3 


Exercises 72 

* * . 

Express tlie following in their simplest forms: • 

1. V8 4. V32 ' 7. V'45, 

2 . VIS , 6 . V 50 * 8 . ^24 

3 . ;V 27 . 6 . 9 . x /80 
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Exfvrcss'the following as entire surds: 


10. 

2V3 

13. 2V5^ 


16. 

3V10 


11. 

3V2 

14. >3 V6 


17.‘ 

'2 Vs 


12. 

3,V3 . ' 

is: 5 Vs 

C' 

18* 

iov2 


Expiifiss the fallowing in their 

simplest 

forms : 


19. 

V3 .X V3 

23. V5 X 

3 /, 10 , 

rf. 

V6 X 3V2 

20. 

V3 X V6 

24. .V6 X 

V'12 

28. 

2 Vs X 

V2 

21. 

\/2«x .\/6 c ‘ 

is*. 2V'S > 

: • 

29. 

65/3 

V12 

s22. 

v^2 X Vl6 

2(,! 2 Vs , 

: 2-s/lO 

'%> 

Vn 


li 

ivnjuaUj correct 

to two dcciAial places'; 





.1 

4 * 

'll 



6 


ol. 

Vi . 

. 2 

•/ 

« • 

00 . 

V3‘ 



implify by rationalising the denominator: 

« 


'Id. 

\/2 

35 -''''2 


'ift 

2 Vs 


» 


2V'3 


OO 

V6 


37. 

Vl? 

38. 


39. 

3V6 


3V6 

\/12 


Vis 



Simplify : * * 

40. \/3 + V'12 42. v^rs -|. V27 - V'48 

41. Vs + V32 • 43. Vis -I- V 12 - VS 

44. V50 -I- V 108 -- V2 -1 \-'27, 

45. 3 V20 H- V72 -- 3v'2 - 2 a''45 


ko. 

10 

V2 

V8 

t 

40. (2 + 

50. (Vs 

Vif ^ 

-3)2* 

47. 

V24+ 

v6 

12v2 

v"3 

51. V3(V2 - V6) 

48. 

vs- 

10 . 

V5 ' 

V45 



Solve, leaving the roots 

in kird fornj : 


52. 

— X 

- 3 - 

= 0 

53,*2x^ X — 

5'=0 . 



• Chapter 2'i 


I.ITERAL EQlMTlDNS-CIlAKGiNG THE 

sItbject. of* a. formula 

i 

In previ 9 as chapters letters qccurihig in equations have 
generally represented unknown numbfeis. • 

We now consider eqiuftions, already referred to on page 82, 
in which the coefficients of ific unknowns and tli^ covtstant 
terms consist of letters, usiully taken from the beginnirjg of 
the alphabet (a, b, c, etc.). The unknown numb/:rs are usually 
represented by letters, such as .v. v, etc., ti/kpn from tjie 
end of tilt* alphabet. * ^ » 

These equations arc called l.iteral Equations. 

E(fj!ntions of the First D(gt(^ nith iJ/te l^nknoivn 
Example 1: Sohe the equation 

* *., ? .0 
b / a 

Multiply both sick.s of tlie equation by ah, the L C M of the 
dtTioniinalors. 

» 

.*. a(x-‘ a) :*h(.x { b)-, 2ai 0 
(IX -i hx 4 b~ -] lab 0 

ax hx - r lab b'^) 

.*, x(a />)- - (a -i /;)-* . 

.*. a: -- -{q r b) 


Exercises 73 


Solve the pq’iations: 
!. 2x -f a V + 2a^ 
2. .T h ~ 2x — c 


* 3. 2^x — a) - X 
* 4. ax — — a 

237 




b ' 
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5 ^ a^x — a) = a — ^ S, ax — cPh = —hx + ^ 

i 

( i , ax — h — X — ah ,9. a(ax — 1) = b(hx — 1) 

7. ax -^ a ^ = - h \ ‘ 10. a%x - ^ ab^x - b ^- 

11. t^(.v — a) --= b{x H- — 2b) * 

12. h)x — 2a^ — 2ab —\a — b)x 

* ' • I • 


13 . = - -I- ^ . 

X a b ' 

‘ ' ' 

^ . X X f) a 

14 . T , 

a a h 

15..‘''^L1_1 


16 . ' — = - ^ 

* d 4 ' .t + J'c. 

.X a a j^h 

/ ‘ -Za~ a - 2b 


f8. 


X a — b X ~\ a 


x + 2a,^x-\-2h 2{a^bf 

« “ ah ^ 

. 2 (}. 


21 . 


X a X -I' b 4a: a -\ b 


. a 


a — b 


' X — a , .V b 2(a’ — a -i- h) . 
~2a “ 2A , a -, b 


23 . 

A’ -] - « A -f- O X 


24 ..?- 

X X 2a X — a 


1 , 1 _ 2 

X a X —■ la , X — a 

A -fi fl A -f- ^ A -i- a — /j 
b a — h 


27 . 


Jc + 2a A — 6 X a -c b 
a b‘^ ^ 


2S.'J - - 

ax + b bx + a 


ahx^ 
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Simultaneous equations of the First Degree with^ Two 
Unknowns . ' 

* 


Example: Solve for A? and j)', ' ' 

px-\- »qy=p--\-pq+q-^ . . . .# ( 1 ) 

* ^-y.rP ' (2) . 

Multiply. (2) by ^ , 

(3), 


Add (1) and (3). , ,, 

px-\- qx = 2pq -\- q^ 

- <P-^ fi)---{p^- qf 

k-^p-\-q , 

Substitfttc in (2). 

P b <7- V -/> 


I * ;> + V 

I j ' ‘I 


Exercises *74 

Solve the following equjitions: 

1. 2a’ y Sa 
X ~ y — a 

2. Ax —*iy — 10a 

3.V -\- y ^ a 

3. -2a 

* 3 4 * 

6 + 8 -• 

4. 3a: — 2j = a + §6 
2 x -V h' — 5 a — 6 


3r -f Ay = 12(a ~ ^ 

6. 2a — 5jy = 4a 56 * 

hx -f- 2aj = 0 ' 

7. A + = 3(a + 3^ 

ax — by = a^ — 

8. ^ y = a + 6 » • 

X — by = a^ — b^ 
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9.^ aj^, H- 'hy = -|- lah Ir 

hx 4- ay -- -j- 

f 

10. ax H by ■— (a + b)^ * 

• bar — ay ~ 2b- ' , 

11. (« •]- b)x — {a — b)y ^'a- -K b- * 

I ax -f by =- a- b- 


12 . - r" 2 «. 

, a * h' * 

^ . .r \-2y-Vb- ---(aM by* 


* < 
t 


13. 

A H- r (•.! -i- by] 

. .t A r ‘ , 

14. ' a -~<h 

a 0 * 


•15. ^ 4- 

• a h a ~ 'b 

• A — V — Aab 

16. "-*=«•>- /)» 

•’f y . 

^ -I * == a A 

' ax nv 


tP. -!- V- 

X -v 

' a' ~\- b a — b . , 
— =-: \ab 

X V . 


18. * “ -f - ^ (^7 4 bf 

X _l’ ^ ' 

* " _ ^ 0 
A' 4' 

1 1 * * 

19. 77 -- r 

A * y 

c a 


- - b(c - a) 

X y 

'fir\,'7 4 b)x -I {a — b)y 277(a 4- v) — \ah • 


Quadratv: Equations 
Solvc*^ — (tz 4- b)x 4- ^b — 0. 

A- — {a -p- 6)A*-i ah = 0 ♦ 
(a — a)(A b) = 0 ^ 

X ~ a ov b i « 
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I 

Exercises 75 

Solve: ^ • . 

1. A- -h (a — h)x — ah ^ 0 * .4^ a- lax — 0 

2. A- - 1 - {a -r b)x +*ab —- 0 • 5. x- — 2}^ -1 h-*-p 0 

3. A- — (m ~ n)x -* mn ' . • * 6. v — ~ 0 • 

7. x(x [- a) ~ h(fx +.a) * ^ 

o a X — h * 

A —*a ^ b • 

9. A- — {2a + h)x -|- ^ah — 

10. a‘- 1 (5^ - 24 y - lOrtf - 0 

Clian»inn the Siihjeft of a i%jimtt!a 

• • 

PRT * 

'^I’hc formula / — . enables us to calculate the valu»; in' 

• lUU * j 

pounds of the Simple Int^^rcst, /, on fP invested for T years 
at per annum. J 

[ IS called the subject of |he foimala. Wlien the v^alue of / 
is known and also the values of R and 7’, we may (j^alculate 
tlie value^of because the above forrnub may be written 


P IS now the subject of^the formul i, and wohave changed 
the subject of the formula fiom / to P. * 


Examflle 1 : Change the su'ftjcct of tjie formula s — ^ — • to'r 


. .v(l — r) — a 

s ~ rs --- a 
.■? rs - 5 ~ a 


s 
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i 


Ef..aitiple 2: If i? = ■ V“» change the subject to«''i. 

ri -r ^2 

''1 + ^2 

^(»'l -f ^ 2 ) = ''W 
Rr^ + Rr^ • 

• -R^2 . 

•‘ _'l N 

£xainpl^*3: If T - 'change the subject to II. 

Ik * ' 

‘ ••• 

’ • 

A^ 7’2 


, Exercises 76 

Change the subject of the following 'formula?: 


1 . F = ItttVi to 

2. A =■- irr^ to r 

3. A = 7Tr(r /) t«) / 

= m 2 2/y to / 

5 .,s -- i// V to^’ 

6 . 1 ) =*t/’o(l + aO ^ 

7. r =i' 277 to / 

8! i? = to V 


10. 7" — fl + M — If/ to n 

11. » C - ^l(F - 32) to F 

>3.Ui = ‘to« 

. ^ w / 

14. ^ = />(!+. 4) tor 

15, F = — Vo v, 

r 

,mi — m2 


9. 5 = 2 p« -1- » - 16. / =■- to m 2 
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17. c= .M. , 0 ., = 

Vi — V2 ^ ^ 33,000 

— -to» . _ -Q + C, 

■'■ n . ■ , 22. r, = H- to C, 

mnE • ’ • fJ^ 1 — I * 


-r to « . 

r • 


, m«£ V ’ • 1 

19. / = to mi 23. - — - 

+ nr , ^ H 

24. ^ = wr2 + TTT V(A- + r^) lo /; 

“•'-•"rvM'.-S"' 

27. »! =. + I 



I 

Cii^prcR 24- 

RATid ANU PROrORTIOlvK I 

Rati • 


/l\vo fmmbers'can be compared by finding the ratio that 
ov\e bears to ‘the other. «' ** n 

Jf (f' an^b are any t>vo nuifibers the ‘ratio of a io b is 

meas#irj'd by the fraction 

The ratio is* sometimes written in the form a : b. 
a and i«ire called the terms of the ratio. ' 

In the same way we may compare tw'o quantities pro- 
ivided they arc o:{ the same kind. 

'i’o cxipress the ratio of £a to half-crowns w'e reduce the 
quantitv's to the same unit. The ratio is then w'rittcn as 


' if both quantities aic reduced to half-crowns, 

or if botji qu.iiitities are reduced to si.xpcnccs, 

« 

240rt -r 1 1 • 11 

or, ir both quantities arc reduced to pence, 


and, of course, 


^4(}a _ 40a _ 8a 
30/; 5/; ‘ ' b 

8a 


Expressed in the form ^ , the ratio js said to be in its 
lotVest terms. * • ' ‘ 

It is impossible to find a rittio betwijpn tw^o quantities of 
different kinds, c.g. betw een a d/stance and a 'weigh, t. ' 
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» * 

Example 1 : Find the ratio between 2 s. Zd. and* 3 ^. ^d. 

Rauo - •= ^ _«9 

* * 2 ts 3 d.- 13 threepences 

• • • ■ 

• • * • » 1 

Example 2 : Find the ratio between the two pfiecs, 8a ^ence 
per dozen and <!>^hillings per st^irc. • * 


Ratio 


* )8a pence per dozen 

• a shillings ptfr.sco'ie 

8a * , * 

T275 T" 

2^^ pence each 

^ Hi 20 

“ 12 ' 12a 
1 0 


1 he equation x: v ^ a: b nican^ that the ratios - and • 

1 . V 0* 

are equal, ^ 

.V a 
i.e. - == -f 

y 

This gives us no information ic«garding the actual values 
of X and 3’, and in particular we (jaiiuot say that x --- a and 
y ~ b. 

„ . X a 

But, since - = , 

j' * 
hx*~ ay 

and, dividing throughout by qb^ 


.V 

a 


y 

'b 


and we can wrUc ^ =^/?, wlicre k'ls a constant.^ 

a o » 
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t 

pxartnple 3: If 3;c = Sy^ find the value of the ratio x:y. 
2x = 5y 

Divide both sides by 3y * 

• \ 'x__ 5 

-y^-r 
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• 

4x2 - xy + 4(3^)^ - (3^)(4)fe) + (4A)» * - 

* '2a:2"+ y^ 2{Zkf + (4^)2' 

. _ 36.^*- + 1^2 

’ .40^2. • ■ ■ 

•"' 34^2 •• 

— 20 • 

• 1 7 , 


Example 5 : If 2(ji2*+y) 


5a^, find jhc values of*th* ratio -• 

^ 2(^2 ^ 2 ) *- 5 ;^.^ 

• : . lx* ly^ ^ Sxy 

2.^2 -- S:w -|- 2jy2 - 0 

2x - y or X =‘2y 

X 1 jf 2 . 

•'>r 2°^ y^i 


Example 6 : Two numbers arc in the i atio 4:7. If each number ' 

is increased by 4, the ratio becomes 2 * 3. Find the numbers. 

* 

[Note: If X and y are the numbers, then 


a: 4 



X y 



' /. X — 4A»and y — Ik.] 

Let *hc numbers be Ak and Ik. 

4 A + 4_*2 

' • " 7^ + 4 “ 3 

\Ak + 8 - \2k + 12 
" .*. 2d- A* 

^ = 2 , 

/. The nymibers are 8 and *14. 
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t 


Exercises 77 


Find the ratio of: « , 

1. 13i. 4^^. to*16^. vSi/. 4. 2n cwl. to 168;/ lb. 

% 15a shillings to *5. sq. in to J sq. ft. 

3. 48 lb. to \ CMt. ■ ,6. .sq. in. i^ab sq. ft. 
* 7., 2s. 6d. per oz. to ^1 tlO/r. pci^lb. ' 

b. 2s. Id. per ft. tq Gd., per y(^. ^ . 

, 9. £22 ‘per nlilc to /'I Kb. per 100 yd. » 

, 10. 60 m.p.h. to 2200 yd.*}W miA. 

11. ‘,45 ?.Vp.h. to 60 ftt per sdt. 

12^^ a m.p.h. to b ft. per sec. ' 

13. If 2x 7y% finfl the ratio a‘. y. 

14. If I, find the ratio .v : r. 

15. If _v is 50% greater than .v, find the ratio x : v. 

16. If 3a: — 8v, find the valuc*of 

A’ — r 

17. It 3.V — 2v,' prove that ~ a %2y ^ 

. ' ^ .Y V 4.V 


18. If - — find the v.alucs of the ratios: 

y 

2..-r 
A' 4- y ' 
ax 


(0 

(iv) 


... A- — r- 

(‘0 - , ' o 

^ ^ A- -r r“ 


(ill) - 
' ' \’>y 




(v) 


ax } hv 


xy 4-y'“ 

xy'fyy 


by hx ay \aj « 

49. If x^— 3xy -h 2v“ = 0, find the values of xjy. 


20. If'^?'^ ^ ~ find the values of A/ y. i 

A 4- 23’ 4a ' ' 

21. •riie line AB is a in. long. The point P divides it in 
the rati(] 2:3. P'ind tnc lengths iSf AP and PB. ' 

22. The line AB is A,in. long. The,point P divides it in 
the ratio a : h. Find the lcngths<'of AP and PE. , 
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23. The line AB is x in. long. The point P' diWde^ it 
externally in the ratio a : h. Find the lengths of AP and PB. 

24. Tv\o numbers are in. the raDo 3 to 5. When 4 is added- 
to each the ja^o becomes 2 to 3. What aje the numbers j* 

25. 7\vo numbers are. in the ratio 5 to 7. VV'hen ench is 
diminished by 10 thi ratio ‘bedomes 5 >to 8. What ‘are the 
nunibeis? 


Proportion 

Four numbers a, h, c, d ar^^in proportion when 

A : b c : d ov , ‘ 

b d 


' * r % * 

I’hc statement la called a Proportion. 

''i’he terms a and d are the extremes an/i the ferins b and c 
are the means ot the propprtion 

o- (f c 
bmee , - j 
h„ d 

.*. ad - be 

i.e.,dVodiict of extremes - Product of means 


d is called the Fourth Proportional to a, b, c. 
From the previous equation J ^ • 


l( a: b b : c or ^ then b is calied the mean propor- 
tional between a and c, and t is called the third proporticnal 
to a and b. 


If ~ ^ etc., then a, b, c, d, e, /, etc. are said 

b c d j 

to be in continued proportion. 


When a, b, c, d are in proportion, certain relations can be 
readily deduced. To each relation a name has beer giyen to 
enable reference to be made to them in the solutions of 


exercises. . 
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a _C 

■ 

. A _d 

• a c 


( 1 ) 

I 

Inver tendo 


By cross-multiplication 
• ad.= bc 

Dividing throughout By cd^ * 


* a 


Alternando 


AdjJing 1 to both sides of equation (1)^ 


Cl h c -\~ d 
h ' ^ d 


Componendo 


Subtracting 1 from both sides df equation (1), 


i.e. 


a c 

a — b _c — d 

~T “ ~~d , 

a fb c d 
b ~ 

a — b c - d 
b d ' 

+ b -r_d 

a — h c — d 


Dividendo 


Componendo and dividendo 


The aJ)ove relations can be proved *by the following 

1 Tr ^ ^ *1. 4. ^ C d 

methdd, e.g. If t prova that, , = -i— o 

b a a — b c — a 

a ,c 


Let constant). 
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a — bk\ c — dk ■ , 

: a^b ^bkJ^b_ b(k 4-1) _ 1 

" a.- h bk - b"~ b{f~ 1) “ ^ _ 1 
c+d ^ dk + d _ d(k 4- 1) ^4-1 

c ^d dk- d- d(k - 1) ~ 1 

\ a -\ib _c ^ d, • 


Example 1: Find the mean proportional between IR and 8. 
Let .V be the mean proportio^J. 


Then 




A- ~ 8 

' •. >2 144 

A ± 12 

Mean proportional is 4.12. 


Example 2: Solve the equation 

h 


!- 2a -- 3 3 x ^ 4- 2a — 1 , 

2 a -'- 3 ' "" Tv - r 


A” -f- 2 a — 3 3a- 4- 2a - 1 

”2A-y ■ 2 a -'1 


B\ Dividendo, 

A- 4- 2a - 3_- (2a -- 3) _ 3a2 4- 2v - \ - {2x ~ 1) 
2a -3 " ' 2x- 1 ' 

a2 3a2 

2a - 3 2a - 1 
3a2(2a - 3) -- x%2x - 1) - 0 
a2(6a - 9 - 2a 4- 1) = 0 
a2(4a - 8) - 0 
A = 0, (twice) or A = 2 


Example 3: If (2a 4- ^ t 4Z> -f- 2d){2a — c — 4b 2d) 

- (2a -h r - 4^ - 2d){2a - c 4b - 2d), 
prov'e that a, b, c, d are in proportion. 
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We |nay* write the given equation in the form 

2a + c + 46 4- _ 2fl - c + 46 - 2rf ' 

2a ~-i-c - 4b - ?A ~"2a - ~c - 46 ^-•Id 
Py Compqnendo*'and blvidendo, , ■ • . 

• *' ■ 4a + 2c ^ 4a .-2c, 

fib ^ 4d~ ^ - 4d 
. '2(2a-Fc)‘_2(2a;-'c) 

•• 2^^6 4-^i} .‘2(46 ^2rf) 

'By Alternando, * , 

• 2a V_c ^ 4{- + 2d 
2a ~c~ 4\-2d 
2a c _2b d^ 

' 2a — c 2b — d 

« • 

By ComjJoqendo and Dividcndo, 

4a _ 46 * 

' 2c “ 2d 

a_6 " 

* " c d 

Bv AUernando, 

6 d 

* a, b, c, d are in proportion 

« 

^ Exercises 78 ^ 

1. 'Find .y if the foll6wing sets of numbers are in pro- 
portion:, 

(а) :v, 3, 14, 21 (c) J, fc, J 

(б) 7, a:, 8, 2| (d) X, 3,8, 6je 

• * I • , c 

2. Firfd a fourth proportional to: 

(a) 4, 6, 8 (6) a, 2a, ^Ga (c) tt, a2,,a3 
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3. What number miist be added to each of the‘nui\ibers 

1, 3, 5, 9 to give four numbers in proportion? 

♦ 

Solve the equations: 


4. 

5. 

6 . 


I- .V + 1- . 4^’“. -■[- 3x -1- 5 


.V -f 1 ” , 3 a; -i- 5 

2x^ — A’ H i-2 3a“ — 2x -f 1 

A — 2 ^A ~ 1 

3x^ 2a -h 3 _ 2j“ — A-+ 4 ' . 

3a“ + 2a — 3 2a“ -j- a — 4 • 

7. If (3a ~ h) : (3c — d) (^a [- 'i) : (4c + d), prove that 

a, b, c. d are in prop'ortion. ' * 

8. If (5d: f b ) ; (5/; -f- c') (3a — 2b) : (3h — 2c), prove 

that « :bLb:c. ' , . 

a -\- b ~\- c 'r d a — b {- c — d » , a c 

t -j — , - -i- , provethat j = 

a ~\- b — c — d a — b — c -\~ d‘ ^ b d 

.a \- b -\' c 4- d t»r d . a c 

f.f-d -d 

* ^ t 

11. Find the thiid propo.itional 6 and 18. » 

12. Find the mean propoitional between 8 and 32.* 

13. Thpcc numbers .v, 24, 36 are in continued f)’roportian. 
Find A. 

14. Three positive numbers are m continued proportion. 
The second exceeds the first by 8, and the third is nine times 
the first. Find the numbe/s. 

15. If a, b, c, d are in continued pro[tortion, prove that 
ac -bd = (b- c)(b T r). 


9, If , 


10. If 
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VARIATION 'I . 


Direct Variation 

If one quantity y assumes the values Vi, r2> V3 • . • when 
another quantity, x, assumes the ^corresponding values A’i, 
.Ta, A’;, . . , , and if 

3’j 3'2 _ y.5 _ , . , 

A. X, 

it is saidnthat y varies directly as x, or r varies as ‘x, and we 
write 

y (X X, which is read “r varies as a” 

The following table shows corresponding values of tv\o 
quantities, s, a distance, and t, a time, for a body moving at 
a certain speed: 


t \ 10 20 30 , 40 ' 50 

.S , 6 12 18 24 30 

t is measured in minutes and is measured in mi’es. 

li: we cr^culate ir eat'h case the ratio of the number of units 
in s to the number of units in t we find that in all cases 

5 3 

' ^ ” 5 . 

t i . s . 

and therefore, we say s x t. ‘The ratio - is constant no matter 
what units we use. ) ' 
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If s is measured in miles and t is measured in hours, we 

.5 J 3 

find that the ratio - is constant but now - = _ = 36 . 

. ^ t 5/oU 

The formula connecting 5, the distance Uavelled, with 

the time and v, the speed, js » 

* 

s =W't 


i.e. — V 

' J - ^ 

In the above case - =|P6, usiag the mile arid she hour as’ 


* j , ^ 

units, i.e. the distances w ere^travelled at a steady speccl of 
36 m.p.h. * fi 





When the above values of a' and t are plotted on squared 
paper we get the straight-lVnc graph OA, which passes 
through the origin. 

The value of - is, the gradient of the graph, and as this 


ratio remains constant, the gradient is constant and the graph 
•is a straight line. 

Four other graphs are shown in the same diagram, each 
w'ith a diflferen. value of Xht 'Constant of Proportionality. 


256 


A NEW COURSE IN ALGEBRA 


The graph OB has a constant 4 and shows distances 
t/avciled in different times when the speed is 4 m.p.h. — a 
walking, pace. ^ 

OC, where thf con,stant is 80, might be the graph for a fast 
<rar,’’OD, where the constant js 360, rfjight be the graph for an 
aeroplane and OlC. for a very fast jct*plane. 

^ * S'- ♦ ‘ 

In all cases ^ — It, a constant. Hence if ^ oc / 

V '■ ’ » t , 

k or s ~ kt 

, \ 

When the value of t is doubled the vrlue of ^ is doubled; 
if the value of s is reduced in jhe ratio 1 : 3 the value of t is 
reduced in the ratio 1:3. In fact, if the value of either j or / 
is increased /»r decreased in any ratio, the value of the other 
is increased or degreased in the same ratio. • 

'J’he following table shows vajucs of s and corresponding 
values of t for a train, as it gathers speed after starting from 
rest : 


t I 5 • I 8 12 15 Ih" 25 

' V i 37 5 I % 216 337 5 486 937 5 

t is measured in seconds and ^ in feet. 

When the valuc.s of s are plotted against the corresponding 

s 

, \‘alves of /, w e get the curve shqwn on p. 257. Here, the ratio - 
is not con^'^tant and does not vary as t. 

If, however, values of s are*plotted against values of w^e 
get the following table : 
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ICOO 


800. 


600 


a m 
a 


200 


. % 




-B 


H 






■--J 

ztz 




10 IS ?0 *25^ 

Time tn Seconds j 


800 

♦ 


j600 


" <00 

V 

SJ 

c 

0 

1 200 

# 


m 

B| 

IH 

iSS 

s 

■■■ 

■IP 

El 

SB 

m 

■■ 

■■■ 

■■■ 

■1 

E 

■■■ 

■■■ 

3! 

■■■ 

IH 

3! 

lES 

IBS 

■1 

B 

K,U 

SB 

!■■ 






m 


T’l 




m 


M 


rd 


11 


“0 100 200 XO 4C0 500 600 , 

Values of ^ 

The graph is a straight line, indicating that s varies rys 

.e. ^ oc ‘ • * 

« 
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From the values given, 

5 . 3 

r 

When y x'^ and the' value of a' is multiplied by 2, 3, 4, 
etc., t!ie corresponding vallie of jv' is hiund by multiplying by 
' 9, 16, etc. 

e g. if Aj, and Ao, are corresponding values of a andj 

y^ = kx^ (where k is a constant) 

Vo ■ - kx? 

.11 “ “ u 

If also A2 -- 3ai, ♦* 

.1 

'. then ^'2 ^ /e(3Ai“) 

i.e. when the value of a is multiplied by 3 the corresponding 
value of j is found by multiplying by 9. 

'J’hc area of a circle varies as the square of its radius, i.e, 

A cc r- 

^ - r2 

and, in fact, we know that k — tt. 

' .'. A - 7rr’“ 

When the radius is doubled, trebled, etc., the area is 
fnuli'iplied by 4, 9, etc. 

Other forms of uirect variation arise. 

\f y varies as the squ.irc root of .a, then 

y oc 

, .'. 7 = k\/x (where k is a constant) 

Hcn"ce, if the value of a is doubled, the value of y is multi- 
plied by \/2. 
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The volume of a sphere varies as the cube of the radius, 
i.e. ' 

t . r «: > . 

. * . .■* r^=- kr^ — 37rr3 • 

• * • * • a 

If the radii of twoi spheres are in tl^c ratio 2 : 1, tneir 
\ olunies are in the ptio^ § : 1 . * . . • 

Inverse VAriation • 

If A’ and y arc connected by^ relation which js such that 
when X is doubled jj^is halved', when is trebled, A’,takes one- 
third of its previous value, apd, in general, if x is inci^ased 

in the ratio y is cl*ecr(ias^id in the ratio then r is^aTd to 

<7 * /> ; ' 

\ ary invysely as a. ^ # 

E).g. 48 articles at \d. each may be bought fjr 4y., or 24 
articles at 2d. each or 16 articles a1 3r/. each and so on. If a 
denotes the price in pence of each article aAd y denotes the 
number of such articles that*can be bought for 4^. we* get the 
following table: 


48 , 24 ■ 16t , 12 
1 1 2 j 3 i 4 


4 

3 

2 , 

• 

1 

1 

! 16 

, 24 1 

48 


— • 


- - _ 


When values of j are plotted against values of a we obtain 
the curve shown in the diagram on p. 260. ^ 

If, for tach value of y, \fe calculate the correspolfUingf 

1 . * • . 

value ■ )f - we get the following table ; 


021 I 042 -063 , 083 ' -12; 167^ 250 333 i -5 
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Values of Vx 



When values of are plotted against values of - we get the 

X 

straight-line graph, shown on the same diagram. 

constant 

A.' 

.X- 

k ’ 

X d 

the valu3 of k, the constant, being, in this case, 48. 

'Other forms of inverse variatioi. may arise, c.g.'the Inverse 
Square X-aw, which occurs in-several branches of Physics. 
The intensity of illuminatioa.(/) at a dista,nce {d) from a 
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P , 

source of light varies inversely as the square of the distance 
(<i),i.e. * 

l'^ 

■» ^ 

* (/- 
. • 7=* ■ 

•• • ^ ' . J2* 

r * ^ 

If and 1 2 are Ihc intensities ‘at distances and from 

the sourco, then , j , * • , 

* A 


A = und-A =1 


To compare the intensitios 

_(d,y 

^ A w " Us; 

If dg = 2di, then 

A ^ Ml 1 

••• -fs = i/i 


I.e. wlfen the distance is doubled, the ‘intensity is only ^ 
of its previous value. ^ * 

Similarly, when the distance \s halved, the intensity is 
multiplied by 4. 

• 

Example 1 : If y has the value 6 when x has the value 8, calcu- 
late the value of y when x has the value 48: 

(i) l^hen y varies as jc; 

(ii) when y varies as 

(iii) when y varies inversel^^ as x. 

(i) y oc jf', • 

y ~ kx, where A is a constant, whose value is to fte found. 
When X -t- 8„y = 6 , • • • 

6 = 8/# 
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Substituting this value of k in the equation y = kx. 




When X -■ 48, y -- 


3 X +8 


(ii) y oc x\ 


y =r kx^ 


’ When jc ~ 8, — 6. ' 

6 - 64 ^ 

^ ^ ~ 3 * 2 “ 

* 3jc2 

‘ ' ' y ~~ 'I'i 


When X ~ 48, y 


3 X 48 X 48- 


(ni) oc -• 




W1ien X Sy y — b 


k --48 
48 

y - 


When x: - 48. 


*' 48 * 

' ’ y AQ r 
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Example 2: The time of swing of a pendulum varies as the 
square root of its length. . * « 

For a pendulum 2^ ft. long tfae time of swing is 1|- sec. Calcu- 
late* the time svt'ing for a pcndulufn ft.. long. 

Let T sec: be thdtir^je of swing, an’d ’/ ft. 6e the length lof^he 
pendulum. ’ • • • • ‘ , 

Irhen T oc \/l * 

When*/'-= 2|, r - if, 

Ir, - 

• ^ - k » 

• •• a ' 

k - >«% 


When 1 — 5!, 


r- Vv^6|==-V"'.2l 
2 .> 

- 9 ^- 

Time of swing -- 2|- .sej. 


• Exercises 79 

1 . 

A i 2 I 5 ' 8 '* 20 j 26 ; 

V I 04 i 1 • 16 I 4 I 52 *^ 

: ' , , f 1 


I^xarnfne the values giver# for a and_y and write dq*? n? • 

• • 

( 1 ) value of y when x i^ 2-5 ; 

(2) value of x when y is 2*5. 

What kind of graph is obtained by plotting values ofy against 
those of a?* • , • » * 

Find the constant of propertionality and write flofvn the 
equation connecting y and^a. 
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—t — ^ 

X 

2 

3 

! 5 

r 6 ^ 

i 8 

1 

1 

1 1 

^ 

y 

« « 

L ii 

21. 


! 9 1 

* i 

30.1 



Graffnically, or otherwise, s^ow that the ^ibove values of 
^c^and^; Satisfy the relation cc • ‘ 

hind the constant of, proportionality and write flown: 

* (i) value of y wHe^i x is ; 

(ii) the positive value of x wheri — 4 . 

I. * ' ‘ ‘ * 


3. I 


t , 

ft ^ ' 

X j 1 3 

5 

1 

! ^ 

12 

15 

?» 

V ' ♦ 40 

24 

: 15 -1 

10 

8 

6 


‘ . . ' . 

Is tho variation direct or inverre? 

Dedvee from the above values the equation connecting x 
and>’. ' . I 

4. The volume (v) of a mass of gas was measured at 
different pressures (p), and the following results were 
obtained, p is measured in cm. of mercury and v is measured 
in c.c. ’ , 


100 

1 

: 85 

j 76 64 

50 

i 

36 

24 

i 28 2 

i 31 6 1 37 5 

48 

! 66-7 


Calculate corresponding values of ->'and, allowing for 

expefimental errors, show that p ^nd v are co/mepted by the 

« «' 1 

relation p = k Find, the vlilue of k.^ 
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In Exercises 5-8 find the law of^ variation in eaoh case and 
express y 5n terms of .v. • * 

5. • 


6 . 


7. 


8 . 


. • ‘.v • 

’ t. 

1 2 


i . 

10 ^ • 

y 

- V- 


•i * 

1 • 1 . 

1 *• 

1 4 

!• ’■ 

1."'* 


• • • 

• 



• 

• 


1 

• 

1 44 

1 2-2i 

, ' • 

1 "*4 i 

' • 1 

‘6 2? , 

3' 

1, 12* 

1 * — 

; 14^4 

1 Iff 

' . 

i 24 1 

1 

30 ' 

% - 

• 

• 

• 

/ 

• 




A* 

m 

' 1 

1 

9 


* 100 , • 

y 

36 

18 

• 

6 

. 4S 1 

• 



» 


I 

» * 

\ 

1 

2 

' 5 

8 : 

10 • 


120 

30 

, 4 8 

1 875 , 

12 1 


9, y varies inversely as If v ^ 6, ^^hcn x -- 4, calculate 

the value of: , • 

(i) y\ when x 12; 

(li) X, when y = 4S. ^ 

10. y varies as x^. If, when v = iO,y = 10, (Calculate the 

value of: * • 

(i) V, when x = 5 ; 

(ii) X, when 3; = 160. 

t » , 9 » 

yi, y varies inversely as the square root of x. 

If 3; = 4, ^^hen x*= 9, calculate *the value of: 
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|i) y, when x = 1-44; 

* (ii) X, whenjy = 15. 

f 

12. y varies as the square root of Ify 4, when x '= 4, 

calculate the vallie ol y when = J6, 'and- the value of x 
wherj = 13^. ' • * 

13. ’*rhc pressurd of the water at any poiitf/beloW the sur- 

face of the sea vfirics directly as the* depth of the point below 
the ‘'urfacc. , , • ‘ \ , 

If the pressure at a, depth* of 33 ft. is 15 Ib-^pcr sq. in., 
calculate the pressure at a depth of 4.9*5 ft. 

14|^ Thp number of articles fhat can be bought for a given 
sum of money varies inversely* as the price of each article. 
If 72 j^.ticles can be bought whep c^ch*article cos^s £3 5s., 
how many mf re can ‘be bought for the same sum when the 
price drops to j£3.each? » 

- 15. The pressure of a given m^iss of gas varies inversely as 
the volume so long as the temperature remains constant. 

If a rpass of gas has a volume qf 450 c.c. when the pressure 
is 76 c,m. of mercury, what increase of pressure (in cm. of 
mefcury) will be necessary to compress the, gas by 70 c.c.? 

J6. The force of attraction, F, between two unlike mag- 
netic poles varies inversely as the sqdarc of the distance, d, 
between them. When the* poles are 10 cm. apart the force is 
8-4 gm. weight. Wiiat will the for,cc be if the poles are 7 cm. 
apart? * 

If the distance is increased in the ratio 3 : 2, in what ratio 
is th.€ force decreased? i ' 

*•17. Wh6n a body lafls vertically from rest the distance, d, 
through which it falls Varies as the square of the time, /, of 
falling. I 

If, in* the first 2 sec. of its motion the body falls 64 ft., 
through what distano* will it falUin the' next/2 sec.? 

♦ 181 'the volumes of pyramids of equal height vary as the 
areas of the bases on which they stand. , 
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If the volume of a pyramid on a square base of side 6 ft. is 
108 cu. ft., calculate the volume of a pyramid of the saihc 
height whose Ijase is an equilateral triangle of side 6 ft. 

19. The frfcqucrcy, A^, of tuning forkn w^ith pronqjs ^f 

similar cross- sccti/ip varies iiwersely as the square o^ the 
length’ /,, of the prongs. * , <• 

If the frequt^cy*is 25^ when the prongs <ire 3-6 in. long*, 
calculate the length of th« prongs of a tuning fork whose fre- 
quency ij 524. 

• _ I ’ 

20. The value of diamonds.*ctf the same quality varies ak 

the square of their weight. I'iie largest diamond ^ver found, 
the Cullinan Diamond, weighed 3000 carats and was '^lued 
at j£15,000,000. WVat would he the value of a simi^ii* dia- 
mond weighing 150 carats' • j 

If thig diamond were cut into two parts w'llose weights 
were in the ratio 3 : 2, what would be the total Iass in value 

21. Water Hows at a steady rate into a tank so shaped that 

the depth d ft varies as the square root of Vhe time.^ t mih., 
during which the w'ater has been llnwing. ^ 

If, after 4 min., the depth is 8 in., how,;nuch longer must 
the water flow to double the depth.? By how much is the 
depth increased during the second 4 min. ? 

22. '^rhe receipts from a certain air journey vary as the 

excess of the average spee^} over 240 m p.h., ai.*d the expense 
of flying the aircraft varies as the square *of this excess. The 
receipts and expense are equal when the aircraft flies at an 
average speed of 300 m.p.h* Find the average speed#|vheii 
the profits are onc-third of the receipts. “ 

23. The square of the tirne T of a planet’s revolution 
round the sun varied as the cube of its distance D millions of 
miles from the sun. The earth, which is 91 J millions* of miles 
from the suti, completes orje revblutioil round the sun in 365 
days. Find the time of Venus’s revolution, given tha\ Venus 
is 06 millions pf miles from, the sun. 
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Joint Variation 

if z varies as the product of x and y, then z is said to vary 
jointly as and j. ^ r 

z cc xy 

z ~ kxy (\i^here./e is ^ dohstant) 

Example 1 : vanes jointly as t and fi^ and A ^ 24 when 

b ~ C and h -- 8 , f\nd ^*whcn b — l(5«and// = 7. 

* ^Since A oc,bh 

A — kbh (uliere k Is a constant) 

’* 24-Ji.6.8 

, 24 , 

• 1 t 

, •* ;'6.8" - . • 

< A--^ Ibh 

I • 

When A ~'10, // 1 7, 


.4 . 10 . 7 - 35 


Exanxple 2: The volume of a cylinder \aries jointly as the 
square of the radius, and the height. If the volupic is ,308 cii. in. 
wh^n the radius is 7 in. and the height is 2 in., find the volume 
when the radius is 3| in. and the height »s 10 in 

Let V cu. in., r in. and //‘in. represent the volume, the radius 
and the heigln respev tivel> . 

Since V x. rVi 

V ~ krVi (where k is a constant) 

308 -= A. 72. 2» 

« , ' 308 22 

•■•*^■7^:2= 7 

K=5-.r2/i 

WhenV = 3i, /i = 10, 

* «' 22 V 7 \^‘ ' ^ 

K = - 7 . y .10 = 385 

Volume = iS5 cu. i|». 
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If -3: varies directly as x and inversely asy, i.e. z cc tl^en 

X 

z —Ji.- (vvhe^ /t is a constadt). 


Example 3: If W \lirics dij;ectfy b aijd inversely op 1, and 
W - 12 when J. I - ,10, W W when h ^ li; / 15. * 

» A ’ 

* b * 

IF =jfc . ^ (w^ffcre ij IS a constailt) 

W- ‘60*.* 

* ll 

When A - U-, / - 15, WV= 60 X ^ - 6. 


Example 4: The resistance of a cylindrical wire \anes directly 
as its Icntjlh and inversely as the square o£ its radius. If ^ the 
resistance is 10 units when the length is 100 yd. and the radiq.s is 
in., find the length of wire required of radius in. to give a 
resistance of 22 units. * 

Let R units be the resistance, / vd. -- the length, r in. -- radius. 

r- 

/• 

R — k . -- (where is a constant) 

V20I 

. 10 -(AF ,, 1 

.100 ’ 4C06 


A- 


R.= ^ ^ 

4‘OOg * r2 
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When i?.-' 22, r - ‘ 

22 = ^ — 

.;: ;=^ 4(500 X 22 x(-,V)“ 

-- ii80 

‘Length — 880 ycf. —.1 mi^c * 

Exercises SO ' 

♦ • • * • * , 

1 . If JL varies jointly, asjy and z, and jc = 80 when j = 8 , 

« 5, find when 3 ; =‘d2, “2. v i 

2 . Jf a: varies jointly a 5 y and Zy and a: *— 96 when 3 ; — 6 , 

= 4, find y when a; = 60, ;Gr ^ 5. ■» 

3. IrE varies directly as m and • nvcrsely as /, and — 12 

’when wi = 8 , f — 6 , find E when m — 10, / — 9. , 

4. If z faij’es jointly as j and the square of a:, and xr = 12 
when 3 / = 4, a: = 3, find z whenj' — 6 , a? — 5. 

' f. If / varies d'rcctly as a; and inversely as the cube of v, 
and / =’ 1-2 when a: ^ 18, 3 ^ = 2,*nnd I when a: = 81, 3 ^ = 3. 

6 . Tlie area of^the curved surface of a cylinder varies 
jointly as the radius of the base and the height, and the area 
is 314 sq. in. when the radius is 5 in. «and the height 10 in. 
Find the area of the curved surface if the radius is 3 in. and 
the height 5 

7. The area of an ellipse varies jointly as the lengths of its 
axes. If the area is 1 S5 sq. cm. when the axes measure 10 cm. 
aiili 2 Q cm. respectively, find th^area when the lengths of the 
axfs are 8 am. and 6 t in. respectively. ' 

8 . The pressure at any poiric in a liquid varies jointly as 

the depth? of the point below the surface of the liqViid and the 
density 6 f the liquid. If the pressure is 24 units at a point 
2 ft. ftelow the surface»of a liquid qf density 50 lb..per cu. ft., 
what would the pressure be afra depth of 3 ft. in a liquid of 
density 75 lb. per cu. ft.? . ' 
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9. For a given mass of gas the Volume varies , directly as 
the absolute temperature and inversely as the prcssu^-c. 
The volume of a certain m^s of gas is 40 c.c. \vhen the 
absolute temperature is 300*^ and t^e pjessure 15 units. 
What- would thie volume become if the absolute tempcratifre 
rose to 350° and fhh pressure ^e/:reased to 10 units * 

10. The disVince a body trtivels in certain time from regt 

when uniformly accelerated varies jointly as the acceleration 
and the square of the time. If.the diiStanc^ travelled in 6 sec. 
is 180 ft. when the acceleration is 10 ftk per ^c. p6r sec., fin^ 
the distance travelled it 8 Scc.^^ hey the accclcfation is 4 j^t. 
per sec. per see. • ‘ 



Chapter 26 ^ 

, INBICIiS I * ‘ 

In Chapter 1, was defined as the prodiict of four factors, 
each of which was a. , ‘ • • , 

• I '* ^ 

i.e. a"^'— axaxaxa " 

*'* " , 

hi a later chapter it wa^ showi\ that : 

(^l) a} X ® — «^V 

i.e. ttiz'S to multiply powers of,, the same number, the 
^indices must be added. This is the First Law of 
Indices. Jt w^as also shown that: ' 

«« ' 

(2) , - a«-2 = a* 

(3) ^6 

( 4 ) ( rtft 2)2 ^ ( a ) 2 ( ft 2)2 _ ^ 2/,4 

E.xaiTiples (2), (3) and (4) illustrate the Second, Third and 
Fourth Laws of Indices. 

So far all indices have been positive whole numbers, and, 
since a pow^er'ls defined as the product of a certain number 
of equal factors, it 'Svould appear that an index must be a 
positive whole number. It has, however, been found con- 
vehiep*' to use as indices not oHy positive whole fmmbers, 
bu<^ also zer\5, i e. 0, negative numbers, c.g. —2, and fractions, 
e.g. — j . We must therefore have meanings for expressions 
such as 3“^, 5i, 8~L These meanings cannot Uome from 
the definition of a pow er, for we cannot think of a number 
of eqISal factors being C, —2, ^ or Intelligiblameanings, 
however, » can be found if we arsume first of all that the First 
Law C)f Indices holds go6d for all indices, whether they L.re 

272 ' 
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positive or negative, whole numbers or fractrons. We 

assume t)iat to multiply powers of the same numUier 
the indices a^e added, no liiatter what the indices are. 

We can now proceed as follows: . » 

I 

1. To Find a Meemin^ for • 

k a“ ‘ “ (applying the First* Law of Indices) 

Divide; both sides U“. » 

Hence 5« =- 1. (,-3)'^ (iV 1- 

2. To Find a Meaning for 3^ 

3 “ X 3“ 3 ^ 2 (apfjying the First Law' of IncHces) 



Divide both sides by 3^? 

• 32^.^ 

32 

ncnce. 2-3 =T 2 ^ = 

j • 

3. To Find Meaning for 5»^ 

5 ' X 5i ~ 5‘ (applying the First Law of Indices) 

- 51 

- 5 

1 akc the square root of each side. 

5i = Vs 

Similarly, to^find a meaning /or 7L, 

71 x7§ X 73 = 7^5^5 
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Take the cube root of each side 

* ' ' 

Hence 16^ = X''16 ^^*4 (the square root of, 16 is 4 or —4, 
, « but thro,ughoqt .this chapter only 

( the positive' valuc^ of the square 
root is U3?d). • 

* < 0 

[ It is important to reriicmher tkat,^once the First Law of 
Indices ha^,been assumed to ba true for rll indices, and we 
have tound the above mcanii\.;s for zero index, and for 
negative and fractional indices, all the laws of indices can 
,now be usedi/or all indices, positive or negative, whole 
numbers q/ tractions. i 


Example 1 : Simplify a^' \ a 


o'* X a 


2 ^ ^5 3-2 


X a ^ - a 

>70 


Example 2: If « - -- 4, find the value of aL 

al - 4i 

V (22)] 

-- 23 

a-1 - l] --- \/43 - \/64 -- 8 


Example 3: Express 8 "i x 4l x 16 as a nower of'2. 

8-S x 4 ] X 16 - (23)-3 X (22}> X 2^ 

^ 2-2 X -21 X 2< ' • 

^ 2 

‘-23 , 


1 
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2S — 6-3 

Example 4: Simplify - .y-— • 


’ _ 2i -^J2 x*35-3 ' 

" . 9^ ” ^ 

_ 24^ 2-? 3-2 ' 

•-T “ (32^ ' *• • 

' • 2\ • ; , 
2-l3*3 ^ 31 . 

^ + • 

. "'3^' 

_ 2 ^ 

““ 1 ' 

. 2 
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(4^2).* X 2 • 

Example 5: Simplify * , ant! find the value of the 

expression when « - 16. * 


, (V)^ 4i )< a» 

2a\ 2 . tfl 

' (22) -(«'’) \ fl-2 

■2':^/i 
^ IKa^.a'^ 

2fli- * 

-- jul 

Wlmfl= 16, 4a'-4.16J 

= 4. (2^)5 
4 . V 
= 4»8 

• - 32 

* 
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f ' 

Simplify: 

Exercises 81 

t 

f 

( 

1. X a* X a 

, 6 .* X X a 

,a^ X 

1. X 

7. X 3a-i* " 

10 . 

a ^ 

3. hjc® -f- 


"li. 


, 4 . (y2)3 

5. {2a%f 

•9 

• 3a-* 

1 

< * 1 

n, (fl-i 6 - 2 )-i 

Evaluate : 

1 

* * 


1 

13. 10« 

17: a)-‘. 

22 . 

(3“T X 2-3 

14.2 1 

16 . ( 1 ) 

23. 

2» 

15. 

* 32 

19. 10-» <. 

4'i . 

2 * ' 

20 . 

24. 

1-8 X 10-3 

* 2 2 


25. 

2-3 , 

16. . ^ 




y “ • ' 21. 2" X 3 2 12-* 

26- X (J)» X (/,)'. 

27. (J);- X (3->; » X (3-‘)’ 


Simplify, expressing the answers with positive jndiccs: 


28- 

a 3 

37. 

3.v0 

44. 

ar^b^ 

29. 

(a-*)* 

38. 

pxf 

’ 45. 

a^b~^ X ar% 

30. 

(aii-.*)2 


a 

46. 


31. 

(*-')-* ■ 

0 V* 

b 1 

47. 


32. 

(2a) = 

40. 

ah-^ 

48. 

X 3 

33i. 

2ar^ 

a^b 

(2xf 

r 

34 . 

fL\\ 

41. 

if)" 

49. 

(3*-*)* 

w 

\bl . 


(*T* 

35. 

(27j;;*)l 

42. 

(*-) ’ 



36. 

(16a?6*)-5 

t 

43. 

4 

w. 



50. 

4ali X Va H- 2a 

1 




51. 

(a-*)-* - (a*)i 

• 
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Evaluate : 

52. 9^^ 

53. 8" 

54 . 27 t 

55 . 81 ^ ' 

56- 


• • 


57. 4 5 

58. 27 

59. 9-i 

60. 100 
«1. (J)-lJ 


62. (-8)-J 

63. (-4)1 

64. 

65.. . 

166. 64'i X >6-i 


68. X ;• X 53 . 


67. (•J)i X (-2'',V* • • * 

69. 125 x.(-i)-i X f* ; 

70. Expre€s with indices: V*’, \ ay,\^ * 

71. E)xpress with roo^ si^s.'a^, /jS, c '^. * . 

72. Express 18 ^* X 4' as aV’ulgar* fraction. 

73. E3y:>ress each of the following in the form a ) : h when 
a is a number between »1 and 10, and /ms a power ot^O: 

(i) 3456 * 

(ii) 0-286 

(ill) 0-000043 ' 


0*1 _ a 

-r 9- 


74 . If V = 9 ^: (i) find 3\whcn \ -- 

find v when y — 9 , 2^. 

75. Simplify '■ 

76 . Iwaluate 64 ^ 'i ~r 

77 . Express 27 ^ >v 81 "^ 9 ^ as a power of 3 . 

78. Simplify 2 


h (”) 


79. Siiftplify: 

(1) 0-273 X 102 
(ii) 3-871 X 10-2 
(iii/ 27 X I 0 « 

Find the value of n in each cas^: 
(i) 2'=-_32 

, (iv) 4 " = 8 * (v) 9 '‘ =-» 243 


(iii) 2'‘*=!» 1 
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^ 81. Simplify 
82. Simplify 

« — 4- . 

83. , Simplify 
I'/vhen = |. 4 


(a5)l 
(2ay} x^’> 
■y.a 


and evaluate the result vyhen a = 8. 

I 

and evaluate tfie result when 


{27ja^)^i and* evaluate the result 



j Chapter 27 ' 

GRAPHS IlI-AQUAl^RATiq WD CUB1€ 
FUNCn^igNSr^l'HE FUNCTION mix • 

Caiyvc of Squares 



. . # 

Since is positive for all feal valpes of .y, it f»llow's that 
y cannot take negative value&^nd that no part of the graph 
can lie bflow the y-Axis, ^ • 

The following table gives corresponding vahjcs of x and y • 
from X -*-■ —5 to a: — -f 5. , 


» 



- 4 

-3 

JilLJL /LL’_ 

Ji?. 

3 

4 

! 4 

.V 25 

16 

9 

4 1 1 0 ! 1 

' 1 

4 

' 9 i 

;^6 

t 

1 25 

1 


The graph is shown in the diagram on p. 280, drawn to a 
scale of 1 in. to two uriits on the .v-axis, and 1 in. to 4 units 
on they-axis. 

'Phe graph is called a Pqrabola. 

'J'he graph can be used to determine the appioximate 
square or square root of any number. 

• • * 

e.g. (2-6)“ = 6-7 approximately * 
and Vl9 ^4’"^ approximately > 

I * 

Since jc- is always positive, —x^ is always negative. Thus 
, the graph ofyi(= —x^ lies.entincly below the x^-axis. -* 

The graph ofy = — ar- is shown as a dotted curve in the 
diagram. * ' * 

‘ *279 
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The Graph of the Quadratic Function ax- -f bx + c where 

b, c are constants. ^ 

Any algebraic expression whose value depenaS on the value of x is 
said to be n function of .v. 

Case 1-*. Let the value t»f the function 2x- — tm-— 1 
be denoted by y i.e. y = Ix^ — 5a’ -- 2. 

The following table shows corresponding values of x 
andy: ^ , 


.V 

-"2 

i 

»i 

'■li 

! : 

' ir 

2 ! 

2)i 

3 

i 

^1 

. 4 


16 

5 

1 

•-2 i 

1 

-4 
• , 

'-5 1 

^5 i 

1 

-4 1 - 

■2 ! 

1 

i' 
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and the gr,aph on p. 281 is drawn to a scale of 1 in to 1 unit 
oiT tHfe jr-axis and 1 in. to 4 units on the^-axis. 

From the graph it is clear ‘that the lowest point on the 
graph occurs at ^ 1 -^.'' ‘ ‘ . 

*Wlien X y = — 5.J,*i.e. the minimum Value of the 
function is — 5 J. ^ * . ' * " ' 

^ Frorn the above gr^ph, the ^raph of any 'function of the 
form — 5x k, where* A is a constant, can be deduced. 

Oig.. Deduce the graph of y ~ 2x^ — 5a:„+ 1. 

• When 3 ;*=-- 2'iv^ — •5.v„+ 1 
^ we vTite y^- (2x^— Sjc — 2) + 3 

ThuSf ^)r any given value of the valiio^of v is greater by 3 
than the cor^esponciing value or y" in the graph already 
drawn. * ^ , 

The required graph is therefore obtained by moving the 
original graph parallel to thejy-axis through a distance equal 
to*3 units. r 

The (dotted line in the figure ii the graph of 

^ y ^ 2x^ — 5x -i- 1 „ , 


'Fhc graph y = 2x“ — 5.v — 2 ‘grosses the .v-axis at t\\ o 
points A and 13. 

JKt all points on the .v-axis the value of 3 ; is zero. Hence at 
A and* r3, , * 

2x^ - 5x -2-0 

and the vklues of x at A and B are the valuos of x hhich make 
2x2 - SjC - 2 - 0. 

At*A, X — — 0-35 and at B, x i= 2-85. , • 

The foots of the quadratia equation — 5x — 2 = 0 
are therefore —0*35 and‘ 2-85. ^ ' 
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The ^aph y 2x^ — 5.v — 2 may be used t« find the 
roots of any quadratic equation of the form 2x^ — 5.r + ^ ^-^0, 
where ^ is a cjonstant. • 

• ’e‘g. Salve the’equatiorf 2a;- — 5x -f 0. 

When 3 a;- — -^"'1-0^ 
we wrAe ru 5x ~ 2^ -r 3 - 0^ 

, i.c. 2.-^ 5 jc -- 2 ^*=.—3 
. But y ^ 2x^*-‘- 5x -*2 ’ 

V fr ’-3 

t 

'I'hus, when v — —3, 2x-r*- Sx 4 - 1 =“ ?)• * 

We ttiereforc have ito iind the points on the ^aph at 
which y has the value —3 and read ofl' thexprresponding' 
values l)f X. “ j 

9 

T> 

y — — 3 at the points C and D 

"I'hc corresponding values of .v are l)*2 and 2-3. ^ 

'I’hc nuots of- the equation 2a;- -- 5a" H- d — 0 are therefore 
0-2 and 2-3, a result which could also have been obtained 
from the dotted grapti, using the points at w^hich this graph 
cuts the A’- ax is. 

Consider the equation* 2 a- — 5a — 2 - - Ay where A is a 
constant. 

'fo solve the equation 2 a- — 5a — 2 = A, since the graph 
is the g?aph of y - 2a- — 5a — 2, wc put r — A, ^d t!ie 
points on the graph at w'hich y — A and read oif the corre- 
sponding values of x. 

For all il^alues cf A, j — A is a straight line parallel to the 
A-axis. ' 

We have alyeady show.*a that the niinimum value of y is 
— 5 J. Hence for all values cf A greater than — 5y' the line 
y k will ci^t the graph iq t^vo points. ' 
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Thus, the line^y = 5 cuts the graph in two poin^fe E and F 
add the values of x at these points are the roots of the 
equation ^ 

^ — 5,x — 2 = 5 

or 2x^ - 5.^ - 7 = 0 • 

From the graph, the’ roots of this,equation’-Urc —1 and 3^, 
a result which may be chc6kcd algebraically, since, when 

« 2jt’- — 5 a: — 7 — 0 , 

(2a - -f 1) = 0 

. ^ A ^ 3 i or A — 1' 

' ^ 

When k — — 5J the line y ■— k toucj^ics the grq.ph at its 
lowest point Q, or c\its the graph in* two coincident points. 
There is therefore only one value of a, x 1 which satisfies 
the equation, 

2a2 _ 5a: - 2 = -5J- 

« 

In th's case we say that the two roots arc equal. 

When 2a2 - 5a - 2 - -5J. 

.'. 2a2 - 5a -F 31-0 
.*. 16a2 - 40a - 1 - 25 - 0 
.'. (4a — 5)“ 0, Avhich gives a = 1 j twice. 

When k is less than — SJ, the lihej — k does not cut the 
graph. 

'rherc are therefore no real values of a for which the 
function 2a“ - 5a 2 can have a value less than — S-J. 

We say that the roots of the equation 

” 2 a 2 - 5 a -2 = k - ^ 

wheiy k is less than — 5 J, are imaginary. 

Note ‘Carefully the difference between a quadratic function 
and ^ quadratic equation. 
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Case 2. Let the value of the function 6 + x — 2A:-4 .be 
denoted by v, i.e, y -- 6 r x — 2x-. 


The following table shows corresponding values of x andy. 

V ' -3 - 2 ; -1 I 0 j ^ ! 1 j 2 ! 3 

r ' - 15 - 4 I 3 1 5 6 ‘ 6 5 i 0 ;.-9 

; I _! I ! 

The graph is a parabola cutting the A’-axis where a — — 1 *5 
and where ic — 2. ■ 

X — —1-5 and x — 2 are therefore solutions of the 
equation 6 -f- :s — 2a:^ = 0. 

The graph rises to its highes.. point at a = J, the maximum 
value of the function being ,6jl. 
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Tlje equation 6 -|- jc — 2x^ = k has two solutio»^is when k 
is’ies's than 6 J. 

When k — 6-J the two roots of the equatioq are equal,, and 
when k .’S greater than 6^ the roots are ijnaginary. 

‘The graph of y = ax^ -^-^bx -j; c 'is a parabola in all 
cases., ’ f • ‘ . • 

( When a is positive, as in Case 1> phrabola has a 
minimum turning point*. , ^ 

When a is negative, as Case 2, the parabo!a has a 
riaximum turning jprint.^^ 

Craphical^ Solution of Quadratic Equations 

Sofve graphically the equatibn Ax^ — 5a: — 8 = 0. 

J St* 'Method. Draw the graph of y — — 8. 


.v*'' -2 1 

1 ! 

“Ml 

|-4 

0 1 

I > 

1 M 

2 I 

K 

' 3 

V 1 18 1 

8i 1 1 

~41 

- 8 

! 

-91 1 -9 

-61 

-2! 

4i 

13 


T’he g*‘aph is tlie dotted curve in the figure on p. 287. The 
graph r.uts the axis of a: in two points A and 15 at w'hich the 
valves of a: are -0 92 and 2*17. 

The roots of the equation are therefore —0-92 and 2T7. 
2nd Method. When 4^^ - 5a: - 8 - 0. 


4a:2 _ 5 ^^ 



8 

8 


» T’l]g,^ required values of x air therefore those v:.lues for 
which the tw o functions a'^ and - ^ are equal. 

We therefore draw two graphs as explained previously: 

(1) y =r a parabola, show^n as a continuous line in the 

figure, and ^ , 

^ ^ 5a: 4- 8 . . 

(2) y = - ^ - , a straight line. 
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The straight line cuts the paiabola in two points A and H. 
Since the point A lie.% on both graphs, ifs co-ordinates 


satisfy both equations. Let the co-ordirftites of A be (.v^, v^) , 

9 J T ^ 

.. »nd V, - - ^ 

. f, + 8 

• • ^a“ - • 4 - 

* ?. 4a:v® — — 8 — 0 

Xx is a root of the equation 4x^ — 5ar — 8 — 0 

Similarly, .v,, i% a root of die equation — 5a: — ^ 0. 

From the graph i^ is seen tliat % a:)^ have the values 

found bj/ theiirst method, <i.e. —0-92 and 2-17. 
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Curve of Cubes 

y = >^ 

Corresponding valu,es 6f * and>’ are shown FiXthe following 
table: . . ' ‘ 


-4 

-2 1 -■ 1 1 

0 

> '1 2 j 

3 

4 

-64 -27 1 

1 < ' 

-8 1 -1 1 


""l 1 8 

1 27 

64 








Since y = it istc^ear that if x is positive y must be 
vpositive, and if .v is negativeV‘so alsors j. 
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X and\ must therefore always have the same ^sign?^ and 
hence the graph must lie completely in the 1st and ?rd 
quadrants. ^ , 

The graph piayi be used to find approKimate values^ of 
cubes and approx^rjiate vglues.of cube roots. V 
Thiis,. from. the gAph. , V 

• (3*5^ = 42-8 approxim*ately 
and ^ = 1-3*7* ahprovimately 

• * • • • 

YJheny = ^ ^ • , • 

y is negative when S is ppsitivef, and positiv^ when x'ls 
negative. The graph there^re lies in tlie 2nd aifd 4th 

quadraots, and is shown as a dotted line in the diagram. 

• « 

* • 

Graphical Solution of Cubic Equations of the Type 
^ -\-fix -f ^ - 0 
Solve graphically the equation 

7 -= 0 

1st Method. iDraw the graph of = a:* — 8a? + 7. , 


X ! 

--4 

- 3 

-2 

-lii -1 

0 

; 1 1 


2 

3 

A.-* 

- 64 

-27 

- 8 1 

1 

- 3g -1 1 

0 

j 1 

,38! 

8 

1 27 

-8.V 


24 

• 16 

00 

0 

•-8 

-12 

-16 

1-24 


7 

7 

7 

7 7 1 

[~7~ j 

1 7 

7 

7 

7 

• 

y 1 

-25 

4 

15 

isj] 14 

7. 

! 0 

-'i 


10 

• 


The graph is the dotted curve in the figure on jjt 290. 
The graph cutsVhe axis of x in three points, -^t each of 
these points the value of y is zero, i.e. 

- 8x.+ 7 = 0 

The roots jre —i‘2, 1, ^*2. 




'2nd Method, >X^hen — 8x + 7 -- 0. ' 


/. .r* - 8.V - <7 

Wc draw two graphs: 

‘ (l)v=vv3 

(2) j = 8x - 7 

'' . . * 
f)oth of \’yhich arc sh6wn as continuous lines in the figure, 

'rhe^c graphs intersect at three points A, B, C. 

Since A lies on both graphs, ^ e 

J.V 

'jVa = S:Vv 7 
X!,^ — 8:vi ‘j- 7 = 0 


< 

and 
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i.e. is A root of the equation 

- 8aI*+ 7 = 0 

« • • . 

Similarly,' x^j and are root§ of the equation 

^ — -Sjp + *7, = 0 > , • 

From thc;graph, the nddts are —3*2, f, 2*2 before. . * 

It is evident fron^Vhe* shape of fh«j:uryey = x^ that any 
straight lino drawn on the pliAie of tjic ajfes must cut the 
curve at least once, i.e. Jthe*lin(?^ = W + b, whatever be t[^/ 
values of a and b, fnust cut ?he curyej in<if least one 
point. 

It folibws that ev5ry pubjc equation of the form ^%x + b 
has at least one real solution. 

s 

The Function 

X 


(1) m positive. Lety 



When X is positive y is/)ositive, 


and when x is negative y is negative. 

It follows that the graph of the function lies completely in 
the first and third quadrants. * 

When X is small and positive, y is large and positive, and 
we can makey as large as we please simply by giving x smaller 
and smaller values, * , 

The graph thus approaches they axis as x tends to zero. 
When^.x is large and positive, y is small and positive, and 
we can makey as small as we please simply by givjng x larger 
and larger values. , 

The graqh thus approaches the x axis as x tends tp’ infinity. 
We say that the a: andy axes are asymptotes to tl^e graph. 
In the third quadrant x is negative and the graph tias a 
similar shape 'to that in tife first quadrant. ^ ^ 

f2) m negative. WJien x is positiv.ey is negative, and .when 
x is negative y is positive. • 


i 




It follows that the graph lies entirely in the second and 
f(piirth/iuadrants and has the sj^pie shape as before* 

.The diagram shows the graph for m — 10, i.e. 


10 


drawn as a continuous line and the graph for 


m = —10, i.e. y = - 


-10 


%x 


drawn as a dotted line. 
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Exercises 82 

Qraw the graphs of the Ibllowing functions and find in. 
each case the*maxiijium or fniitimun) value pf the function. 

1. — jr — ‘2 , i •. .3. ‘2jf“ X — G , 

2 . i 4- *—2*2 * '-s • 

^ g t % * • * 

5. Draw jhe graph pfr = 5 2x — 3x^. For what -range 

of valuei^ of a: is 5 3xr posith*e? ,What is the maxi- 
mum value ^of 5 — 2a: — 3jc“? * ♦ * * ^ 

6. Draw the graph oiy = 4K:* — ^5a: — 6. FAr what rai\y^' 
of values of x is 4.^ — 5x — negative ? What Kth^ mini- 
mum value of the function? 

7. Draw the graph of 35,— 2.V- — x —2 and obt^^i from 

the graph solutions of the equations: • 

'\i) 2x^ - a: - 3 = (I (ii) 4 a:2 - 2a^»- 3=0 

8. Draw the graph of r = 2 5 a — and obtain from ^ 

the graph solutions of the equations: * • / • 

(i) 4 -f 5 a: — 3a’^ = 0 (ii) 3x^ — 5x = 3"* 

Find in the form ax^ -j- bx f c - - 0 the equations wjiich 
have as their solutions the values of a’ at the points of inter- 
section of the following graphs: 

9 . y = a2. y 2 * 

10. V = A-; y == 2a — 1 

11 . y *= x^; y = - , 

12. y = 3 = + !)• 

13. Draw the gr^ph of 3 = a- and that of 3 ■= 2a 4- 3 and 

use them to solve the equation a^ — 2a = 3. ^ 

14. Draw tile graph of^3 = V. Wliat other gr^h must 
be drawn in order tp solve th^ equjition 2x^ — 5a 4- s ~ 
Wfiat ar^ the, solutions? « 
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« 

15. ^DraW the graph of y ~ x^. Draw the straight line 

through the points on the graph at which x has the values 
— 1 and 2. What is the /equation to this svtrjjjght line, and 
wh^t equation hat for Its roots the values ()f Where the line 
meets, the parubpla? ,, . c" ► ' 

16. D^aw the grf<^3h.of y*'= 4"? — 3:il' -}- 2., -What are the 

vftlues of X which makfe a:® — -|- £•= (i? * 

Use the graph to solye^the equatipnSi: 

, (i) P - + *1 /= 0 " (ii) 4:3 _ 3(^ ^ 1) 

r- ' 

• i 

17. Dravy, the graph of'y— ^(x^ — 54:*— 4) for values of 
X betv^een —3 and -1 3 and firM from the graph: 

(i) ^the maximum^ and minimwm values of the function 
■ \{x^ - 5 xA4); 

(ii) the ^values "of x for which 4:® — 54: — 4 is ne*|^ative; 

(iii) the solutions of the equations — 

‘ (^) .54: - 4 - 0 (^) - 54: -f 2 = 0 

On the same graph draw the graph of 2(4: — y) — 1 and 
indtthe values of 4: 'at the points of interscctioR of tht- graphs. 

Of what cubic equation are these values of x the roots? 

18. On the same diagrapi draw the graphs of jy = x^ and 
?5x - 6y -f 15 - 0. 

Read the vafues of x at the points of intersection and find 
the equation of wliich these values are the roots. 

f'or what values of 4: is 6x^ — 25x — 15 negative? 

* 19.' On the same diagram drefw the graphs of ^ x^ and 

*= 64: -- i and find the roots of the equation 

< 4:3 __ j. 3 == 0 , ^ 

Dr^w on the same diagram the graph of 54: + jy + 6 = 0. 
Read the value of x af the point of intersection of l:his graph 
vith t^e graph of jy = 4:^ ^nd fihd the cub^c equation of which 
his is a root. « < 
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• • * 

20. jSraw the graph of y = x(x — l)(jf -|- 2). * , 

(i) For what range of •values of k does the equation 
a(a: — l)(x*-^'*2) = k have threfc solutions? 

.(ii.) -Fdr ‘whit positive grange of ^values *of a* i^- 
— 1 )(a 2)«nega’tive? ^ ^ ^ • • 

(iii) Sol\]pthe equaticM a*(a — l^(»*-r-2) =? 4.* 


iiiiiiifijniiiiiiiiiiriiiifciiiiilfi 


:s»!:ss8s:h883:bss»i kbskhni 
HBBSSS ihBHHHSRBSS S:S8 »bSk! 

HIIBililli 

|&::s:S88SSS8Ss SgliSSBS :ii88iS88ni 

Uh:?8rSBSi 88US8SS irSSSSBiiSiSS 
188888:88888 8SS88S88 8888883^88888 

IBaBBBBB^BBB ■BlIBBBBBBliBaBBBBBBBBBl 

HBSSirSSSSSS lS!::8'8»888SIS8iil 

i88888S»:88.888S88B8B8888rK888888 

aipaw 4aaif ■aaaaaiaai 

!88S:!:8iSSS88 8S8^8i:!iS88I^SS£1l 

i888B8iBBSB?KS8!sSS8888S8»ii88888SS 

liiiBBBBBBLBliaiiBBrfBalBBBaBBaiiiBB 
■ ■■■asaaBaBB^ wBBBBBiiBBaBBaaBaaBBBaBl 

I88S!!SS|88SBS BNS! 888Sh!:S8888l 

liiiMnnsiiwviiMi ifiiiiuuBBiHB 

BMaBiBaaiaBiiaiiiBaBaaaBiaaaaaaijBB 

?«S»:S»S888^SH8 S88H8888SSSS) 

pS»:88B»s9^8S88 SSSH-SBCiSe-I 

■aaaaaaaaaairiii aaai iaiaiaialia&ii 
tifaaiiaiiifJll aaaa ■fiaaaaaaifrli 

^B'^aBaaBaaBaBBLJ 

{KaSSSHiQ 

14 BBBEUIBBBC IBBBBBBBBPBI 
iB.lBBBBf IBBBBBBBBBBBMbI 

ih.'^SSSSBBBBSSSSSi^ 

i8l»8S88888888888B8 

11 H 

Bi 

piii 

il Ii !b 1 BIsfs 

SSSSSSIBfiEBSSB SBBB|SSS88B88BCBHI 

llsliils^'slsssi i&SllSilBisBSBllil 


illi 

iBaBBi^r BBBB BL^BaaBBaaBi 

iligilSfySlKB! 

888818 ^'88SaA!iE8888 

SSSBSSiriBlBSSSS S8IIE88S8SI888RKI 
S888:!r888:8B8S 88S8888!»88S8K»; 

iliyu 

laaiBBi 

SBSSBSrB 

laaaiaBBB 

18888888 

'aiBBBBBa 

iiBliBBBBkllBlaiBaBBBBl 
aiaiBB BakaaiaBBaBaaBl 

■■■■■'«■ ■ ■■■§■■■■■■■■■■■■■■■■■•■■■ 

KBSEiS 8 888888SS88888C8S888SH;8i 

•■■■■■a a iaaiBaaaaaiaBBaaaaiaHfn' 

S8888K.8 SS88!888BSBSES8888!iRg! 

:i!S!i i !Slllh:i|i!!ii:inUf^i 

8888118 8 :888888i8E8888S888ll^i 

IBBaBBa 

iBBaaBa 

ims 

I88SS8 

188888 

iSiBS 

8888888 

piliB 

{iisiii 

BBBlIi liaBt'BBBBBBfaial 

3in:»!i:i::iy::8l 

KiiatKiKiSHiiSi 

88888 888888888888888 

IuhIi i sysuihmi 

y::::ni !S!!!ii::i3!!!yii§!]|! 

bBBBSaSTS S888Si8B88B83888S8»»fSI 

ils 

ISSj! 

88888 

IBBaBB 

IBBBM 

>83X51 

sliikh 

B 

Hill 

yll! Iliifssyiilys 

iiiiiin 

88888 888888^8388888 

BBiBB BfliBBiiiBiiiBBl 
88888 8888888888888^81 


21. 'J’h? graph «in the diagram above is that of* 
y=-{l~2x){x-\,2) 

Find from the graph : 

• • • . • 

(i)^the rigaximum valifc of the funetion (3 — 2x)(x -f 2); 
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(ji) thfe range of values of x for which the^lfhnction 
(S — 2x)(x 4- 2) is positive; 

(iii) the roots of the /equation 2x^ + x *6 = 0; 

« (iv) •’therootlof the'equ^ion (3 —2xH(x H- '2) -f .5 = 0; 
(v) the rquatioij to the^sfc*aight-line<graph; 

^ (vi)*the values‘of^« at the f/oints of intcjjsection of the 
graphs; ’ • * \ * 

(vii) the equa/ion 'which ♦has values of as its 
roots. ' ‘ * 

22, yha diagram on p. 297 ^nows the ^raph of 

V y = x{x - 2)(2x 3>’ 

•> * 

< ’ 

l;ind fiom»lSie graph: 

«/ • . 

(i) the hiaximum and minimi;m values of the function 
x{x — 2)(2jc 4- 3). 

(ii) «for wjiat^values of x is the function :i£;(^ — 2){2x -f 3) 
positjye. 

^(iii) the roots of the equation — 2)(2^x 4- 3J = 2, 
•,(iv) the range of values of k for which the equation 
— 2)(2:if 4- 3) = A has three roofs. 

(v) the equation to the straight line joining the points 
(—2, —8) add (0, 0) on the curws. 

(vi) the co-orc(inates of the third point in which this 
^ine cuts the graph. Check this result algebraically. 

‘23. Draw on the same diagram and to the same scale the 
* 4 

graphs oC y = - and y i(6 — jf), from = 4- 1 to 

X 

a; = ^4-5. Read off the values of x at the points where the 
graphs intersect and ^(^rite ddwn equation (pf which these 
values are the roots. Verity the results by solving the 
equation. 
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24. Draw between x =- 1 and x — 4, plotting points at 
half unit intervals, the grapljs of xy = 2 and jy + 1 —^x^ — 
using the same axes and scales for both graphs. WJiat 
equation in x is satisfied by the value of x at the, points of 
intersccti'in of thfse graphs? Read from the graph the root 
of this equation which lies between a; = 1 and 4. 


REVISION PAPERS 31|-35 ; ' ■ 

« . •' . P«4)fer ',31 * 

M. (i) Find * :V if -,6*v - 2>7>’2 =. 0. * 

(ii) The ratio lx — O’'- ^ ~y Find .the ratio 

3.V — y : X 3j. t * ^ , 

1 * i* » 2 

V?. (i) Solve: c a ^ 'j/ 'A\y 

$. ^ 2 3(x — H-) 

(ii'; Simplify: 9 1 x 27-5 ^ 

3. A*/ian rows 2 J miles down a^ive^, and then back again 
' i/i 1 hr. 36 minj If the* speed of the current is m.p.h., find 

the ‘man’s fate of rowing in still water. « 

4. Solve: * «, 

([) 

' » .“^'*+/> p, \-q 

(ii)«(.v-l)=.l-y. 

. .x-l=6(r-l) . . 

5. ‘*If ti- — k(p + q){^- — -V express r in terms of the 
other letters. 

6. If . , 9 /, T '^7 PJ'nvc tfeat a, 0 , c, a are in pro- 

O CL |“ 7 “ OClj t 

■portion. 

Paper ^2 

. * 


/* 1 1 \ 

1 . (i) ijimplify: ^ ^ ^ («2 ja) , 
(V) .Evaluate: ’ 

* , « " 'zw • 


when X = 2, y = 9. 


9 QS 
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2 . S6\ve: 


,.v X -j- 4^ 2x 4- 6 

x%+* 1 ^ + 5 A’ 4 - 4 ’ . 

+ (ix + 2 0, .correct to tf^o decintal plf^es.. 

• » 

3. A man rnotoi% $. distance oS§0 miU§. If ht*had^travelled 
at an average *peed 5 n^p.hT less he would IJave take^ 32 min. 
longer on the journey. What was his average speed.?' 

4. Ifjtne coefficient in the pit)di>ct of 2x^ — 3jc 4 

and x^ + /fx — 3 is 10, find Find*aIso tlie coefficient of a; 
in the product when /f has this vajue. " 

5. Solve : ^ • • • * 


4- ~ _ 

x'-l-h x + b . X , 

,... 2a b I __ 3a 2/>* * 

X y ~ 6 ~ 2:c 3jy < 

t 


6 . = 

of the other lettcis. 


find an expression for /ej’n terms ^ 


Paper 33 



(i) Simplify: 



11 1 _ 

1 


•a // a b 

c » 


1 1 ^ 

1 


• a c — c 

b 

• 


(ii) Kind the value of n it (a) l'' = Z2*(b) 8" 2, 

(0 - -iV. id) 4-« - 2, V') 16” = ^^22 ■ 

• • 

2. Solve the equations : 

• ,3 l.Tr . 20 •_. 

^'4 - 1 * - 2 1 _ 7 

• (ii) X“ + 3Jc — 2 ^ 0, correct to two decimal places. 
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■ 3. A man bought a number of articles for which^he paid 

ff each article had cost 3 j. less he could have bought 4 
rpore articles for the same mone^. How many articles did he 
buy? . ^ 

4. ^i) Simplify VSO + — y/Zl. * ^ • 

(ii) *Kvaluatf correct to?»two decimal* J)laces'. 

(iii) Expand (3 V5 .-f- I'f. ^ 

, t • 

/>. Solve the equatiorts;. 


• • 

“--‘b t*. =i. 


a 

X a 


X -^h 


, X ~ m 

(ll) - =y — ttl 

\ 71* 

I t 


X n 
m 


6/ Change Jthe subject of the following formula to /f. 
A 7T1 \^{h- -i fr) -f- Trr- 


, ^ Paper 34 

1. If 4 j£: — 2 is a factor of x* + — ,10a’ -fi 4, find 

the o^her factors. 

2. Solve : » 


(i) 


2x - 5 
.V -|i 2 


A’ *2 

3jk: — 5 



* (li) 2x^ -f 4r - 3 0, correct to two decimal places. 

5. A jivurney of 400 miles is accomplished in a total time 
of 8 hr. 20 lAin. If the average, speed on the first half of the 
journey is» 20 m.p.h. less than on the second half, find the 
average speed for each half. » * 

4. (i) If y varies directly as x^, and y ~ 16 when x = 8, 
find tfte value of x wheii y = 9. % ^ • 

(ii) Pfj?- varies inversely as andj = when x = —4, 
find the value of y when a = ^ 
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5. Solve: 


(i) 

•(i 


1 


1 


1 


X ~ a X X -r a 

a • A X ax 

6. Make u fhe suJftject 0^,the formulae 

* ■ 


1 

X 4- 2a 

’/ 


1. Solve: 

(i) 


* -h'2 


tl 

Pap^r 35 

• » • • 

♦ o * 

X i- I , « 


4(2a- - 3) 5(v - 1) ' 2x^ - Sx + 3/ 

*(ii) 2 a'- -| 5a: *-1- 1 0, correct to two decim^T places. 

2. A bookseller buys a number of books at } pricj% in pence 
which^is 2 greater than the number of books bought. 1/ the 
books cost him ^£4, how many did he buy.^ 

3. 'The weight of a metal sphere varies jointly as the cube ^ 
of the radius and the density of the metal? K the , freight of* 
a metal sphere of radius 10 in. is 300 lb., find the v'^ight of. 
a second met'^l sphere of radius 5 in., *if the metal in the 
second sphere is four times as dense as that of the first, 

4. (i) What number must be subtracted from 8, 11, 20, 29 
so that the resulting numbers will be in proportion? 

(li) Solve a(x -j ,y) = b(x - y) * 
a{.^ — y) -}- h{x y) — *0“ -1 - 

e- / \ TT — b){a ^ h) b 1 j • 

5. (i) Ir - — , . - ' - prove that p is a mean oro- 

^ • b{a — c) iC ^ * 

portional between a and c. 

2x^ - 3;r + 5 

#3a: — 5 


+ 4.V - 3 
3 -4.V 


(ii) Solye 


to T and fiid the 
value of T. if r = 0-05. / =*l-2. n = 700. d = V. = 3i. 



ElAMlNATiON PAPEJ^S ; ' 

# * 

* ' . •] . I*apeif,l • 

*1. (j) Show th!kt, if‘x = l + V2 Slyly = 1 + V3, then 
- 6x -{- 3 = 2j^- ~*^y -h ^ * , 

#(ii) Evaluate . when x: y — 2\3. 

V, x^ -Vy^ . 

.... / •• . [P-] 

2. Solve the equation 2x^ — 5jc — 9 = 0, giving your 
answerSvl-orrcct to two decimal p[acc^ * *[N.] 

■ , 3. 7’hc distJ^icc from my house to school is 1 J miles. If I 
walk the fivst h mile, and run the remainder the journej takes 
me 20 min. n I walk -J mile and .run the rest of the way it 

takes me 23 min. * 

If I W£^,lk 1 ngiilef n .v min. and run 1 mile in jy min., calculate 
,the value of y. Hence find my running speed in miles per 
hour. * . , . [C.] 

* 3 'v 

4: (i) Solve the equation ‘ — — 1) = 0. 

4 “ f 

(ii) Express as a single fraction 

, X X 3 

•* a: — 3 3x 

(i;i) If V ^ terms of V and n. 


5. (i) Express a in terms of b, given that b = H 

f ^ 

^ 3 

Giv^n also that c = 1 — show that 

A i. -1 + 3 


[B.] 

4 
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• ' 

(ii) Express in algebraic symbols the following stat^nent, 
and verify that it is true : * ^ 

The aycl-age of the squares •of ^ two numbers^ together’ 
with- the’ ptodiJjpt of the nurnbers is equal to twice 'the* 
square of the !i\>eragc'6f tht numbers. ■ ^ ‘[S.] 


Paper 2 , 

1. I’wojnumbers .v and r ‘arc coiinccttd by the formula 
_ find the tv\Q values of x for ^^}lich r ~ xe* 

3*-8 ’ • 

If « is the smaller and h the larger of these values, express 

y-a* / . >» [B.l 

,111 terms or x. * , ^ . 

3' - A ; , ■ ‘ 


2. ^sing the same axes and the same scalcsj* draw* the 
graphs of y ~ 2 - - c- 1)(4 -- and 3 v = Ixy from 
A’]-- —1 to X 6. h'rorh your giaphs find the range of 
values of a- for wliich 2 -| .](a - I)(4 — : ) > 'f^x. , [N*.] 

3. (i) Divide 6 a** — 5a^ — 8a 3 by 2 a — 3. ^ 

(li) Factorise: (1) 2 a** — a ~ 15; (2), Ay — 3 a fi- 2y — 6. 

(lii) ftiven that y " ax hx~, when a, b are constants, 
and that r 4 whep a - 2 or 4, find y when a 6. 

[\V.] 


4. Simplify {a — h)- -j 2b(a -f h) — (a- y- b"^), and find 

the value of the given expression and »f your answer when 
a = \,b -2. ^ fC] ' 

5. man bought 6 standard roses and 18 bush yoses? /or 
2a. Another man bought, at the-same prices^ 14 stand/ird 

roses .md 27 bush roses for^/,15 ISs. IIow much did a stan- 
dard rose .cost.? ^ 3 [L.] 


. fap?r3. , 

1 . (a) Simplify: > .» » 

(ip - 2q'+ r) -o (Sp + 2j - 5r) - 4(p + 5 ) 
\ ^ 
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( 6 )^ If ^ 3 — 2x^ express in its simplest form, in terms 

of — 2xy + y^. 


(c) Si^iplify j* - ? 3 -^ + - f ^ 

(d) -Find jihe value of + hx + of if iz = 2, b = 3, 

f = 1, A' = -4.. “ [N.] 

* * '*‘■**2 

2. (a) Given that x - and v\- Drove that 

. r ' 2a* « 1 — a- , 

1 . 1 -1 ' . 




= 'l. 




{b) Multiply x; 4 - 2jr 8 by a — />. Find the value of p 
which makes the coefficient of x in the product zero. 

Wrifofdown the product when ^ has this value. * 

. (r) Find th(J quotient and remainder when 2 a:® + 5a® — 4 
is divided, by 2 a -- 1. # [S.] 

3, (i) Solve the equation: • 

' . _L 1 

2 a -I 3 " 6 ''^ 


(ii) A boy usually cycles to school, a distance of* 3 miles, 
at 12 m.p.h. One day he had a puncture after cycling part 
of the way and walked thp remainder' pushing his cycle at 
3 m.p.h. In consequence the journey took 10 min. longer 
than usual. Hbw far from school did the puncture occur.? 

[W.] 

4. (i) A toy which costs a' shillings is sold at an increase of 
/)% on this, price. Given that i rupee is worth r shillings, 
express in terms of 5 , p and r thp selling price in rupees. 

(ii) Express h in terms of tt, S and r from the formula 
S nr{2li + r). ' ’ [C.] 

5. \'i) Solve the equations;. , 

* 3a -L V 2 = 0 ^ 

2a — 2y 4 - 3 = 0 
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(ii) An express train travelling at 75 m.p.h. is 549 ft. long. 
If it takes 12 sec. to pass completely a goods train travelling 
in .the opposite direction at 15 m.p.h., find the length of the 
goods train.' . , . • ' ; [B.] 

Piper 4 . ^ 

1 . S^fmpfify: * 

n *1 _ ^ ^ 

* 2t +~i 2(t - 2) 

. .. 3a 1 a + 2 

T- 2a ^ 352 " - 7a + 2 ' . [C.] 


2. (i) Solve the equation 3x“ — 15a; -|- 17 = 0, i^’^ing the 
answers correct to two decimal places. 

(ii) A second-hand car, bought by a dealer for /^x, was sold 
by him for ;£144. If the d''alcr made a gain of x% by this sale, 
find A-. [B.] 

3. (i) A grocer buys oiangcs at a; for a shilling and sells 
them aty pence each. What is his profit per cent on his out- 
lay? 

(ii) If 7" — 277^^1^---^^ ^ j-j find an expression for k in 
terms of the other letters. [W.] 

4. (i) Find the value of .v and the value of jy which satisfy 
the equations: 


2x —y = |(2Af -f- y) = 6a: — 7y + 4 


(ii) Given that*^^ = 2> fi^d the value of y* 
a -f- Jo ^ * 


b [L.] 


5. One number exceeds another number by three. Three 
times the smaller exceeds twice the greater by ont. Find the 
numbers. [N.] 
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Paper 5 

1. (i) Multiply 5x^ — 7x — Z by x -- 4. 

(ii) Divide — 2x^ -|- 7x — 28 — 7. 

* ' ' ? • [.L-] 

2. (V) Simplify 2(<3fl« -Z{a\-^ B^) and find its 

V 3 iluc when a — ^— 1 ', 6 /^ — 2 . " , ' ^ 

(li) Solve the equation — -i - \ 

0 * ^ *5 < 

^(iii) When an expression E is divided by x 2, the 
q<>jotient is 2!v — 3 and the* remainder is 9. Find E and 
express, yooi restflt in its simphst form. [W.] 

3. (ij^ If X and y are given in terms ^of a and /; by the 
equations 2a + ^ = x, 2x + B —•y^ express y in terms of 
a and h. -^f 6.ir added to the number a, what is added to 

(ii) Solves /he equations : 

X — 43' 1 

3a: H- 23 ; - 24 [P.] 

4. 'rill sum' of three numbers ia' 3 J J. Two of them differ 

by third number is half as much again as the sum 

of these two. Find'the numbers. ' ' [O.] 


■Ii 


!! 

■! 

■i 

!■ 

■1 


B 

IB 

B 

IB 

■ 

BBI 

a 

■BB 

■Bi 


■B 

■1 

iB 

|g 

ni 

Ml 

B 

IB 

i 


B 

a 

a 

B 

■BV 




II 

li 

■i 

■1 

iBi 

g 

IB 

E 


E 

i 

i 

B 

■Bfl 

■■I 

■■! 

■■ 

Cl 

IQ 

B 

Bi 

!!■ 

1 

ii 

B 


i 

B 

B 

B 

BBfl 

■■1 

IBl 

BSi 

■i 


■ 


ni 

i 

iB 

B 


i 

B 

B 

B 

Ewi 

■1! 

tmr, 


■1 

■1 

■ 

■ 

■ 

■ 

31 

■ 

1 

B 

B 

B 

S! 


B 

B 

B 

B 

B 

B 

B 

BB'fl 

if* 

■■1 

■■I 

IVJ 

ifii 

n 

i; 

■ 

■ 

■ 

T^ 


S' 


f 


B 

B 

8 

B 

■ 

B 

EIb 

■liB 

m 

SS! 

I'll 

FBI 

mu 

In 

Bi 

■1 

■1 

■ 

■ 

■ 

i 

■ 

Ik 

a. 


B 

B 

B 

|l 

i 

B 


i 

B 

B 

B 

B 

8 

a 

BFIB 

■'■B 

>BB 


IH 

!a 

S 

■ 

B! 

[ 

s 

■ 

II 

B 

1 

B 

B 

BI 

I 

i 

S 

B 

8 

B 

K 

IB 

rjBB 

riai 

IBB 

■111 

!H 

3S 

SI 

SSI 

■ 

■ 

jm 

Ik: 

■H 


8 

BI 


: 

8 

E 

Vi 

8S3 

ill 

■■■ 

«■ 

SI 

SSI 

s 

■ 

■ 

IB 

iB 

1 

BI 


B 

S 

HI 


■BB 

■■1 

■■i 


■1 



I! 

IB 

IB 

1 

i> 


B 

E 

BI 

fm 

■BB 

■■1 

■III 

ill 


■1 

■1 

ill 

Ml 

s 

a 

Q 

S3 

V 

■ 

ii 

■ 

■ 

■ 

B 

B 

Kl 

IB 

■1 

■BB 

■BB 

fill 

IMI 

!» 

IH 

mm 

Bi 

■1 

iSj 

■ 

■ 

Si 

IS 

li 

IBI 

B 

B 

ii 


■ 

B 

a 

8| 

Is 

IE 

IBI 

IM 


■1 

Ml 

■ 

■a 

B 

!■■ 

B 

ii 

i 

B 

B 

■I 

li 

■BB 

■■1 


mm 

■1 

IK 

i 

■1 

IB 

IBI 

B 

Bi 

ii 

B 

B 

BI 

■E 

■■■ 


I % 


5. 'I'he graph of a function oV x is shown above for values 
of X from —3 to +3. 
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Reading values of x to the second decimal place* and ^f^es 
of the function to the first decimal place, find from the g^h : 

(i) the ntirfimum turning vaWe of th^functioij; 

{ii*) ‘the v’aluejof the function when x — , — 1*6; * 

(iii) the valvlei pi x’ior v'lTh^h the fpnctioii is zerfi; 

(i^ the V^nge of^ positive v^lups 'of Jjc for \vliich tj^e 

functiOi^is ne^athe; 

It is known that the function is of t}ie foAn 3x^, -j- ax + b, 
where a and b are constants. ^«ind the values of a and b. • 

[s.r 

Paper 6 

1. (i) Simplify (3 a: + v)(‘^ ~ — {2xi-^ y)i^ — 16_y) 

and hftnce show that this expression is a perfect «quarc'.* 

(ii) If S --- fin3 the value of t in terms of S, a, 4, 

and check your result wh^n / — 3 b ~ 2^ a f=- —^1. * , 

2. (i)j Factqrise, expressing each factor in its simplest 

form: , 

(ay ax — bx —^axr I bx^ 

(b) (a -{- bf ~(c- (if 

.• ** 

(ii) 'J'he extcrn’al dimensions of a closed rectangular box, 
are x, (x +1) and (x + 2) in. respectively. Write down and 
simplify an expression for jhe total external area o^tlje tox. 

. • • [Ljf 

3. (i) Solve the simultai?cous equations: 

2a: 3 y + 10 = 0 

3a: — 4y — 53 = 0 , * 

^ii) Solve the eg[uation — 7z + 5-2 = 0„ “giving the 
r^ts correct to two deciqjal nlaces. ^O.] 



308 


A NEW COURSE IN ALGEBRA 


4. JJVo positive numbers differ by 18. Twice their pro- 
duct exceeds 3 times their sum bv 14. Find the numbers. 

5, The prices d" the scats in a cinema rre 3^.‘ and 2s, 3d. 

When ^very seat is occupied the drawings, amount to £135. 
The seat'ng is rearranged, '20%. of thd deare- seats being 
transferred to the cheaper class, and’vhc p-ices of the seats 
being increased to 3^. 6(i and 2s. 6d.^ 'i receipts for a full 
house now amount to £149 lOi. How many seats were there 
at each of the original prices ?o . [S.] 



1. (i) If .V — 3-—- show thUt 
^ 2(y - 5) 


'iO.v H- 7 

2.v'- 3 ’ 


(li) If X irndy in ^i) are equal, find their possible vrfiues. 

[B.] 

2. (i) Factorise 12 a^^ — 2x^y — 4.n’- 
(ii) So’ye the equations: 

,ia) -2A’(3x-M)-i(2v-l)2=-l; 

(/;) 3a:‘-^ — 5w — 4 =-- 0, giving the roots co rect to 
two decimal places. [S.] 


3, Factorise: 


(i) 4v“ — \2xy 4- 9y^ 

(li) 6a^x -}- 4ax — 2x '' 

(lii) 9^2 _ (3;^ - 2bf ' [C.] 

4. Simplify: 

r («2 _(^2 ^ 2)2 

(fl2 --b^Y -(a + bY 
and evaluate it when ajb — 3. 

Shew that the value is the same wheTua/b -= J. [P.] 

5, The distance from a man’s house to the nearest village 
is 2^ miles' by road and 2 miles by a foo^^path across fieHs. 
The time taken by the man to reacli the village cvcling along 



X — 3 

* • 

^ , .V • 

' .x + l’- 
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the road is 25 min. less than the time he takes toCwalk^ni^oss 
the fields. If he cycles 7 m.^.h. faster than he walks, fin^his 
rate of vvalkiijg^ . ^ • [W.] •. 

• ..Pappr-8 ' _ 

1. (i) Fa»tori'se^rt* — atid 7* ~ 6.* 

rv 0 * 1 / .'*5 ‘ ' . 4.vN- 5 • 

Simplify^- -3 

' (iii) Simplify f-3 " 

2. (i) If E - 9Mnl{3k -f ^)^andVT = J (3^^ - ?^^{3k H-‘w), _ 
express k in terms of E and a, and show that if *or = 

k = E^^Snl3. • ^ ^ - V ' ‘ 

(ii) Express x^ — in terms of u 'x 4 y *nd v =x—y.' 
IIc»ce find the value of 52^ — 48^ . [P-] 

3. A man borrowed For the first year ffe had to pay 

interest at 5%, and in settlement ot this, and to reduce the 
debt, he paid at the end of the first yca»i. Find hpw m\jch , 
was still owing. * ^ • 

For the second year interest was charged at 10% on the 
amount still owing, and by paying another £N at the eild of 
the second year the ijian paid this interest and the remaining 
part of the debt. Express N as a' fraction of P. [O.] 

4. (a) If x:y — 3 : 2,*find - - - in ternls of : (i) xonly; 

(ii) y only. ' ^ • 

[N-.l 


. I 2 

(b) T/ ,y -- — ^ = 2, findTthe values of 

— pq — • q 


5. (i) Solve the equatioiw:’ ■ 

(a) ^.<2x - V(3x - 1) - |(x - 4)(3x 4- 2) ^ f; 

(b) 2x" - 7x — 1 = 0, expressing the roots-* correct to 

two dacimal places. ^ • • 

9 ^ 

^i) From the rejation nE *= 7(r 4 Rn)y derivrf a fp^mula 

for n in ternls of £*, 7, r afid R. V [S.] 
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Paper 9 


# V 

1. (i) Find the value of 3x^ — when x ^ — J, y = 

~ “i — '2*^’ IX > - 

(ii) Simplify (2jn -f 3n)(m^— In) + -f- 2?;)(2w'— n) 

and express your answer in* lhcto,*;s. > 

Ifiii) Given that 2/) — 3 is a facto;.* Ok}6p^ pP — l§p + 6 , 
find the remaining factors. ‘ ^ [W.] 

^ U ' ' ' I 

2 . U X and 3 ; = prove that: * 



/ii) 


X -i- 2y 
2£^y 



[O.] 


3. Thfc cost of making x articlo?* is ^{a + kVx), when a 

and k areironr'^'>nt in value. If the cost of making 25 articles 
is ;£20, and-tlie averj/ge cost of one article when 100 areh*nade 
is 6 shillings, find the values of^z and ky and the cost of 
making 16 articles. [N ] 

4. (a) f^actorisd 6ax^ — ^axy — 9hx -h (>hy. 

< {b) Strive the equations: 

.. X — 2 3y — 1, . ^ / a 

jc + 6jv = 1 ; 

(ii) 2 a:^ — 6a: f 3=0, giving the roots correct to two 
decimal placds. . [S.] 

5. A man is 6 times as old as his son. In 4 years the father 

will' be 4 times as old as his son. What are their present 
ages? , V ' [P.] 


Paper 10 

1 . During a sale the price of cloth is reduced by 4^. ()d. a 
yard, ?ind, in consequence, a customer bought 10 more yards 
for £27 than were previously obtamable. Find, the number 
of yar/ls bought by the customer during tlje sale for the sa»?ne 
sum. * ' [C.] 
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31.1. 

2 . Tabulate to two decimal places the values of y — ^nd 

ofj^ = —x‘‘ 5 -^ for the values ±p-5, i.O-b, iO-7, il, ±2. 

X. Dfaw'cgi tl^ same diagram th& graphs of tl^se fijnc-. 
tions^fro'ih-A; ’= to-^^‘= -^ 2 , taking 1 , ih.^ as uijity on 

each axis. Fapjn yofir .figunt obfaiai^n ^ppj-oximat« value of 
the reJfl xoot 'of |he otJu£(tion + 1 ^ 0 ; • .[p.r 

3. Tbs Annual in^poi^es of two workers A and B are in ^the 

r atjy 6 ? 5 §nd their expenditores are^in \hc ratiq 8 : 7. If A)^ 
saves £80 per annum and B »*^cs £30 per ansium, calculiXe 
how much each earns per awnum: ^ ^ {L.^ 

4. ( 1 ) Solve the equation:*^ ** * - 

\x - 2){x - 3) - Cv ^-IXx -2) ■- 3(x -^J] 

(li)^'l’hrec dozen protractors cost £ 2 . 'i'lfi; protractors 
were of two kinds, one kind costing lOd. each, other kind 
b. ^d. each. How many .were there of each kind? [S.] ^ 

5. (i) If S -= TTrViy express r in terms of the other letters. . 

( 11 ) A car runs 200 miies per week. u5es a^gallon of 

petrol every n miles and a pint of oil every k miles.’ Petrol " 
costs .V shillings per gallon and oilj shillings per pint. PiCtrol 
and oil together account for p% of the total weekly expehdi- 
turc on the car. Fihd an expression in pounds for the re- 
maining weekly expenditure. [O.] ' 
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